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SUMMARY

In the paper approxﬁimate solutions of the problem of bending
of a plate are given; to derive these sclutions the corresponding
dif ferential equation has been written in the finité—difference
férm.Sec.E gives the solution in a form of ordinary finite series,
in Sec.3 the equation is considered as a differential-difference
one, In Sec.h double finite series are applied.

The problem of discontinuous boundary conditions can be redu
ced to a system of equations involving filnite sums;these equations
correspond to the Fredholm integral equations of the lst kind

which are obtained from the differential equatfon of the problem,

SOMMAIRE

Le travall est consacré & la recherche de la solution de l'dqua

tion différentielle de flexion d'une plaque,en remplagant les déri-
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vées par les quotients des différences finies.

Au par. 2 une solution de flaxion d'une plaque est donnée;on
v applique des séries unitaires finies.Au par.3 l'équation est con-
siddérée comme d&tant différentielle et aux différences finies. Au
par 4. on donne une solution basée sur l'emploi des séries finies
doubles.

Le probldme des conditions mixtes aux limites dans la théorie
des plaques peut étre réduit au systéme d'équations de somma-
tion.Ces equations présentent une analogie avec les €quatines in
tdorales de Fredholm du premier type que l'on peut obtenir en

r4solvant 1'équation différentielle de flexion dtune plaque.

*

INTRODUCTION

The calculus of finite differences found a broad application in
the theory of plates owing to the works by N.J.NIELSEN, /1/, H.MAROUS,
/2/, P.M. WARWAK, /3/. By replacing the derivatives in the differen =
tial eguation of the theory of plates by difference quotients, a ditre-
rential eduation is replaced by a partial difference equation, the
continuous deflection surface thus being tepresanfed = in an approxi =
mate manner by means of a polyhedron. Treating the partial difference
equation as a system of linear algebraic equations, and solving these
equations by known methods /the Gaussian elimination method or variows
iteration methods/ approximate values of plate deflection are obtaimd.
The partial difference equation may also be treated as a matrir equa-
tion /4/, /5/ end eolved by means of matrix methods in a manner shown
by B. BGERVARY, /6/,

Another way, which will be followed in the present paper, is to
solve the partial difference equation of plate deflection by means of
methods of finite differences successfully applied to plame gridworks
by He BLEICH and B. MBLAN, /7/. In this way full analogy between the
solution of the differential equation and that of a difference equa -
tion of plate deflection is obtained. By letting the net become more
md more dense we can always pass to the results obtained in the dmaind
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difrerential equations.

In this papér the solution of the problem of plate bending is gi-
ven in the form of ordinary and double finite series. The applied pro-
cedure hag been constructed from the standpoint of application of di -
gltal computers.,

The differential equatiom of dending ¢f a plate has the form

nnt N7 w(xy) =qy)

In this equatlon W denotes the deflection, (- the loed, N = the ben -
ding rigidity of the plate.

Let us remplace the derivaties in /1.1/ by difference quotients. Divi-
ding the edge a of the reclangle into n equal segments AX , the edge
b into n equel sagments AU, we reduce the Eq- /1.1/ to the form

112/ Ly (We)= 24y, =0xYN (x=01,2,...,n; y=01,2...m),

where :
o3 Ly ()= (842202 AP0 Iy, E=5X = M

and 4% ,A5  denote the second and the fourth differance in the
X -direction and AQ, Ag the mecond and the fourth difference in
the y«direction, respectivly, where

/1.4/ )
Ax (ny) = Wx—1,q ’2-ny + Wx+1,y

4
Ax (ny) = WX"‘E,‘J ""A Wx_1,y + 6WXg'"'4 Wx+1’q +WX+2,LJ
APPLICATION OF SIMPLE FINITE SERIES T0 THE SOLUTION OF PLATE PROBLEMS

Let us consider a rectangular plate simply supported on two opposite ed~
ges, and supported in sny way onm the remaining sdges. Our consideratioms
will be confined to the statlc case, although there is no obstacle to

generalize them to the prodlem of forced vibration and simultaneous ben-
ding and compression. The solution of the difference equation of the

plate
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/2.1/ Lxg(wxg)= %],y (x=01,...,ns y=0,1,2,..., m) |
will be sought-for /essuming that the edges y=0 , (=m are simply
supported/ in the form of the finite simple series

m-

/2.2/ , Wxg =Z YQLLX’)L(La
‘ua'!

