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Because of regular labelling, P is upper triangular and because of the fact that the
graph is regular directed, all nonzero entries of P have the same sign, in this case
positive.

5.4.5 The kinetic energy

The kinetic energy for a point mass is defined as T=-.}mv2. where v is the absolute
velocity of m, i.e. its velocity relative to an inertial reference base. For a rigid body, as for
any deformable body, the kinetic energy is the integral

T=1[ v:dm, (5.43)

m

where now v is the absolute velocity of mass particle dm of a body.
Let us now consider a rigid body in arbitrary motion (Fig. 5.36). The absolute velocity
v of a mass particle dm is

v=vp+QXxr, (5.44)
where vp is the absolute velocity of the reference point P,
£} is the absolute angular velocity of the body, and

r is the radius vector from P to the mass particle.

Fig. 5.36.

._’
The radius vector ¢ = PC in Fig. 5.36 indicates the body mass centre C. Evaluation of the
integral (5.43) yields

T=Ltmvh+mvpu+ Q7070 (5.45)
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where  is the column matrix representing components of an absolute

angular velocity vector £ of the body in the base e;

u =4} xc is the relative velocity of the body mass centre, C, in the rotation
motion with respect to P;

m is the mass of the body, and
JP is the inertia tensor of the body with respect to P.

The expression (5.45) becomes particularly simple if either the body-fixed point P is also
fixed in inertial space or the mass centre C is used as reference point P. In the former
case vp =10 so that the first two terms equal zero. In the latter case u = 0, so that the
central term vanishes and the expression (5.45) takes the well-known form

T=dmv2 +1 QTR =T s + Tt (5.46)

where v is the absolute velocity of the mass centre C, and J€ is the inertia tensor of the
body with respect to the mass centre C. However, for a reason which will be clear later,
we shall use, in what follows, the formula (5.45) only.

For an arbitrary system of n rigid bodies, the kinetic energy is

n n [ n
T=2?}=%va%i+vaﬂu;+%z.0;rdﬁﬂ; (5.47)
i=l i=l1 i=] i=1

In order to simplify the notation, we shall adopt the following convention

_ BV _ £ _
vi=vg, gi=Jdb, TV=imyl, T =mvu, T =3Q79Q

Thus
T=T"+T" +7°, (5.48)
where
V n v ‘ n ~ n
e¥n, =Yr. =7 (5.49)
i=1 i=1 i=1

It is obvious that the kinetic energy of an arbitrary system of rigid bodies depends on
the number of bodies, their inertial characteristics m;, J; and a group of velocities v;, u;,
and ;.

Consider now a system of interconnected rigid bodies forming an open kinematic
chain, such as in Fig. 5.37, and let P; be chosen as the joint on the ith body. Suppose that
the bodies of a system may move in both the translational and rotational senses. For
simplicity, we shall assume that: (1) each rotational body motion can be expressed in
terms of angular coordinates measured from the same line in the same direction, and (2)
the external base is immovable. Now the vectors v;, u;, {; depend, in general, on the
motion of the direct carrier. In order to establish relationships between the velocity v; and
the characteristics of the motion of a direct carrier, let us consider Fig. 5.38.
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Fig. 5.37.

This figure shows two adjacent bodies B; and B;. The body B; slides along curved
slide-way with a relative velocity pj. The problem is to determine the absolute velocity
v; of the point P; using the velocity characteristics of a direct carrier. We have

vj-=v,-+ﬂ,-x(rj +pj)+p_;. (5.50)
Since the body B; is a direct carrier of the body B; the index i=j". Introducing the
notation

8j=nj~>(rj, hj=ﬂj~><pj, . (551)
wj=a;+b;+pj, (5.52)
the relation (5.50) may be expressed in the form

VJ.'=Vj,_+wJ'. (5.53)
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Fig. 5.38.

