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Dreing.Witold Nowacki

The Bending of & Compressed Continuous Plate.

A/ We set ourselves the problem of determining the state 0f strains
and deflections of a plate simply supported along the edges x m 0}
Y « & under the action of uniformly disposed forces q on the edges
X = 0} X = & by a simultaneous action of a load p = const., direc-

ted perpendicularly to the plane of the plate (Fig.1).
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The bending moments My(x,o) on tpe supporting lines ¥y m 0§ ¥y = D
we agsume t0 be redundant quantities of the probiem and determine
them from the conditione of continuity on these supports.

Before however fixing the three-membered equations of the problem,

conditions of the simply supported plate must Ve defined.

m- Denoting:
4 T »q b
Kosimg ! ' y=pb x=¢b beaa §¢- 35
] I S the differential equation reads:
| I
. ;—l , | y
' ' AD w(e,n) + uyf5.0) e RB. 4
il ProuGpyT A
1}‘;’5"' b ——1 As the particular integral of the equa-
Fig.2 tion (1) we assume the deflection w(y)

of an infinitely long plate in the direction 7 .
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Y=nT e ; 5&‘3’7?
We shall write the complete integral of the equation as follows:
_ L = 4‘ .
Q}(f.?}"f%%%cq 2; [mj“ * %]JME

where
)ﬁ@.}s U, cosh Ap+ U sinh A7) + Z[_,COS/JﬁI?:L U, sinh fip
R,ﬁw}/#TB’_ | 0<d <4

- From the edge conditiona of the problem:
By
WHEO)=0,; W(81)-0;  Whyyleo)=- 5 1’);-/(,, SINVE Wyl 4)-0
we get the integration constants, and further on the quantities:

dw | _ 4pb T Ry ‘
F L~ ;-@,s/nvg,_+ y gknqbn Sin v

-g%yzb == —“-AF;—"JZ@,, 5/ Vé = f‘ZKn_SZ_SIh /3 (3)
3. ‘ 4’3'" . .

where |

O, - & A f,{%,ﬂfan/)g f/fiz‘anbé) by 0<d<4

@n-%%%;(vfanb%-—ﬂanlg) by O>4 Vnz)d
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@,,:f—,;(—}—-—%—-z‘anh%) by 0=

and further on

?511 = ";"{—p:z (A ctanh A —/Scfan/yfy,- y{* “A‘g,fﬁ(s,,,'ﬁh’g —}%},—j) by 048 <4
?B 7\‘ 7 (Actanh 2 - V@fanyr) = Ty o ;.) vy >4

gbn:-é%(ﬁcfanbvﬁ*%)j A j’;(-ﬁf ,—,‘:;—-75) vy $=1

at last for g3 = O

@ﬁ o Sinhy - é = cosh¥ sinhy - ¥
2¥ “dvwshy n 2V sinh%y

}V — Yeashy - sinhy
A7 2Y sinh?y

Let us consider two neighbouring bays of the continuous plate;
the bay (r-1)-r with the side lengths a and b, loaded with p.,
q, and bay r-(r41) with side lengths 1, bﬂ_1 loaded with g, p.

We denote the bending moments along the straight lines r-1, r,
r+1 by Mr41, Mr’ Mr+1.

T2

(5a)

(5b)

(5¢)

(54)



The continuity of the plate on the support line requires the ful-
fliment of the following condition:

des” dus’
/y=0

dy £/=45r+ dy =0 (6)

Using the formula (3) we bring the equation (6) to the form of

a aystem of three-membered equations:

/(nr-j 3{/1‘/‘:41' ta kﬂp(é?:ur* nr::"rw) * /(nm' Ygrjurd +

rid

r 2
a 4( Pr baf/“r @D * PH:! bru red 0 )= 0
(n=43,5....00) (r=12.. z-1)

b .
We denoted here/u;;=?f ﬁ%% where b, is the comparative length
of the bay and N, the comparative rigidity of the plate in bending,
For the consecutive values of n by (z41) transverse suppdrts
we will get (z~1) three-membered equations, which solution will

determine the values of k and therefore the bending mo-
C ee
r VA
M- gkn sinvg

It will be sufficient however on scoount of a strong convergen-

ments:

¢y of the series to limit the numericél examples to the solution

of two systems of equations by na 1 and n = 3.

We ascertain from the eguations (7), that in the direction of §
there can appear only a symmetrioal form of plate deflection,
quite iﬁdependently from the value of q.
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The cagse of the determinant of the equations system (12)
approaching zero with the increase of the parameter q (¢ )
tending to W{tn)—c= 1s to be rejected, being contrary to the
agsumptions of the plate theory; the equation (1) ie valig
only for very small deflections. The load g will never there-
fore attain the critieal wvalue of buckling load for

the plate q, - the plate will be destroyed in consequence

of the increase of the bending stresses; 1t must be observed
however, that the parameters q will be the nearer

the value Qy, the smaller will be the load p.