where

o | v, -
2.3/ Y’j‘ﬂ/%smﬁﬂg, ﬁﬂr-%,— (1=1,2,..., m-1),

The geries /2.2/ will constitute the accurate solution of the Bq./2.1/

if the functionms ny (wxq)-q xy are orthogonal to esch of the fumo-
tiona Y#

The following oonditiona muat be satisfied

s Z[ XU(ZYH ) ngx} vy=0 (#"'1’2"”’ m-).

q-O

The Eq. /2.4/ 1s reduced to the form

m-4 m-A -
/2.5/ Z: Z;Yg‘ Lxu(Yf,‘Xf)= 20, Qf“Z 9y VY
pot = !

Bearing in mind that

12,61 Ly (Yy XE)= (B4 +2620, A7 +€ ) XSV, by=2(cos By)
we obtain from the Eq. /2.5/ the following ordinary difference equation
12 (828, Lo+ )X =g (x=042,..,n; y=012,..., m=1).

This equatlions may also be represented in the foi-m
: gk M

mhere Cu=4-26%y, =6-25"’b +€'05.

The solution of the Bq. /2.8/ is composed of a particular solution and
the general solution of the homogeneous equation

/2:9/ X;L* XﬁL + (Cﬁ‘+foj ]\,u +(C3 +C§ x)'/\}l—xi
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where N =(1+6%) - V2reRE,  Qu=|sinZ,
200/ Xe=Xi+AY ch thux + A xsh Uux + AGxchid, x +Af sty x,
where 19),_ =(n Qu-

The function 5(- L 15 & particular solution of the Bq. /2.7/.Prom the
boundary conditions /two for each edge/ we find the constants A‘ff R

coey A}L and X‘L « The knowledge of this function enables the de-
flection Wyy to be obtained from the Eq. /2.l2/ « This procedure is

of importance for platesy of which one edge is very long or infinite

/an infinite strip/.

It the number of segments is wmall /m <10/ it is more convenient to

treat the Eq. /2.8/ as a system of algebraic equations.

Let us consider the cage of a plate sirip simply supported on the ed-
ges y=0, y=m and loaded by a concentrated force P at the po-
int (0,n) « The solution of the Eq. /2.8/ will be sought-for by making
use of the Fourier integral transformation proposed by I. BABU§KA,/8/ 5
for difference equations.

The Fourier transformation in en infinite intervel is defined by the
inlinite series

XIDQ

[2.11/ ( - " CE) ZX ec'ax

X=00 K= —00

where the sum Z IX l ghould be bounded., The inversa Pourier trane-
Xt — OQ
tormation 1s defined by the equation

/2.12/ X =F (X )= 5= | X* (@) "“”dcr
Ty

From the definition /2,12/ it follows, for instance, that the trans -
formation of the Dirsc function O (X-é) is

/2413 F[6(x-¢)] = Z6(x~£)e‘“"w= ol

Tn our consideration use will be made of the following rule:

[2.14/ F(Xy 1) = F (X, 0T P,
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Let us express the Bqs /2,8/ in the form
/2.15/ XE = Cy Xy o+ XU = Cou Xt + K = Y5 PS(X)

in view of the relation

m-1

q“‘_--PZé' g-n) S UYL =PYES(x).

Performing on thé Eqe /2.15/ the Fourier transformation, we obtain,bea-
ring in mind /2,11/, /2.13/ and /2.14/

[Pzt'a +Q—-2ia__ C}L(e-id+9£a) +dF])(.tL;s(a) =3€Y#D,

or .
[a(o:)+ b, X" (@)= %Y4P, a@=2(cosa)
Therefore '
- Xt = aeP COs axda
/2.16/ fa(cr)+&2b#

Bearing in mind /2,2/ the deflection of the plate can be represented
thus

' COS axda
/2017/ Wxg zﬂZY ny[(l(ﬁf+82b ]2

Making use of the result /5.17/ a number of other problems may be sol-
ved. Thus, for a semi-gtrip acted on by a concentrated force at & po-
int (£,n) we obtain, by super position of two forces.

Lot now the plate atrip be acted on by a load qxq-——qg /independent of

Y only/ and by concentrated forces P, along the segment KAy, (k<m)
of the line x=0 .