There is a simple physical interpretation of the velocity w;. It is the velocity of the joint
point P; with respect to the base constrained with P;.
Since relation (5.53) holds for any arbitrary j, we have

J
vj=v0+2w.,, (5.54)
v=l
where index v change its value according to the labels of the arcs in the path between
vertices s; and sp. This can be expressed as
_|pT
vi=|P Jjw (5.55)

where I_PTJ_ is the jth row of PT and w= [wy, wa,..., wn]T. Thus the column matrix
J
V=[vy, v, v,,]T can be expressed as

v=PTw, (5.56)

Two components of (5.48), namely TV and T, can be calculated by use of (5.56). We
have

TV =13 mv? =1vTmv (5.57)
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where m = diag (my, my,..., m,). Hence

TV =L w'PmPTw, (5.58)
or, more briefly,
7V =LwTMw, (5.59)

where M = PmPT is an n X n constant matrix. There is a simple physical interpretation of
the elements M;; of the matrix M. To present it briefly (for details see Arczewski (1987a)),
let us introduce the following designation: M; = m; + mass of those bodies whose carrier
is the ith body. The masses M}, i = 1,..., n, can be regarded as the elements of a diagonal
matrix

M = diag (M, ..., M,,). (5.60)

In the matrix M the diagonal elements M;; = M;, and the off-diagonal elements are

0, ifinthe graph G there is not a path directed to the vertex sy,
and consisting simultaneously of both vertices s; and s;,

M!,. =

i M;, where [=max (i, j), if in the graph G there is a path directed

to the vertex sp and consisting simultaneously of both
vertices s; and s;.

Now we proceed to the determination of the second component of the sum (5.48), i.e.
n
T‘l = Zm,-vfu,- = VTmu, (5.61)
i=1
where
u=[uy,u,,...,u,]", and u; =Q;xc;. (5.62)
Substituting (5.56) into (5.61) we obtain
7" =wTPmu, (5.63)

According to the assumption about the manner in which the body rotational motion is
measured, the angular velocities £); do not depend on each other. Therefore the third
component of the kinetic energy (5.48) is the simplest one, i.e.

°=1% Qfye =1a"e, (5.64)

i=1

where £2 is a column matrix 3n X 1 formed from column matrices £2; representing angular
velocities vectors £;, and J is a block diagonal matrix with dimension 3n by 3n com-
posed from matrices J;.

Finally, the kinetic energy T can be expressed as
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T=1wMw+w Pmu+1 Q70 (5.65)

This expression (5.65) provides only a general frame for the determination of the kinetic
energy of a particular class of systems in terms of generalized coordinates and general-
ized velocities. In order to use this, we should further specify a system, i.e. we should
introduce generalized coordinates that take into account all constraints, then specify the
location of joints, mass centres and all inertia characteristics. However, since our main
objective is not to determine the kinetic energy by means of formula (5.65) but to use it
as a starting point for the mathematical model determination, we shall not present any
example of kinetic energy determination, and the interested reader is referred to
Arczewski (1987a).

5.4.6 The potential energy of gravity forces

Consider a system of n rigid bodies situated in gravity field (Fig. 5.39). The potential
energy of gravity forces of the system with respect to a certain level e.g. that of Py may
be expressed as

n
Ve == mgr,, (5.66)
e

where m is the mass of the body, g is the vector gravitational acceleration, e, is the
position vector of the mass centre of the ith body.
The potential energy (5.66) may be written as

VO =—gmr, (5.67)
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where
m=ml, =0my.my,com )T, 6= [rg 0y ] (5.68)

For a system of interconnected rigid bodies, the position vector r;, depends on the
configurations of all those bodies which are carriers of the ith body, so we have

T, ST+ +. 41 +p +c,-=z(rv+p,,)+cf, (5.69)
v=l

where
-9 7 -
r,=P._P, py=RP, ¢ =FC,

and the current summation index v assumes values from 1 to i, but only from the set of
labels of carriers of the ith body. The relation (5.69) is easily expressible in terms of the
path matrix, P, as follows:

=e/PT(F+p)+c;, (5.70)
where €; is an |solalmg (nx1) mamx so e]PT is the ith row of PT, and
r=[m,n ] , p=Ip1.p2se. ,p,,] Consequently, the column matrix r, can be
expressed as

