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THE PRUBLEN QF THE CHEORY QF THERMAL STRMSSES

il.owacki /Warsaw/

Introduction

In the recent 15 years we have witnessed a tremendous deve-
lopment of the theory of thermal stresses. This development
results from the need of engineering and is meinly stimula—
ted by the technical progress in the field of aviation, ma-

chines and chemical engineering, above all nuclear.

The subject of the investigations consisted mainly in statio-
nary and quasi-static problems, less attention was devoted

to the dynamic problems. Presently the linear theory of
thermal stresses is a fully developed field. Methods of so-
lution of the differential equations have been worked out,
various general theorems have been proved and numerous par-
ticular problems have been solved, resulting in the progress
in practical applications.

The most important problems now are the problems of thermo-
elasticity, concerning the coupling between the fields of

deformation and temperature., This topic is of a considerable
theoretical interest, since it concerns a synthesis of the

theory of elasticity and the theory of thermal conduction.

Nevertheless, certain topics in the thicry of thermal stresses
3till require a certain development; the progress here is

both necessary and possible, We mention here the problem of
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the theory of thermal stresses in anisotropic and homoge -
neous bodies.

The prcblem of the thermal stresses in anisotropic bodies
acquires a serious practical aspect in view of a wide appli-
cation of materials possessing anisotropic¢ structure in ma-

chine building and aircraft structures.

The necessity of investigating, bthe thermal stresses in in-
homozeneous bodies follows from the application eof high tem-
peratures in the machine bullding. The inhomopgereity; iz here
produced by the temperature field. The material cociticients
become functions of the temperature and tiwererore in the case

of a stationary flow, functions of position,

In this paper we shall briefly outline the fundemental rela-
tions and equations of the theory of thermal stressec from
various points of view, we shall present the basic achieve-
ments and wherever possible indicate the main trends in the

investigations,
We confine our considerations to the linear theory of ther-—

mal stresses; the geometric or physical nonlinearity will
not be dealt with here.

1. The fundamental relations and egquations of the theory of
thermal stresses

hssume that a homogeneous and isotropic body in its undeformod
and free of stress state /no external [croeu are present/ is
at a constant temperature TJ . This initial state is called

the natural state of the body. Owing to the action of exier-
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nal loadings, i.e. the body and surface forces, and heat
sources in the interior of the body, and owing to heating
of the surface of the body, the latter undergoes a deforma-
tion, There arise in the body the displacements u and the
temperature changes by 0=T-T, . The deformation of the
body is accompanied by the strain E*i and the stress GH .
The above mentioned quantities are functions of position

and time,

We assume that the change of temperature accompanying the
deformation, @=T-T, , is small and that the increase of
the temperature does not result in any changes of the mate-
rial coefficients, both elastic and thermal. Furthermore ,
ws assume that the deformations are small, thus confining
ourselves to the geometrically linear thermoelasticity. The
relation between the deformations and displacements is ex -

pressed by the linear formulae
<4
Ei;\- T ku'i.,_; 1-1&5-;) Jla17

It is Imown that the deformations cannot be arbitrary, but
must satisfy the six relations

E'Li,kl*ekl.ij -5“‘“-5“&1,0 1-}-“-{‘ 1,2.% lL.2/
The constitutive relations, i.e. the relations between the
state of stress, state of strain and temperature, are deduced
from thermodynamical considerations, taking into account the

principle of conservation of energy and the entropy balance

[rT (4]
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Here U is the internal envrgy, S is the entropy, Xi the
components of the body forces, Pi: 65-“j 3+ the components of
the stress vector, qH the components of the vector of heat
flux, WM., the components of the normal to the surface A .
Further, 'u'; -%;__ and the quantity lc) represents the source
of entropy, a quantity always positive in a thermodynamically

irreversible process.

The terms in the left-hand side of Eq. /l.3/ represent the
rate of inorease of the internal and kinetic energies. The
first term of the right-hand side is the rate of increase of
the work of the body forces, and the second the rate of
increase of the work of the surface tractions. Finally the
last term of the right-hand side of Eq. /1.3/ is the energy
acquired by the body by means of the thermal conduction. The
left-hend side of Eq. /1.4/ is the rate of inorzase of the
entropy. The first term of the right-hand side of Eq. /l.4/
represents the exchange of entropy with the surroundings and
the second term, the rate of production of the entropy due
to the heat conduction.