The deflection tima producod is
m-1 m-1

' cos xda
/2.18/ wxqmaez Y" +3-‘;ZP ZY#Y,?‘J[G@H% e

We require now that the deflection be equal to zero for y =l ,2,s.. ,
Mo voas Ko
Prom the condition wo,=0 , we obtain
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r m-1 k m-1
q P4 My
1219/ | B%Y “*'gTZ ZY’I y €u=0 (4=12,..k),
pet ST |

) ]

-

# [ala) +e2b,]?
Thus, a aystam of k equations for the determination of the unknown
quantities P,, has been obtained.

The Eqe /2.19/ may be glven still another form., Let us expand Py in
a series

m-1
= v
/2.20/ A= AiYy
_ 4=
and insert in /2.19/. We obtain
m-1 g k
. -0 - iyk
/= =

If the plate is supported over the entirs width b= mAg s We have
aj#=5_;# , and the Bqe. /2.21/ becomes

Ay= = (u=1,2,, m-1).

/2.22/ eﬂbf,‘

The Bq./2.21/ constitutes the solution with mixed boundary conditions
along the line X=0 , As the net becomes more dense along the line
X=0 » the approximation to the reality becomes better and better.
In the limit case for M-—=oo , the Bq./2,19/ bacomes a Fredholm in-
tegral equation of the first kind, /9/.

APPLICATION OF DIFFERENCE-DIFFERENTIAL EQUATIONS
TO THE THEORY OF PLATES

In a number of plate problems especially with mixed boundery condi -

tions, it may be very useful to describe the deflection of the plate

by means of a difference-differential equation. Let us divide the pla-

te into m equal strips of width Ay in the direction of the y-exis.

Let us denote the function, expresaing the deflectlion along the li-
"nes  Y=0, 1, 2,04a, M by Wy(X) o Then
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0wy () 4 qy(X)
A0 a2 | oy o) 2 )= 2,
{341/ 1 A

0$x<a, Y=0AZenm, X=gge Y=g
is the difference~differential equation of deflection. Let us assu-
me now that the edges y=0 , y=m are simply supporfed.

Assuming the solution of /3.1/ in the form

m-1
/302/ Wy(X)*"’ZY#X}L(X)g Ylj \/’—Slnﬂ}igl /3)-‘- ?ﬁt
p=1

expanding the load qy (X) 1in a series of functions Y;L

m-1 m-4
hid 9,00 = 3G, 4u0=2 6,0,
‘ JIEy ' y=

and spplying tha orthogonalization method, we obtain the following or-
dinary linesr differential equation
a?. a? g, ()
29¢%CE =+t CF]X (X) =~
/304/ 4 [dxd Pd B ¥ N
2 B
C}L = 2(1- cosﬁ#}d sin

The ao].ution of this equation has the fornm

- 135/ X#(x}-xp(xhcwchr#x +Cz#xshr#x+03'#shmx+64,#xchtﬂx,

where )-(#(x) is a particular integral of the Bq. /3.4/ and

Sin -%‘—
Let ue consider an infinite plate strip acted on by a concentrated for-
ce P at the point (0,n). Performing on the Eq. /3.4/ the Fourier trams-
formation, and bearing in mind the fact that )= =PY7'6(x) ,we obtain

PY" COS axdx

JTN y (@+T3) ’

138/ Ty = %Cy =2%

or

/38/ W= 4N Z 2 Yy (1+xm)e™ x>0,
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Introducing an auxiliary runotion

/349/ By (x)= —— Z i Yq o # x>0,
#=4

we can express the quantities a2wy /63)(2 and Ag (Wy) 'by the following
gimple equations

w1 o¢ 09
/3410/ 3= 2(q§q+x 6xy)’ X’Ai(wgk%(@g dey)'

Let us conpider two auxiliary problems. Let a concentrated moment act
at the point (O,Q) of the semi-strip simply supported on all edges -
/Fig.1/. Bearing in mind the boundary conditions

