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1. Introduction

The present paper, which is a continuation of Ref. [1], contains a detailed study
of the action of time-variable forces acting in a thermoelastic space.

The main emphasis will be laid on the determination of Green’s displacement
" functions. By contrast with the Green’s function of classical elasto-dynamics, the
present solutions are characterized by damping and dispersion of displacements.
In addition, there are temperature fields attached to Green’s tensor (due to the
coupling between the strain and the temperature).

We shall consider concentrated harmonic forces in an infinite thermoelastic body,
ranging from the problem of point forces to the two- dlmenslonal problem of linear
forces.

The fundamental solutions for concentrated forces enable us to obtain Green’s
functions in displacements for double forces, concentrated moments and compres-
sion centres.

Making use of the reciprocity theorem, as generalized to the coupled thermo-
elastic problem, we shall obtain a number of equations interrelating the action of
concentrated forces and that of heat sources.

As a point of departure, we take the linearized equations of thermoelasticity,

2, B3, e
(L1 Vi —— —

12 £V2u-t (A-+) grad divu+X =  grad 640 %:lzl'

The first of these equations is a generalized heat equation, the second — an equa-
tion of the theory of elasticity expressed in-displacements (equation of motion).
The two equations are coupled

The symbol u denotes the displacement vector, and X — that of mass forces;
0 = T—T, is the difference between the absolute temperature T and the temperature
T,, characterizing the natural state of the body, and Q — a function, characterizing
the intensity of a heat source. x, 1 are Lame coefficients in the isothermal state;
% = Mofoc, is a coefficient in which 4, denotes the constant of heat conduction,
o — density and ¢, — specific heat with constant strain. Next, n = yTy/4,, where
y = (3A+2u)a;, and «, is the coefficient of linear thermal dilatation. Finally Q =
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W]/ec,, where W is the quantity of heat produced per unit volume and time. The
quantities u, 0, X, Q are functions of location and time.

Resolving the vectors of displacement and force into potential and solenoidal
vectors

(1.3) u = grad @+rot P,
(1.4) X = p(grad 9+rot ),
we reduce Egs. (1.1), (1.2) to the following set of three equations:
1 Q
i 2_ 2 91— By e
(1.5) (V = 3,)0 n 0,V =3
(1.6) BT R
. Cf t cf )
1 1 A2u H 2
2— —_— 2 _ e e ﬂ = — s = m— == a
(17) (V Cg a:)q" cg X 51 0 ’ Cy 0 s 3: ot
On eliminating from (1.5) and (1.6) the temperature 0, we obtain two wave equations:
1 1 e, m@ 1 1
T e - L ety - e ey ey
(1.8) (V = 3,)(V m c,)fp 3 a, Vi = a (V = 3,)19,
1.9 v Loy =— 1y
: a ¥ aX

Equation (1.8) describes the propagation of a longitudinal wave, and (1.9) that o
a transversal wave.

Let us observe that in an infinite body a heat source and X’ = p grad ¢ produce
longitudinal (dilatation) waves only, and the forces X" = p rot y transversal waves
only.

2. Green's Functions for Concentrated Forces

Let us assume that the causes of wave perturbation — that is, heat sources and
mass forces — vary harmonically in time;

@1 O(x, 1) = Q*(x)&'®,  I(x, f) = B*(x)e'', x(x, 1) = x*(x)e'".

As a consequence, the displacement, temperature and the stress vary harmonically
in time. By introducing the notations

2.2) 0(x ,f) = 0*(x)e'', p(x, f) = p*(x)e'?!, etc.
Egs. (1.8) and (1.9) can be reduced to the form

@3 V=)V -k = — 2 _ L (yi_g)pe,
24 (VP = ——x,

2
Cy
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where
K+ = qU+o—c%  kiki= —qo?,
iw w? ?
=5 CTgr "Tg
k; = a-+-ib;, a;>0, j=1,2,
and a; and b; are real quantities. The quantities kf and k% are the roots of the
biquadratic equation

"+ —q(1+)]—0% = 0.
Let us consider a concentrated force in an infinite body, and construct the com-
ponents of Green’s displacement vector. Let us assume first that a concentrated unit
force varying in time in a harmonic manner acts at the origin in the x;-direction.