We must observe at last, that in the case p = 0, the homo-
genous system of equations (7) will not be contradictory, as

the determinant of the equations system will equal zero,

Equating the determinant to zero gives the criterion

of the buckling of the continuous plate.

Qut of the many particular cases, included in equation (7)
we give here two especially simple ones.
a) single bay plate with built in edge ¥y = o-and
with simply supported edge y = b.

2
kn=—4pb-@” nNe=4,35.... (8)
¢, '-
b) mingle bay plate with built in edges y = 0, Y = b
4
/(n=—-4pb &, n=435.... (9)
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B/ Let us consider a continuous plate (Pig.3) under combined action

of lateral loads uniformly disposed on edges y = 0, Y = b

and uniformly distributed loads p perpendicular to the plane
of the plate.

____________ P
=T T
‘1" -::x P,-./Vp E’qr o]
__________ = = | 1
E—bﬂ F' bf"-! ]-

Similarly to the foregoing problem we assume the moments M_ {(x,0)

on the transverse lines of support as redundant quantities

of the problem.

2. sinn i ] DA (g n)+ QI Wiyt 7).-—-%\,"—’-# (1)
i It R

. .E p % qs The solution for the continuous plate
—_ B2 1 will be preceded by the determination
s of tne middle plane deflection sur-
Figed . face shown in Flg.4.

We will assume as the particular
integral of the equation (1')

W (¢) = S M,” Z sinvé (10)

The general solution of the equation (1') will be:
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win) = w2, JI5 + Yaln)]sinvs

where Y(y) fulfils the common differencial equation:

Y'-y(2 &)Y + vt Y =0 d, = o (1)

jrz n2

With d> 4 denoting m = 7;— Vidi-2) Vo (64

we find:
: 2 .
Y? = 14{ C-Osm?f‘ A2 S/nfn'? 7"/43 CDS,}’T7 + A4610%27
Prom the edge conditiona: |
| ,bz oo” .
wi(§o) =0; | w(f,#),.-'a;- w77(§.07=““'ﬁ"£}6,-5mv_§; w”[f,f) -0
13,

vwe define the integration constants Ajecos A 4 and futher on
the. quantitiess

90} “’(j . b Oy &
: = SInV¢E + & Kn %um‘vg
a. Z_:. N g (12)
9 g
—Qf,}“/y=b= -’tﬁ/—” ' SINVE - W'ZK" nSInV§
where:
N # m— Vs(mé 7 (V fan 3 - mfan - | (13)

|

b 3
u

2 2
e (,% cz‘an,,—!f —mcfanm}

SSi

= - y2
| m*- V" ( sinm m sin & ) |
m



For 594.4 denoting - .
N .
| A A
we bring the general Integral of the differential equation (1)
to the form:

4 2 - |
wHs,7) = W%"Z L+ A, cash g cos'yfp +A2605/7997]5/'n Y1)+

+ Ay sinh gpcosyn + A, sink 9075//77;/77]3/:7\'5
in this case the values @n 95 y/ - of the equations (12)

dré determined by the formulae:

i

@ 52 v '{a’\smbgﬂ (p.smyr
20y

cosh gp + COsh ¥

. I yr.sm/)gocos/:ga gﬂc”as ysiny
17 .sm/a‘ga+ sm 2y (13 &)

?; o (g.cosh Psiny - Y sink ¢ cos y
.n 2y 7 Sinh* @ + sin? y'

Putting in the équationa (13, 132) qQ = 0, we Obtain the values
Q,,,?Sn, % - of the equations (5a)

~In the case of simultaneous bending and streching of the plate
ingtead of d, there is to be put ~dq y 1. e« in equations (13a)

. in the place of ( ‘the value %VIHJ. and in the place of '51/
the value (Y (=V1 |

~ In consequence of the continuity equation of the continuous plate

L%



(Fig.3) at the support r-r, l.e. from the condition

&w . _&__7
c;y _‘/"br Y= 0

we- obtaln here too an analogous system of equations

/(p ’ }V/uf‘ t K" /é’/uf‘ t ggr;rﬂ)*K"rd y/’;{:ni *

-~ red (1 4)

p
*Zf‘(f) r Adr ” * Pres ru/uru n =0
(ne 1,3,...00) [r-12,. z-1)

To the equations (14) applies all, that was said on account
0f equations (7).