=PT(F+p)+6, (5.71)

where € =[¢, ¢;,...,¢, 1h
Introducing (5.71) into (5.67), we have
TPT

VO =—gm™PT(F+p)-gm'e. (5.72)

Comparing (5.72) with (5.67), we note that the initial form, i.e. (5.67), is simpler than
the final form (5.72). However, the latter form (5.72) has an advantage, which will
become very clear when it is applied to an interconnected system of bodies: namely, each
component of the column matrices T, p, and € is relatively easily expressed in terms of
the generalized coordinates usually introduced to describe the configuration of the bodies.
At the same time, the components of the column matrix r. are complex functions of these
coordinates. Therefore a differentiation of the expression (5.72) with respect to general-
ized coordinates is many times easier than differentiation of (5.67). The particular expres-
sions for vectors r;, p;, ¢; or r,, depend, of course, on the particular choice of coordinate
system. Now we will not specify any particular system of coordinates, but we shall
assume two features which the system, when considered further, needs to possess. It is
well known that the position of a rigid body is completely described when the position of
any one reference point and its angular orientation with respect to a non-rotating frame
are known. In connection with this, we shall assume that a system of coordinates describ-
ing the motion of the ith body consists of (1) relative linear translations of the reference
point P; referred to a frame affixed to a direct carrier of the ith body, i.e. to the i “th body;
(2), rotational (angular) displacements referred to a basis whose axis remains parallel
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to the external basis, . In a system of coordinates possessing both of the above features,
the vector ¢; depends only on the angular coordinate of the ith body, while the vectors r;,
p; depend on the translational coordinates of the ith body and the angular coordinates of
its direct carrier, i.e. the i "th body.

For purposes of economy, we will not deal with the determination of the potential
energy of springs. This problem, however, has been solved and details of the solution can
be found in Arczewski (1987b).

5.4.7 The equations of motion

The main task of this section is the determination of equations of motion for open
kinematic rigid-body chains. However, solving a quite general problem, even within the
considered class of systems, would be too difficult, since three-dimensional rotations of a
body involve complex mathematics. An important group of mechanisms are those whose
motion is constrained to a plane. Therefore our further considerations will be limited to
that subclass of systems. Thus we shall assume that:

(1) all bodes can move in a rotational sense, with angular coordinates @, @,,..., ¢,,
all measured in the same sense (compare Fig. 5.37);

(2) some or all bodies may additionally move in a translational sense relative to each
other. Let this second component of motion be a simple linear translational and let
the coordinates describing these degrees of freedom be xy, x3,..., X,.

For a better comprehension of the following we now explain the main steps leading
from the expressions for the kinetic and potential energies given by formulae (5.65) and
(5.72) to the final mathematical model of a considered system of rigid bodies.

Bearing in mind the application of Lagrange’s equations of the second kind, the
expressions (5.65) and (5.72) ought to be brought to a form convenient for further differ-
entiation with respect to the generalized coordinates g, the generalized velocities g,
and then with respect to time t. In the first step, the general formulae (5.65) and (5.72)
have to be adapted to that of a special case of planar motion. In particular, the vectors
appearing in all the formulae should be decomposed as far as possible and then expressed
in such a manner as to disclose their dependence on the generalized coordinates g, and
the generalized velocities .

In the second step, the kinetic and potential energies must be expressed as a product of
certain matrices, i.e. in a form enabling subsequent, relatively easy, differentiations.
Finally, the third step, the required differentiations of the expressions for kinetic and
potential energies, are performed and the expressions reduced if possible.