In general, for any vector field of mass forces, we find the functions 9* and x*
from [4]:

* = 1 ‘ * (! 3 — 1 1
@5 0 (x):%f{i J ‘_Xl(")zv"z(xcxa x))“'* i (m "J)

+ X ) (ﬁ)] dv(x"),

¥*(x) = ; F(x’ :
@6 X = ———fff”m") (R(x x)) B )3-"2.( R(x, x))]
. 1 w92 !
""J[X &) 2 (R(x x)) X*(")EZ("R(Y, x))]

n 0 1 N 0 1 ,
i (—nr*)) 310 31 ) 0
On substituting in (2.5) and (2.6) the quantity
XF(x") = 8(x{)8(xx)8(x3) 6,5, j=1,2,3,
which characterizes the action of a concentrated force at the origin and in the x;-di-
rection, we find successively:

1 2 (1
* — ey

1 2 [il N B
L A s ) | s e s ) I} e — 2 a N1/2-
Xa dmp Oxy (R ) o X 4mp Ix, (R )’ R = (xibai-+a) s
therefore, the following equations must be solved
1 1
22\ (V2 k2 — LS s
(V=E)(Vi-Ke 45:96'{ —9) 0x, ( R ) ’
(VP+e)t =0

(28) i 1 a9 (1
v +t)¢2_¥4ngc§-5}; R

1 a (1
408 = s 3 ()



252 W. Nowacki

We shall concentrate on the first equation of the group (2.8), the solution of the
remaining two being known in the form:

l d
P e S e
‘pf = 05 4’2 4:'!9[»2 3x3 FU(R’ w),
(2.9) P g
L T e
"]JS 4.7ng2 axi FD(R: ﬂ)),
where

e—ilR 1

FD(R,(U) — _R = i‘.

To solve the first equation of the group (2.8), we make use of two properties of the
function ¢*. If the concentrated force acts in the axial direction, the wave and displa-
cement function will be axially symmetric about the x;-axis. In addition, the fun-
ction @* is antisymmetric in relation to the x, x5 plane, in view of the symmetry of
displacement in relation to this plane. By treating ¢* as a function of x; and the
radius » = (x3+x3)1/2% we perform on the wave equation first the Hankel transfor-
mation and then the Fourier sine transformation. The transformation

. T :
(2.10) @(a, f) = ]/?r_ ff @* (o, r)rdy(ar)sinfx, dr dx,
]
changes the wave equation into

v = 4 g B B
@ID  #leh) = l/n ["‘2 P o as+ﬁ2+k§*a?¥ﬁ‘f]’

where
_ (ki—q)c*

4 (B—g)?
= T—k) 1

A = K=

Performing on (2.11) the inverse Hankel-Fourier transformation

oy
@2.12) ¥ 1) = ]/ 2 f f #(a, BYoy(ar) sin fx, do df,
0o
we obtain for @*(x,,r) the following closed-form solution:
| i
213 * = —asee e
(2.13) PO = = g PR, ),
where _
A . 1
F= Aﬂfz_'Alflh-I(I: Ij(Ry w) = 'Ee_'hﬂs = L 2’ ‘ro = 1_?’ .

Let us observe that by passing from the coupled to the uncoupled problem —

that is, substituting the values: 1 =0, ¢ = 0, k? = ¢, k2 = —o? in the expression

for g* — we obtain the known solution of the wave equation of classical elasto-
kinetics

1 9 [e'™R 1
2.14 * = — e e
@19 P 1) dmow? axl( R R)' '




.

Some dynamic problems of thermoelasticity (11) 253

Let us return to (2.13) and move the concentrated force from the origin to the
point (§). Let us attach to the symbols ¢* and * the suffix 1, in order to express the
fact that these functions are connected with a force acting in the x,;-direction. We
find:

19
(1) = e ——
(2.15) @*W (x, E) T T —— F(R, w),
Mg, E) =0, o= 1 9
P (x, E) (s o ——_FR, @);
P E) = — oy L Fy(R, @)
gAS T dmpw® Oxy  ° *
where

R = [(x;—E)*+ (xa—Bo) 4 (x5 —&) ]2,
On superposing the displacements according to (1.3), we obtain

—itR

2.16) uf = ~E27w§-ala,mn, &) —Fy(R, o)]+— j=1,2,3.