0f all particular cases, contained in equation (14) the following
two are worth to be mentioned:

a) a single bay plate with built in edges Y = 0} ¥ = Dbt

A/n = - 4.pb V?”$ (n=4',3,5,...‘ %) (15)

b) a single bay plate with built in edge y = b and simply
supported edge y = @, The load q uniformly distributed

acting on lever arm es Prom the equation (14) we obtain:

20 ©  KT.KF-

o) r :
ge =Z/(n SEn ve Kn = -—lﬁf
L A3 o
N=4,3,5,..

to8



Tfherefore - -y
K!‘f-! 4 e y{;

T S L
n

We obtain the largest bending moment for ¢=1% n= 4
s Z
=g

The largest normal stress will be

1]“"

n

.MY_{ -1
O = 2 (514 £ “Z,,—n 4=

Tor 8 steel plate:

P 6 2 /,
E=24-10 kgfent; M= 03 ; 5'35%5 j ;%”gi

is calculated
S = 4o 42 Lbt 46 48 485

Opa= 190 420 680 4140 2600 oo kgl

For 4,74 5,4-’ 4,85 6;,,3, will be found in the plastic space;
this condition is practically equivalent tb the destruction
of the plate. As-CS;a, is proportional to e the augmentation
of the eccentricity will produce an earlier transgression of

the 1imit of plasticity.
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o/ A rectangular plate simply supported albng all the edges.

The concentrated force P acts along the axis of symmetry

of the plate.

From the many possidble cages of.the loads acting perpendicularly

on the plate, we take an especially simple case, namely the case

of the action of -a concentrated force Q at the point (a/ 5 0).

e e e — ey

y
~,—
=
-3

-

The differential equation of the
deformation surface I, 1I in

a dimensionless form

AAW(y)=0
.-77= "%‘ S ‘)é—, ;

we will transform to a differen=

(16)

tial equation

. |
YooY oY, -0

using a single infinite serie:

W -): Ya sin v§
32

% U cosh )+ U, sink /e ()
fz{,v?ws/yv7'+ U,,w?.sm/z "

The deflection of a strip of the plate of a breadth + will be

represented by the inflinite serle: u.;=ia,, SN Ve

?",2-.- L
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From the condition of continulty of the plate I and II by

the gsection 77=,O y We shall obtain two edge conditions:
7
Yo (o) = a, Yoo =0
At the edge Vs Z the deflection disappears and the bending

moment M7 also, then: %(4}:0 ; Y,"(4)= o

After determining the constants U1...., U4 we will find
the shearing force P at the section '17=0

l=-N&= a"w = - %Zyl?omnvg

= - 2'N. « Yeoshy
b? coshy sinhy ~v

(18)

Sinye

The equilibrium of the strip of breadth t and length a leads
to the equation:

dly. | p i _ 'N T, yicosh’y : |
E] ax+ t d ,,)—:a” coshvsinhy -y sinvs + Q{f} (19)
_ K
=3

But:

Q) - %@f 1) sinve

From the equation (19) by t —0 we obiain:

an = E?b (-j) Nn= 43,5 (20)
Via ‘ .,? (1- _,EE) |
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where
_ LN _yeoshy
= b coshysinhy -Y

>

The deflection of the centre of the plate:

G' D
O ________ ____...._...m_.._..
o(19- 4 FEEE)
By b oo we obtain:
o 2 v A,
w(:'flo) QNWZ Z“a(f/ ﬁg_) 001695~ ;‘—*———_ IR . (21) |

From the formula (21) we observe, that by the simultaneous
bending and compression of the plate there is possible only
a gymmetric form of deflection, whereas by the buckling of

the plate there is pogsibility of ssymmetric forms of deflection.
P LN vcosh®y
2 =

The gritical force: coshysinhy -y

N=1,2,3,...

We observe, that only for very small loads Q the force P

can approach the value Pys by large values of loads Q 'the de~
struction of the plate will have place by small values of P.

The examples given above lead to the conolgaion,‘that the problen
of the bending of a compressed plate is not a problem of_étability
the equilibrium remains constant up to the destruction of the plate

For each value of q/p or B/Q there is & corresponding form of

the equilibrium of the plate.
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Summary

In this paper the author considers a rectangular izotropic plate

loaded uniformly with the load p by a simultaneous action

of a load o distributed uniformly along the plate edges and
directed in the plane of the plate.

There are given the exact soclution of the differential equation

of the pfoblem for the following types of rectangular plate:

1/ a continuous plate compressed longitudinally
2/ & continuous plate compressed transversally

3/ a rectangular plate simply supported compressed by

a poncetrated force P«
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