Let us now consider two adjacent bodies of a certain kinematic chain (Fig. 5.40). Let
the body B;. be a direct carrier of the body B;, let P;_, P;, C;., C; be reference points and
mass centres of these bodies as shown in Fig. 5.40, and let us denote the absolute angular
velocities of the bodies by £2;_, £);, the velocity of P; with respect to the base constrained
with P;_ by w;, and the relative velocity of the ith body mass centre C; in the rotational
motion with respect to P; by u;. For the considered case of planar motion, we have

u; =ﬂfXCI- =ci¢iﬁi! Wi :a,-+h,»+x,f, (5.73)
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Fig. 5.40.

where

-

a,- = ﬂfﬁ x = J‘I'(‘D{-,,ﬁi, bi =ﬂ£_, X X; =x,-(b,-_,5;. Xf =.:'c,-x,-. (5?4)

The system of unit vectors within rigid bodies as well as vectors ¢;, rj, X; are shown in
Fig. 5.40 and the angular positions of the unit vectors are shown in Fig. 5.41.
In order to develop and then to prove the equations of motion, let us introduce:

— the diagonal matrices of unit vectors:

3

r=diag 1, u= diag u;, X = diag X;;
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Fig. 5.41.

— the diagonal matrices related to different velocities and position vectors
a = diag a;, b = diag b;, ¢ = diag ¢;,
r=diagr;, u= diag u;, x = diag x;, (5.76)
X =diagx;, ¢ =diag ¢;, i=1...n

— the column matrices associated with diagonal matrices (5.76):

a=f(a)=[a,...,a,]", b= (b} =[by,...,b,]",

G=(e)=lepaeal”s T lr)=(n,.n T
= {u)=[uy,...,u,]7, % = (x) =[Xp5.., X, 1T, (5.77)
X=(®) =Lk’ 0= (@) =[@p., @]

— and finally the column matrix of the reference point relative velocity vectors x;
G ¢ L R (5.78)

The notation of column matrices introduced above preserves the rules established by
Conventions 5.3 and 5.4 (see section 5.4.3).
Using notations (5.77) and (5.78), the three components Tv, T*, 79 of the kinetic

energy T given by expressions (5.59), (5.63) and (5.64), respectively, take the following
form now:
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w AT e -
TV=~;—(a+b+x’) M +b+x'), (5.79)
7" = 0"mPT(a+b+X’), (5.80)
10 =1¢"Jo, (5.81)

where the matrices M, P, m, and J have the same meaning as defined previously, i.e. in
sections 5.4.4 and 5.4.5. Similarly, we may adopt the expression (5.72) for the considered
class of systems. The potential energy of gravity forces, VO, takes the following form
now:

VO = —gmTPT(F+%)-gm'c. (5.82)

In order to carry out all the differentiations of the expressions (5.79)-(5.82) for use in
the Lagrange equations, the real dependence of the column matrices (5.77) on @5 ¢g,
Xg» X4, and f has to be determined. For this reason, the following decomposition of the
column matrices (5.77) and (5.78) is very useful:

(e} =€{c), (r)=F{r), (=%{x),  X)=X{E),

{a)=rasT(¢),  (b)=xbST(p),  (ul=cl(g), (5.83)
where S_ is the (1 X n) matrix obtained from the incidence (n X n) matrix S by replacing
the 1 entries by zeros and by changing the sign of all the —1 entries.

Using this latter form of the column matrices the formulae (5.78), (5.79) and (5.81)
may be now expressed as follows:

6
77 =Y07, (5.84)
i=
where
1Y = (a)"M(a) = 1{¢)"S_raMarsT (¢},
Ty = %{b}TM{b} = %{@}TS_GMBxST{fP}.
7y =L (x)TM{x’) = 1 () T XM (),
77 = {a)"M(b) = {¢)T S_raMbxST {¢),
7Y = {a)"M(x'} = {¢) T S_raMx 1),
1Y = (b)TM(x’} = {¢) " S_xbMX{},
then

3
=1 (5.85)

where



278 Modelling by means of graphs [Ch. 5
T ={u)"mPT {a) = {¢)TcimPTarsT (¢),
T; = (u)TmPT (b} = {¢) T clmPTbxSI (),
T; ={u)"mPT(x’) = {¢) T cOmPTX{x),
and
v =—gnPT(7(r) + X{x)) - gM"€(c). (5.86)

Performing all differentiation due to the Lagrange’s method and substituting the re-
sults in the Lagrange equations (for details see Arczewski (1990)) gives