1
di Y R
The action of a concentrated force in an infinite body is accompanied by a temperatu-
re field which will be determined from (1.6). The amplitude of this field is:

1 1
7 *(1) — 2L ¥ E(D)
2.17) 0 (V240 - a i

- 4:,:@1(»% Gz [(VHHODFR, 0) o1y (R))
After some simple computation, we find:
qe
(2.18) ¥ = — A= k’) 3x1 [I(R, @)—I(R, w)].
Let us observe that in the non-coupled problem (¢ = 0), we have *® = 0.

In the coupled problem, we find that the function *™ has a singularity at (x) =
(E); therefore, the action of a concentrated force at the point () produces at that
point a concentrated source of heat.

Let the concentrated force at (E) act in the successive directions x;, x,, and finally
x5. We obtain three groups of components of the displacement vector uf®), wf®),
u¥®_and the associated tempgrature fields 0*®, 6*®, 0*@).

The set of all the components of the displacement vector is Green’s displacement
tensor

(2.19)  GP(x,E, 1) = Re[uf®(x, §, w)e'’]

1 Relgor sy, B
= o e!e 0,0, [F(R, @)—Fy(R, w)]—1* R }
The temperature field 0% is expressed by the equation:
(220) 0%(x, E, ) = Re[0*(x, §, w)e']
= — 2 ____Re{¢,[L(R w)—hL(R, )]}

4mocim(ki—k3)
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The functions 0*%* and u}* being now known, we can determ?ne the amplitudes
of stress and strain from the equations:

O"ﬁ"‘) = 2#8#“-'—(1’-6':;(”'—'?3*(“) (SU'
1 . .
e = GEPHud),  1,j=1,2,3.

Let us consider the double action of a force acting in the x;— direction. Let a con-
centrated force P, act at the point ((£, &, &) in the x;-direction, another concen-
trated force P, acting at the point (&,--4&, &, &) in the x;-direction.

Let Uf®™ (j=1, 2, 3) denote the amplitudes of the displacement components.
These will be found from the equation:

L __Effm(xl’ Xa, Xg, §1+J§1s &a, £3)— 17 M (xy, X, X, 1, &a, &)
@21) TP = Podiy e :

where the expression uf™) is given by Eq. (2.16). Assuming that lim (P,4&,) = 1,
A§;=0
we find for A& — 0 from (2.21) 1

@22) URGkE, m)s—a‘Z— $O(x, E, ) = —COy [hdy(F—F)— 1811,
1

where

1 e~k d
o W, Ir(-R! O‘J) = '_'_R_s 31" = g’g; L]

The expression (2.22) represents the displacements due to the action of a double
force in the x;-direction.

Let us denote by 0*® the temperature amplitude due to the action of the double
force. This will be obtained by the same argument as for U}® from the equation:

(2.23) 0*®(x, , w) = % 6*M(x, E, w),
*M — — ——q‘c‘c—— 01.04[L(R,, w)—I (R, w)].

m ci(ki—k3)

Our considerations can be generalized to the case of double force action at the
point § in the x.-direction. We find:
(224 UfOxE, o) = dufPxE w), 0*O(x,E 0) = g0*0(x,E, o),
where #f® and 0*®) are given by (2.16) and (2.20). Let us consider also the action
of a centre of compression at (§). Let VJ(j= 1, 2, 3) denote the amplitude of
displacement due to the compression centre. This action being equivalent to that
of three double forces acting in the respective directions x;, x, and x,, the displace-
ment V7 takes the form:
(2.25) Vi = 0,uf O+, uF @493 ® = —Cl0y 0y 0,(F—Fo)+7%0,1,),

Jyi=123, kk=123.
On performing the operations as required, we obtain:
(2.26) Vi = Coj(4.k2,— A kL), j=1,2,3.
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Let 0* denote the temperature which is related to the action of the compression
centre. This function will be obtained from the equation:

qeCo?
m(ki—k3)
The compression centre produces longitudinal waves only., Denoting by @* and
Y* wave functions in the case of a compression centre, we obtain:
(2.28) @* — 31,¢*(j) == -—Ca*ak,F = C(Azkgfg—Alkgﬁ). 'Ij;‘ = 9‘7; e 'SP(? B2 0'.