/301 wy(0)=0, my (0);M<59,,

the deflection of the atrip‘ is obtained in the form
m-1
v
/3.12/ Wy (X) == Lkl M o WX x>0.
WL T,
=1
If the semi-strip 1s acted on by the load Qg(x)= J= const, then

m-1
73413/ W3(x) = 737_ Z’ %g_y;t [1_(14,%&)9"% x> 0,
=1

Let us coneider a semi~strip simply

supported along the edges Y =0 , Q X
Yy=m and clamped along the seg- 10
ment kAg of the edge X=() s the /
remaining part of that edge being /‘}M
also simply supported. Let the pla- y+1
te be acted on by a load (y(X)=Q= Vi )
- conat /Pig.2/ We are concerned with
a problem of mixed boundary condi-
tions. Denoting the unkmown ' clam- Fig.1

ping moments by Mq,‘l €0 &Kk , the deflection of the plate is obtained
in the form
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/3.14/ Wy(x) =W§(X)’*ZM’2 Wf;’ (x)- 0 X

=1 My g ‘“‘"“;f
Prom the condition [Ow/dx] o g" t7 S
\ =
on the segment AAY of the edge / ,vk g=const. //S
x=0 the following system of equa~ , M ’j //7 X
tions is obtained | ;
m L—-————-e-—-J mmmmm ——
Fig.i.’
/3.15/ m- m X m-1 AN/
Zq.?oy.{.ZMf] _):i/‘f_ﬂ_mo ("’152) 1k)
't .
p= ot et e a

Solving this system of equations we find M,; , and from /3.14/ the
deflection Wy (x)

Another solution procedure is such. Let us expand Mq in & series of
functions Y,’;l

m-1 m-1
o1 - v = J
/3.16/ W T WAZS
j.vs1 [2:1
Insersing /3.16/ in /3.15/ we obtain the system of equations
m-1 ‘
' , sl
et S %B=0, - vy
js-'? n=1

If the plate 1s supported over the entire width, then, bearing in

mind that Qiy=0ju for k=m-1 , the Eq. /3.17/ is reduced to
the form

/3.18/ Ay + Sk _

APPLICATION OF DOUBLE FINITE SERTES |
70 THE SOLUTION OF PLATE PROBLEMS

Lot us coﬁ:aidar the equation of bending of plate /2.1/. The solu =
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tion of Eq. /2.1/ will by sought in the form of double finite ge-
ries

n,m
/4a1/ Wyy = ZAV# (P‘,::f
v

where the quantities AV/L are the unimown coefficients and (ﬁ;’;‘ are
the eigenfunciions of the difference equations

/4.2/ Ly ((P;,j‘ )= 6y WZL

assuming that the functions 90}’# satisfy the same boundary condi -
tions as the function ny ’

The quantities 6y, arve the eigenvalues (V=0,12,.,n; u=0,12,. m)
corresponding to the elgenfunotions (,o}’ﬁ’* + The latter constitute =

complete set of omthonormal functions, therefore they satisfy the con-
ditions

nm
/4.3 D o it = 6k,
XY
where Ojy, Ouk are Kronecker's deltas, or
1 1 (=v, 1 if u=k,
/441 d:':\v’: o (S.#k:':: ) #
- 0 if [#v, 0 if k.

If the series / 4.1[ is to constitute an accurate molution of the dif -~

ferential equation /2.1/, the funotions LKU (wxg)-qxgac should be or-
thogonal to every function {5 . Therefore

nm nm -
/4.5/ Z [L y ZAV# Oy -aeqxg] Pep =0.
Xy v

Changing the summation order and bearing in mind /4.2/ we obtain

n,m nm . nm.
. W ik o k
146/ Z Ay O Z oy Py =Xque, Qi Z Oy Py
i X,y XY |
Making use of the orthogonality condition /4.,3/ we obtain finally

/4a1/ Aik Bk = Qéqik (l== 1,2,...,n5  k=12,..,m).
Introducing Afk from the last squation in the Eq. /4.1/ we f£ind
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. nm q
/4.8/ Wyy = an B—‘"E‘- Py -
puL M

The solutions represented here for bending of the plate are valid
sspuming that the fumctions gﬂ;’# can be expressed in the form of
a produst XyYY or XyYY or XY'V{ . It will be found that

functions of the type (p:fé‘l‘zxj‘(’ Yy eppear in the case of a rectangu-
lat plate simply supported on the entire contour, and functions of
the type tp}{,‘ =X§Y’éf~in the cage of a plate simply supported on the ed-
ges X=0 , X=n , and supported in an arbitrary manner or free a-
long the remaining edges.,

Consider a number of particulsar cases of application of the double ge-
ries method.