— the equation of motion with respect to angular coordinate ¢
Totbg +€gS- (4 XRMOT +XR)(§.) + (xb + rAIMX (%)
— (ra+ xD)M(IF + XX ){¢2) + 2(xb + ra)Mbx{¢. )
+(f + xX)Pmce($) — (ra + xb)Pmce{ ¢> })
+caeEﬁmPT[(ra +xB){(_ ) — (rF + XX){p2) + X{X) + 2bx{¢_ })
=gerS_ M(A(r)+B{x1)+ gmscoiigs (5.87)
— and the equation of motion with respect to translational coordinate x
sz((imi{il +XM(ra + xb){ . ) — XM(TF + xX){2)
+2%MbX{¢. ) + XPmlic(§) — XPméc(¢?)) = gMo .
(5.88)

where

(0-)=8T(p) = (@100, 1", {9V =[0F..... 921",
Lo d Lood . d?
(y=7,0-)  (@1=410)  HB=—7lx).

Equations (5.87), (5.88) form a mathematical model for the whole class of rigid body
systems, namely, for the open kinematic chains where the motion is constrained to a
plane.

Despite the rather complicated form of (5.87) and (5.88) their use is simple. This will
be shown in the following section.

5.4.8 Example

A system which we are going to consider now may be thought as a physical model of
four-link robot (see Fig. 5.42). We will assume that the bodies’ motion is constrained to a
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Y

Fig. 5.42.

plane (i.e. that of the paper). In addition to the rotational degrees of freedom described by
angular coordinates @y, 9, @3, @4, the first body has a translational degree of freedom
described by coordinate x;. The following data are given: masses of bodies m, m,, ms,
my, moments of intertia Jy, Jy, J3, J4 with respect to joint points Py, Py, P3, P4, respec-

- - - =4
tively, location of mass centres: |RCi|=c;, |BCy|=cy, |PBG|=c5, |PCyl = cq; loca-

— -
tion of joints within a system: |RCy| = r, |P;C3| =n, |PCy| =1, and the orientation
of the x,-axis: &; = m/2.

The equations of motion are to be determined.
The problem will be solved in three stages.

Stage 1 Determination of topological characteristics of the system, i.e. matrices S_
and P.

The regular graph associated with a system is shown in Fig. 5.43, hence the matrices
S, S_, and P are as follows:
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Fig. 5.43.
1 -1 0 0 0100 1T % 1
0 1 -1 - 001 1 01 11
= 3 - = ,dP: .
5=lo0 0 1 of "™ S-=|lg 0 0 of ™ 0010
0 0 0 1 0000 000 1

Stage 2 Determination of all quantities appearing in (5.87) and (5.88) which do not
depend on a particular coordinate, i.e. those quantities which are necessary for the deter-
mination of any equation of a system and at the same time are calculated only once.

We have

m= diag(my,my, my, my), J= diag(Jy,J9,J3,J4),

ml 0 0 0 Ml M2 M3 M4

m, m 0 0 My, M, O M
mpT =72 ™2 . M=pPmpT=|% 2 s

my my my 0 My 0 My O

my my 0 iy M4 M4 0 M4

where

My =my+my +my +my, My =my+my+my, Mz=m3, My=my.
*

M=diag(M1,M2,M3’M4)s

1l

a = diag(0,4,,44,44), b= diag(h,,0,0,0), & = diag(éy, &5, 84, 84)s

= diag(iy, 0y, 013,04), X = diag(%,,0,0,0),
= diag(0,1y,73,74), x = diag(x;,0,0,0),
= diag(x,,0,0,0), ¢ = diag(@y, P2, @3, P4)

= diag(0, Fy, T3, Ty),

-

&
¢ = diag(cy,cp,03,¢4),
X
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(@)= 101, 02,93, 941", (6) =[Py, B2, P2, 041",
(@%) =167, 93,63, 0317,
(@-)=8T{¢) =10, ¢, 5, 921",
(6-Y=10,01, 02,9207, (92)=10,7,93,031",
(e} =le.cn.cncad’s  (A=10m,m,5]", {(x} = [x,,0,0,0]",
(%) = [%,,0,0,0]7, (%) =1%,0,0,007,  X{¢_}=10,0,0,01".
Additionally the solar products of the unit vectors appearing in (5.87) and (5.88) are:

L = cos(@. =@ +7i =¥

-

LX;=ab; =cos(p;. — ;. + ¥ —&;),
X;%;=bb; =cos(¢;. - ;. +&—¢),
f,.ij = —sin(Q;. — @;. + & —€;),

a;X; = —sin(g;. - Qj.+7Yi—&j)

a;f; = —sin(@;. =@, + ¥ = V) 285
f)-f'j = —sin(@;. — @;. + & - 7;),

I;c j=cos(@i. = @;+7;), X;€; =cos(p;. — @; +€),

a;¢; = —sin(@;. — @; +7i), B;Ej =—sin(@;. — @; + &)

;a4 = cos(@; =@ +7;) ;b ; =cos(g; — @ +£),

Ut = —sin(@; =@ +7;), ;% ; =—sin(g; - @;_ +¢;).

Stage 3  Performing calculations due to formulae (5.87) or (5.88) for the subsequent

generalized coordinates.
First we shall determine the equations corresponding to the angular coordinates. Thus

we shall use (5.87). Substituting in it 0= 1, we get
JoPo = Jl‘f’l ’
efS_=[0 1 0 0],

1 S_ITMIF(B_ ) = Myrd ¢y +(Manyrstaly + Myryrtaty ),

e S_raMx({x) = Myni, &,

—&] S_raMIt{¢?} = ~(M3nniqfy + Mynrdaty )¢3,

€] S_ITPMCE($) = myrycatylrdy + manestrbsps +myrycstrtady,

€] S_raPMCe(p?) = —myncydyéypF —myrycsnlspl —marycsdatadl,
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cla,TﬁmF'Tré[cﬁ,,} =myc hasiyfy,
—cie UmPTTF($2) = —mycininFr67,
cefGmPTR(X) = mycyiipR, &,

gel S. ';1(5{1']+5le) = Mynygay,
gMmacolig = micgl,.

Remaining terms equal zero. After reducing and ordering of the above computed terms,
we finally obtain the equation corresponding to generalized coordinate ¢;:

2 Sor A - A P
(J; + Mary +mycymasuy ) + (M3F3I"3 + Myrry + m2C282)r2r2lp2
+m3r2c3f2f:3f|33 8 }ﬂ4f2€4i'2&4ib4 +(M2r2§2i1 + mzc]ﬁzil }I]
P, - A 8 o) P
=My C1pUa Py — (M3r3r3 + M4}'41"4 + .I'nzc‘z(:z)rzaz(pz — M3 C3a7C3(P7
—m4f2€45264¢% - szzgaz + nl]C]gﬁ| . (5.90)

Now we proceed to the calculation of terms appearing in the equation corresponding to
the angular coordinate ¢;. Thus we use (5.87) substituting in it o= 2. We have

Jo0o = J20,
edS_=[0 0 1 1],
€2S_MMIT((_) = (M3ryts + Myraty )ty @) + (Mar + Myrd ),
£3S_raMx{x) = Myras%,%,,
~£3S_rAMIT((2) = —(Myras + Myryd g )t 0F — (Myriasty + Myr}a ) ¢3
€3 S_ITPMCE( () = mayncsfsesPy +myracatsls s,
-e3S_raPmce{p?) = —mayrycydyy 3 — mgracadgCa (3,
czegﬁmPTré{(ﬁ*} = (m3liy +mylig)cyrag By + (myrylizds +myryli4a 4 )y Py
—cze'{ﬁmPTr?{g'o?,] = —(mylly +myliy )czrzf'nglz — (mayryigTy + myryli 4ty )cqu%

CzﬁgﬁmPTi{i) = {M3fl3 +m4ﬁ4 )Czi]i:,

geTS_M(A(r) + b{x)) = Mynghs; + Myrygis,

EMgColl o = Mycygs.