On the other hand, we have

(2.27) 0% = 9,6%® — (k3L —k3Ly).

(2.29) Vi =0;0% A*=V],;= Vid*
From the first equation, we obtain (2.26), the other expresses the dilatation:
(2.30) A* = V2D* = C(Ayltl,— A1 1h).

3. Green'’s Functions of the Two-dimensional Problem

Let us consider mass forces X} = 0(x;)0(x,)d;; (j = 1,2) acting in an infinite
space in the direction of the x;-axis , and uniformly distributed along the xj-axis.
The displacement and the temperature will be independent of the variable x;. The
equations for the two-dimensional problem will be obtained from those for a con-
centrated force acting at the point (0, 0, &) of the infinite space, by integrating the
functions ¢*, uf etc. with respect to & from —oo to -f-co. Bearing in mind that

(3.1) fexP( ]/!:Tl—/l—%g_[-ga) déy = ZKﬂ(k_l.r)! r = (x}-+xPre,

where K, (k,r) is modified Bessel function of the second kind, we obtain from (2.16)
3.2) uf® = —2C8,0,[A,Ky(kar)— A1 Ko(kyr) — Ko (itr)]+-2C2 6, K, (itr),

C= = 1.2,

In general, for a force acting in the x,-direction (k = 1, 2), we obtain the equation:
(3.3) uf® = —2C{0,0,[A,Ko(kgr)— A1 Ko(kyr)— Ky (itr)]— 126, 1 Ko (i)},
i b=1:2
Similarly, making use of (2.18) and (2.20), we obtain the following expression
for the temperature accompanying the strain:

o k) W[Ko(kor)—Ko(ky, 1)), k= 1,2

34 RS g o AT
Gh : mei(ki—

In the non-coupled problem (e =0), we should have 0*® — 0. The functions
uf® and 0*® being determined, we can obtain the stresses from the equations:
(3.5) O = 2ueh® | (ARO—yB®) 5 i = 1,2,

where

.8 AP = 5 P+,
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Let us consider, in turn, the displacements produced by the action of double forces.
If the double force acts in the x,-direction, then

d
&’
where the functions »f® and 0*® are given by Eqgs. (3.3) and (3.4). The displace-
ments V¥, the temperature 0* and the dilatation A* in the case of a compression
centre will be obtained from (2.26) (2.27) by the integration (3.1), performed on
expressions obtained for concentrated compression centres. We obtain the equations:

3.7 UFO = gr®, @ =00, jk=1,2 9=

(3.8) V¥ = 2C0[Ak3K, (ko) — Ak 3Ky (ks
2gea®C

3.9) o* = "nl-f(:_—!?ﬁ (k3K ko) — K3Ky (R,

(3.10) A* = 2CTAKEK (kor) — Ak KKy

[n the case of a compression centre, we are concernerd with a longitudinal cylindri-
cal wave.

4. Green’s Functions of the One-dimensional Problem

Let us consider the set of coupled equations of the theory of elasticity in the case
of the one-dimensional problem. In this case, the equations (1.1) and (1.2) become
simplified to the form:

1 0
Al = - _ =
4.1) (51 % ar) 0—nd,0111, i
1 X,
(4.2) (a%—_ ‘c—% 3?) Hl"_ _‘“gc} = malﬂ,

where 0 and u, are functions of x; and ¢ only. Let us assume that the mass forces
.Xi(x,, £) vary harmonically in time and act in the plane xuxy: X (xy, 1) = Xl
With such an assumption, Eqs (4.1) and (4.2) become:
(4.3) (83— q)0* —mugd it = 0,
(4.4) | @odut = map— XY,

1

On eliminating the temperature, we obtain a plane wave equation determining the
displacement:

@.5) @— kD@ kD ut = — 51— @—gX¥.
1

In view of the symmetry of the diSplacemeﬁt uy and the force X¥ in relation to the
plane x, = 0, the cosine Fourier transformation should be performed on Eq. (4.5).
The solution of (4.5) will take the form:

- a. a
(4.6) uf = _-a@;uf(ﬁg_ﬁkg —_ ﬁ2—|1k§)c°5 Bxyd p

1 (08 =y a,
e T B el L PR SO T
2cko (kz e B0
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_ ki—q ki—q
“T R T R
The deformation of the body is accompanied by a temperature field. We find it
from (4.2), for x, >0, in the form:
1| ay(k2+06%) ay (k3 +-o?)
% O — | “8\TR VT J ok FAVRLT ) =l :
4.7) 2eime l %) e e e o Xy S
Bearing in mind that

(—g)(i+0%)  (3—q)(ki+o?)
k% = kg = q¢,

the expression for the temperature 0* becomes:

a4
 2cimo(ki—k3)

Let us observe that for x, = 0, we obtain, due to the term X¥/oci in (4.2) and X} =
d(x,), an infinite local temperature. For x, > 0, this term is equal to zero.

4.8) o

[efesr—g~ix], x>0,

5. Conclusions Derived from the Reciprocity Theorem

There are some simple relations between the displacements produced by the
temperature sources and the temperature due to the action of concentrated forces,
which will be explained as conclusions following from the reciprocity condition.

Let us consider first the three-dimensional problem. Let a concentrated unit
heat source varying harmonically with time act at the point (§). This source pro-
duces longitudinal waves only, described by the wave function @¥, and propagating
in the form of spherical waves. The solution of (1.8) for ® = 0 is known [1].It has
the form:

(5.1) ot 5

= oA % ©)—h(R, @)}

The displacement due to the action of the heat source will be obtained from the
equation:

(.2) ufT = dp%.
Hence,
*T __ e m —
(5.3) Uy = aJ‘pT = 4.71:%(;{%—}(5') 61[12(R, m) L(R, w)]

Let us consider a concentrated force acting at the point (x) in the x;-direction.
The temperature produced by this action at the point (&)" will be obtained from
(2.6):

/ qe
(5.4) B*U)(E, X, w)=— ng—) II(R, w)— 1R, w)],

R® = [(xi— &+ (= 8+ (=&
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Let a unit source of heat act at the point (§'). The displacement «fT at the point
(x'), produced by this source and having the direction of x; is expressed by (5.3).
We have

*¥T (! E! - i
(55) u_f (X 3 E ? w) - 4?1?6(’(%—*}6%)

By confronting Egs. (5.4) and (5.5), we obtain:

GlL(R, )—L(R, w)].

fwxn
‘mcle.
Let us proceed now to solve the two-dimensional problem. Let a concentrated linear
heat source act at the point (§’) varying harmonically in time. This source produces
a longitudinal cylindrical wave having the form [1].

(5.6) PIE, X, 0) = — ufT(x', g, w), j=1,2,3.

5.7 pF = - [Ko (ko r)— Ko (ley 1))

25:»1:[;'\:2 k)
The knowledge of the function ¢ will enable the determination of the dis-
placement due to the action of the linear heat source:

(58) wfT(x, ¥, w) =g} = W

r = [(q—E&)* - (&) V2
If a force directed in the x;(j = 1, 2) direction acts at the point (x), the tempera-

ture at the point ()" accompanying the deformation due to the action of this con-
centrated force is determined by (3.4)

aj[Kn(kar)“Kn(kIf)]s j=12;

707 LG RO S . SRS - g
(5'9) 9 (E 3 X » CO) hec%m(kil;__kg) aJ[KO(er) Kn(klr)]’ J ]: 2'

By confronting (5.8) with (5.9), it is seen that

(5.10) G+I(E, X' ) = — :i’;’? W, E, o), j=1,2.