Let the plate be acted on by a load qXU , and let it have an addi-
tional immoveble support at the point (£,7) . The deflection of the
plete will be composed of a deflection due to the load (. and R at

the point (£,n) the value of R being selected in such a manner
that Wéqzo « Therefore

nwm yu

/4+9/ Wy = xZ "é'ﬂ— [qm +q‘:,#] .
o *

where o

/4:10/ Q=R D 8 By g =Rag
%9

Insarting Q‘m in /4.9/ and requiring that qu (0 , we obtain the
equation

nm nm
. A (o L
14011/ RN &’ E =0
% O 42 O

from which ﬂie amplitude of the support reastion R ocan be found,

Lot now the plate be acted on by, in addition to the losd ( Xy v @
load Ry ng along the line Xx=f , The deflection amplitude of
the plete is given by /4.9/ where '
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n,m
4612/ L Y,
o QV;L"'Z'R'J 5X€ ‘Px';
&Y
For a plate simply supported on the sntire contowr we have
/TR VA V7
Py =Xy Yy

Therefore, in this case, we have

m ; ' m
/4.13/ q’:,#m'XEZRg i —“—'-'Xévbp, b# ==‘ZY#R9
Y Y

Substituting /4.13/ in /4.9/ and requiring thet the deflection of the

rlate along the line X=£ be zero, we obtain the following equation
for the coefficients bp,: : :

n 1AY4 n v
/414 bﬁzg&) +Z_Q_VE_).(§=_._()'
" Oy " va
"Knowing b;;, y the support reaction Pg can easily be found
- .
I
M
Let us consider the case of bending :.: x'i
, _ n
of a plate simply supported on the 0 ]
entire contour and having an addi - y-1
tional support along the segment +‘-.1l . é"
Ci=kAy k<m of the line x=.§ Y 4
k
The deflection is espressed thus M
Q=nlx
' -
HE.3
yuL k '
Yx
o1 - X V&
SR (YT
v'},t m ’ l?:-r"
wheare pq denoted the reactions forces at the poiqtu gzi,?,...k along the

line x--—£ .
Requering that the deflection at the pointe g=1,2,...k elong the line
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X= é be zero, we obtain, making of /4.9/ the equation

YA k
.16/ e P X"Y“}HO =42,k
/4 g o [Qyﬂ_—kg nAE"n y

from which the quantities F) (p=1,2,..k) can be found.

In the particular case of K=m the bending of plate assumes the
form of Bq. /4.14/.

Indesd, on expanding Pq in a series of eigenfunctions

m
o1 - Lyl
1417/ | Py _,_21:' by Y,
J::
and substituting in /4.16/ and making use of the relations
m m
= T -

the equation /4.14/ ist obtained from /4.16/.

Another solution method may be devised in the case ol a plate with two
sdjacent edges clamped. This method will be discussed by means of the
example of a plate clamped along the entire contour.

Let us take a complets set of orthonormal functions [Q}] (i=01,...,m)
and & set of functions [E’,}](k =0,12,...,m) satisfying the difference e~
quation

/4419/ | Aahy =g, AYES) = AEl,

and the clamping conditions. The functions r))‘; may be treated as the
natural vidbration models of a ber with its ends clamped, the deriva -

tives in the deflection equation being replaced with difference quo-
tiants. ’

‘Let us expand the deflection Wyy and the load Qy in series of
functions )y, £

/4.20/ ny "ZAik’hﬁéz: Qxy"qu Ox‘ “y‘: Q£k=Zqu’?:§§§'
Lk [,k ‘ X,y

Let us ingert the deflection and the load thus expressed in the diffe-
rence equations of the plate /2.1/
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g TR e T T T

We find ,
F4.21/ ZAlk[(%*'?} 54 qxéy""gegﬂz Qx A s)] :Z%k’);és

i,k
Let us expand the erpression A* « (s )A2 (g ) in n geries of eigen-

functions
A (65)= D cuepuni €5,
WA

Cilop = ) B ESMES |
XY

and substitute it in /8.21/. As & result, the following system of e~
quations is obtained

/4.22/ Aulg +het) + Q‘EEZCW’( Ap=Qik,

v,;.a
from which the quantities Aik , can be found to be used later for

the determination of the function Wy, in Eq. /4.22/.

In the case of free vibration, ( ik=0 should be assumed in equa -
tion /4.22/. Thus, a system of equatione homogeneous in : A;;c is ob-
tained. Setting its determinant equal to zero, we obtain the free vi-
bration condition from which the successive frequencies can be found.
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