Again after reducing and ordering of the above computed terms, we finally obtain the
equation corresponding to coordinate ¢;:
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[(M3r3i'°3 + MyraFa )ty + (maliy + myi 4 )czrzﬁz]t]'),
+[(J2 + M3r32 + M4r42 )+ (m3rlizas +margigdg e, ]q>2
H M3nas +(msiiy + maglig)e, |Ry %
.b[(M3r353 +Myrgag) +(m3liy +myiig )y ]rzf‘ztblz el
‘[(M3r3253f'3 + Myrfighy) + (myriigfy +myryfigig)c) ]@%
—m3r3C338303 — maracad 405 = Marygas + Mgy +mycogl.
Similarly for ¢ 3, substituting in (5.87) o= 3, we have
JsPg = J303,
ciedamPTra(§_)

1l

mycy f'zﬁ}ﬁ zil.}l + HI3C3?‘3ﬁ 353@2 ¥

—cie] UMPTIF{§2) = —myc3n st @f — mycsniiyi 3,

C]ETﬁmPTifi] = m3£‘3ﬁ3;{;i],
gJ?I3C3fl3 = J?I3C3gﬁ3.

All the other terms equal zero. The ordering of the above computed terms, yields the
equation corresponding to coordinate ¢ 5:

myc3niizag P + macarlizdz P + J3(P3 +myc3bak X) — macyrniiahs o}
—m3e3nyfishyp3 = macygis. (5.92)
and for ¢ 4:
MyCama 489 Q) + Macyraligdg Py + J4 Py +mycqiigX Xy — rr:4641§ﬁ4fz¢|2
—mycryligRa 3 = mycygiiy. (5.93)

Now we determine the equation of motion corresponding to the translational coordi-
nate x;. We will use the equation (5.88) assuming o= 1. Thus EII' =[1 0 0 0] and
successive components of the equation are of the form

£] XMX{X) = M3,
£ XMra{§_ ) = My dy§) + MyrsXiaz@y + ManXiasfs,
£XXPMUC(P) = mye X 0By +mycy X liy Py +mycaX iz Ps + mycaX 040y,
—£3 XPMEC{(?) = —myeyX,8,0F — mycr%1€2 03 — mycsk 8303 —mycaXi€q93,
gM X = MigX).

All the other terms equal zero. The ordering of the above computed terms gives the
equation corresponding to coordinate x;:
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Ml:f] +(M2f2£2 +mlclﬁ|)i1(—|')1 +(M3r3ﬁ3 + M4r4§4 +fﬂ2C2ﬁ2)ilq‘)2
alA A oA A a7 )
+m3c3Xu3Pg + myc X U Q4 —mMC1X 1P — MyCrX ) Co(P7
—myes®iE393 — myca%1840F = Mygky. (5.94)

If we want to eliminate scalar products from the equations (5.90)-(5.94) we can use
the functions (5.89).

5.4.9 Concluding remarks

We have shown that the amalgamation of topological information for a system of rigid
bodies and essential system data (i.e. inertial characteristics, location of certain points
within the bodies, orientations of certain axes) provides a relatively simple and system-
atic means of mathematical model determination. The apparent advantage of the method
presented in this section is that the formulae for kinetic energy (5.65), for potential
energy (5.72) as well as the equations of motion (5.87) and (5.88) can be used for many
different systems without performing all the calculations required for the Lagrange equa-
tions. The only requirement is to insert specific problem data into the general formulae; a
great deal of preparatory work is thus avoided. Moreover, each equation of motion, even
each term of the equation, may be calculated independently of all others, which can lead
to substantial savings of computer storage. We hope that the example considered suffi-
ciently proves the efficiency and great labour saving of the proposed method, in compari-
son with the classical approach.

The method presented in this section can be further creatively developed. There are
many questions which have remained unsolved until now. The quite general formulae for
kinetic energy, (4.65), was used to generate the equation of motion for planar systems
only. We are sure that the problem of complex mechanical system modelling is far from
the final solution. It seems that there is a lot to do in the field. A good understanding of
the key idea of the method presented, together with the use of graph theory as a means of
topological structure representation may result in further development of mechanical
system modelling methods.