Making use of the equations of motion
61L‘.J+X.L=g,u.i Ly=ann /1.5/

and using the divergence theorem to transform the integrals

we arrive at the local relations



..9_

%"b" (i't i
- Ot Ta e p /1.6/

Introducing the Helmholtz free energy T =W-ST and eliminating
the quantity :t“_ from Eqs /l1.6/ we obtain

Feg b, -Ts- T(®+°'* A N7/

Since the free energy is a function of the independent
variables & T we have

L AF . dF . |
- '_' /1.8/
F aﬁj; -"'* T U

Assuming that the functions 0 E‘ ,, do not explicitly de-
pend on the time derivatives of the functions E'L_'\ and T we
obtain comparing /1.7/ and /1.8/

et = 9F Yl /1.9/
St + tar . OrgE 0 2

The postulate of the thermodynamics of irreversivple processes
4 .

will be satisfied if @>0 , i.e.when -aTi 3> 0 . This

condition is satisfied by the Fourier law of heat conduction

- LL'» - “i.j 'T'} grl s q’_‘- k.“-‘ @,ij Q=T-T, /1.10/

For a homogeneous and :l.sotfopid body Eq. /1.10/ takes - the
form
-q. =kQ.
1, =88 /1.11/
Finally, it follows from Eqs /1.6/, and /1.9/5 that

TS :-q: = k6, /1.12/
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Here k is the coefficient of heat conduction.
The first two relations /1.9/ imply the constitutive relation.
Expanding the free energy F(E';l "T) into the Taylor series in
the vieinity of the natural state (s.u.:o"ho) and neglecting
terms higher than the second we obtain

ht A M a2
= .a " — - A - cl
Fope by rre, 6T 6 (hedds

The free energy is a scalar and consequently each term of the
right-hand side should be a scalar. From the components of

the tensor E';'l we can construct two independent invariants

of second order, namely E‘lj E":i and ekk €, . The third term of
the right-hand side ocontains the invariant EU:‘ This follows
from the fact that the tensor e'i.j has only one invariant of
first order, namely €, . llak:&ns use of the relations /1.9/

we have
8, ‘9‘(“5'»1'* (x a“-TG) S;j /l.14/

S- T € ¥ m @ /L1.15/
Here [u.,'h are the Lemé constents measured in the isothermal
process., Further, ]’-(5)'*9'(‘)4*where &, is the linear ooe-
fficient of themial .expansion. The gquentity m is determined
by means of the condition that OW- is a total differential :
«n:-.‘i‘: where L is the specific heat at constant defor -

mation.

Relations /l.14/ are called the Duhamel-Neumann relations,
Introducing them into the equations of motion /1.5/ and eli~-
minating the deformation § , by means of /l.1/ we arrive at

the system of the displacement equations
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LM v’ W+ (X‘?L\“’k.ki* XL‘ 9{;’;*19,3 i,j.k=A¥1.16/
In this system of three equations we have four unknown
functions: the three components of the displacement vector
% and the temperature 0 . Egs /1.16/ should be completed
by the heat conduction equation. This is derived by comparing

the expressions

3 : . &
’rs-:ke,ﬁ S=3—a“+¢r-:—e /1.17/

The second of the above equations follows from /1.15/.
Assuming that l—%l@ 4 eand comparing /1.17/; eand /1.17/,
we obtain after a linearization
P T
Vte"%a'ﬂlé“f(}, x:l‘c—& , ,.1,.1'{_ .18/
Teking into account the action of heat sources of intensity
W per unit time and volume we arrive at the non-homogeneous

equation

V‘@-%é-»fzéuz-%— Q--‘;— /1.19/
Bq. /1.19/ is the generalized equation of heat conduction.
Eqs /1.16/ end /1.19/ are coupled snd constibute the system
of equations of the coupled thermoelasticity. This system of
equations is most womplicated and its solution encounters
difficiulties of mathematical nature. However, it turns out
that the ternm ﬁléu very little influences the distribution
of stresses and temperature. The disregarding of this term

constitutes the basis of a simplified theory, the theory of
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shermal stresses. Neglecting the tern neE,, ve obtain che
= \

independent systems of equations

e
V‘wj_a ;- f_-_u.'_ l"
( Y t) «3 X% FLl.21/
Eq. /1l.21/ is the classical heat conduction equation.