Let a plane heat source varying harmonically in time act in the x, = £] plane of
the infinite space. This action will produce a plane wave and, [1]:

1
(5.11) Pr = — 2%(!4::1 k*) { exp[—ky(x,— 1)]_‘—;:@(13[_"1(3‘1‘—5';)]}'

for x;—&; > 0.
The displacement produced by the plane heat source is

(512 T = ot = 5 [expl—kaG— )l —expl—u (e —£:)).
fOr xl_E; > 0;

The mass force X¥ = 3(x,—x;) acting in the x; = x| plane gives the tempera-
ture:

(] ' ' ’
(5.13) a*=—fc—?;g?_@{exp[—kz(xrxm—exp[—kl(xl—xol}, =% >0.
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It will be found also in this case that
(5.14) 0% (&}, xj @) = — ﬂ“i} w7 (x, &, 0).

The results obtained may, by confronting a number of solutions, be obtained in
a general manner by means of the reciprocity theorem generalized to coupled
problems of thermoelasticity, [5, 6]. It is known that Betti’s theorem for dynamic
problems of thermoelasticity, the temperature being accounted for, has the form:

G615 [[[ o —xrupyav+y [ [ [ 0*er—o%exyay

(B) (B)

+ [ [ (orur'—piut)as = o.
(S)

This equation should be completed with Green's identity

s16 [ [ [ @ver—orvonar = f J (9* P e 2 )dS

(B)

where the relation between the temperature and d}[atatlon must be taken into con-
sideration:

* *r

> (P —gre¥ = — = .

2 ¥ —
(5.17)  (V*—q)0*—nqre s -

Equations (5.16) and (5.17) lead to the relation:

(5.18) f f f (00 — Q¥ 6%)dV+nxiw f f f (O*eX —0¥ eX)dV
(#)
o (2 a8 g

(5)

Equations (5.15) and (5.18) constitute a generalization of the reciprocity theorem
for a thermoelastic body. For the infinite body considered in the present paper,
there are no boundary conditions proper and (5.15) and (5.18) reduce to

(5.19) [[ [ xrup—xxupyaviy [ [ [ @*ex—o%exyav =o,
(4] (B
(5.20) [ [ [ @*6%—0¥6*) avtyrio [ [ [ @*e*—0%e*)dv =o.
® (B
Let us observe that these equations can also be written in the form:

(5.21) e f( }{ [ @tup —xpup av =y J; ,-,’; [ @*o*'—g*0%)av.

Let us consider the particular case, where
(5.22) XF=0x—x)d; XM =0 QO¥=06x—¢), 0O*=0,



260 W. vaack.'

which describes the action of a concentrated force at the point (x') in the x;-direction
and a concentrated heat source at (§'). On substituting (5.22) in (5.21), we obtain;:

(523) oo [ [ [ 8(x—x)0,ut7(x, &, @) dV(x)
(B)
| = —y fff 8(x—E)0*W(x, x', ) dV(x).
(B)
Hence,

(5.24) PO, X', 0) = m;"; T E, @), j=1,2,3.

Analogous solutlons for the two and one-dimensional problem will be obtained
by considering special cases of the reciprocity theorem. Let us consider the case
in which :

(5.25) X¥ = 0(x—x")dy, X¥ = 0(x—E")dy, ke, Q%=
Let us consider two concentrated forces, one of which acts at the point (x') in
the xj-direction, the other, located at the point (E'), acting in the x,-direction.
From (5.21) we find:

(5.26) f f [ 8(x—x)0,®(x, B, w) avix) = [ [ [ 6(x—E) bt (%, X', w) dV(x),
i ()

(5.27) ¥, 0) =ufVE, X, w), Jk=1,23.

This relation. expresses the reciprocity of displacement. The displacement u{*) at
(x’), due to the concentrated force at (§') acting in the x;-direction is equal to the
displacement " at (E') due to the same concentrated force acting at (x) in the

x;-direction. Let us observe that in addition to (5.27), the following equation re-
sulting from (5.19) should be satisfied:

(528) [ [[0*0x, X', w)e*®(x, E, w)dV(x)
(B)

~fjj OO (X B, w)e*D(x, X', ) dV(x), Jj,k=1,2,3.

It can easﬂy be verlﬁed makmg use of (2.20) and (2.19) and bearing in mmd the
relation e* = Vip*, that (5.28) is satisfied. Let us consider now the case in which

(5.29) * = §(x—x), Q¥ =0(x—E), Xr=0 X*=0.
Two heat sources act in the infinite space, 0* at (x') and Q*' at (§).
Making use of (5.21), we obtain:
530 [ [[8x—x)0%(x, &, o) aV(x) = [ [ [ 5(x—E)0*x, x', w) dV(x).
() (B)

Hence

(5.31) 0*(x', €', w) = 0*(E, X', w).

We are concerned with the reciprocity of temperatures. At the same time, the fol-
lowing condition resulting from (5.20) should be fulfilled:

632 [ f) [ 0%(x, x', w)e*(x, €, w) dV(x) = f f [ 0% (x, &', w)e¥(x, x' w) dV(x).
(B
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Let a concentrated heat source act at the point (§) of the infinite space. The wave
function ¢#% is expressed by Eq. (5.1). It enables us to determine the dilatation
produced by the concentrated heat source. We have

’ m
(533) 8#-(3(, E 3 (D) = V2!};‘¥- = m"%:}—(g—) [kglﬁ(R} m)'_kfll(Rs ﬂl)].

Let us consider now a compression centre at (x). Its action is accompanied by
a temperature field expressed by the equation (2.27):
qea®

om(ki—k3)
By confronting (5.33) and (5.34), it is seen that

(5.34) 0%, X', 0) = g e KR, )KL (R, )

(5.35) 0*(E, X', ©) = —L ex(x', E', ).

mesQ
Passing now to the two-dimensional problem, let us consider a linear heat source
at (). The dilatation connected with the action of this heat source is:

(5.36) ef(x, §', w) = Vip} = [z Ko(kor)—kiKo(kar)],

_.____-—_m e
2 (k—k3)
where the function ¢} has been obtained from Eq. (5.7).

Let us consider a compression centre at (x’). It will produce a temperature, as
expressed by the equation:

qea®

%y ! —
(5.37) 0*(x, x', ) Srmam(K—KY)

[KEK, (kar)—kiKo(kyr)).

It is seen that
(5.38) OXE X @)= e?(x E', w).

This relation can also be obtained by making use of the reciprocity relation (5.27).
This relation has been obtained by considering a concentrated force acting at (x)
in the x;-direction and a heat source at (§'). If now the concentrated force is repla-
ced by a compression centre, which is equivalent to summing up the results of action
of three double forces, and if it is borne in mind that

d
0*(x, X', w) = 9:0*D(x, X', w)48,0%®(x, X', 0)+30*O(x, X', ), Iy = i
J
and
il
utT(x, &', )+ 01y T(x, €', w)+dxufT(x, B/, 0) = —ef(x, §', w), aj' = —3‘57
J

we obtain from (5.27)

(5:39) O(E, X', 0) = el e}, B ),

which is a result identical with (5.38).
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Streszczenie
PEWNE PROBLEMY DYNAMICZNE TERMOSPREZYSTosCI (I1)

W pracy podano w postaci zamknietej funkcje Greena dla przemieszczen i temperatury w nie-
ograniczonej przestrzeni termosprezystej tak dla tréjwymiarowego jak i dla dwu- i jedno-wymia-
rowego zagadnienia. Podano szereg zwigzkow laczacych poszczegdlne funkcje, a wyplywajacych
z rozszerzonego na zagadnienie sprzezone termosprezystosci twierdzenia o wzajemnosci.

Pesiome
HEKOTOPBIE THUHAMHWUYECKHE 3AIAYM TEPMOVYIIPYTOCTH (II)

Harorcst B samxHyTOM Buje GyHKiun I'puHa [1a nepemelenuii ¥ Temneparypol B GeckoHeuHoM
TEPMOYIPYTOM HPOCTPAHCTEE KAK [JIA TPEXMEPHOH TaK M JUIS ABYXMEPHOI M OJJHOMEPHOM 3aatH.
IlpuBomuress pAA 3aBHCHMOCTEH, CBASHIBAIOWIMX OTHENbHBIE (DYHKIMM, KOTODBIE BEITEKAIOT
M3 PACUIMPEHHOI Ha COMPSIYKEHHYIO 338Uy TEPMOYNPYTOCTH TEOPEMBI O BIAMMHOCTH,
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