(uviuﬂ(?\zu} Wy * i+ g B /1.20/

Taking into account the prescribed boundary and initial con-
ditions we determine by means of Xq. /1.21/ the temperature

9 (%,£) and this known function is then introduced into the
system of the displacement equations /1.20/. In the case of

a stationary temperature field the displacement and the Gter-
perature become independent of time. The corresponding system

of equations has the form
2 : ; AL 2 ,_9_
(u,v W v (?\r(u) W, =38, , V-5 /e

In the following considerations we shall deal only with the
simplified theory, i.e. the linear theory of thermal stresses
described by the system of equations /1.21/, /1.20/ for +the
non-stationary state, and the system /1.22/ for the statio-

nary case.

2. General theorems of the theory of thermal stresses

The important role of the variational theorems in the theory
of elasticity is well kmown. They make it possible to derive
the differential equations for complex systems /e.g.bending

of plates and shells/ together with the appropriate "natural"

boundary conditions, andi, moreover, to construct approximate
solutions.
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Thus, the principle of virtual work for the variation of

the displacement

S W;-Qu) 51.&. dV +g P; Su;dmg Gijg&;i iy s2ay

v A
for the linear Duhamel-Neumann relations, i.e. for the prob-

lems of the theory of thermal stresses, takes the form

C (-qid,) Su, dV *S‘\"s Su, dA=SW- (08 dV 2.2/

A v

A
Here W;S( E‘j E;j* 2 & \EM)AV_

q. /2.2/ may be written as follows

- T - o - = 2.

S (X;- g - 78, ) Su, dY +S (p;+m, y 8) S, dA=3W, /2.3/
v A

Comparing this expression with the virtual work performed by

the forces X: . {:: on the displacements Su.; in the body of

the same shape and volume and essuming that the process is

isothermal we have (9‘ z 0]

x ..
SKX.-EW)SL&. d.VtSP‘? Sw.dA=8W /2e4/
) . L ] ] [
v A
» " v
We have assumed here that the external foroes Xi. A 10.. are
chosgn in such a way that the displacement field W, is iden-
tical with that produced by the action of the foroes X; s P3
and the temperature field e . Comparing Eqs /2.3/ end
/2.4/ we obtain
"_ " A
X;=X;-x0;,  xeV, pi=p+myd xe /2.5/
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This is the so-called analoxy of body forces /57 . Rela-
tions /2.5/ make it possibie to reduce the problem of bhe
theory of thermal stresses to the problems of the theory

of elasticity.

ldaking use of the analogy of the body forces we are in a
position to state some variational theorems for the theory
of thermal stresses. Thus, the theorem of minimum of poten-
tial energy generalized to the theory of thermal stresses

has the form

Sw=0 7= Min. /2.6/

where
s Wy § X 4V w ARy § Be, aV
v Ag v

Here F\g is the part of the surface A bounding the body,
on which the tractions -P. are known.

The theorem of minimum of the complementary work in the
theory of thermal stresses has the form

aT=0  T=Min. /2.7
where
Tsw(;-g Xiw, AV ﬁ p.u, dA + "LYSG 8, dV
Here ks
W, = § L(u'su o f-}-’g“sm) dv ‘:F .
Ao et
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A“denctes the part of the suriace A on which the displa-

cements are prescribed,

Let us now return to tie variational principle /2.3/. If we
assume that the virtual increments Su:,ggiare identical with
the real increments océuring in passing from the instant t
to the instant t+dt and bearing in mind that 5“;""-;4‘5:
S¢ ¢ dl, SWeNAt we have -

Bow

%(NE*K],S (Xi-xa'ﬁv;d\HE (prmyO)v.dA | =i, /2.8/

Here k=§-5¢;m‘dv is the kinetic energy. EqQ. /2.8/ consti-
tutes the: fundamental energy theorem of the theory of ther-
mal stresses, From this theorem we can deduce the unique-
ness of the solution of the differential equations of the
theory of thermal stresses for a simply connected body ,
and moreover, the generalization of the EKirchhoff theorem
of the elasticity theory. / 67

The principle of virtual work /2.2/ makes it possible to de-
rive the Hamilton principle for the theory of thermal

stresses ¢ +
5$(u-\<)=u:=SSL at o
where
UsWe-y §0e,,dV,  SLef % sudve(psu dn
A | Y A
In the case of conservative forses GA=-8Vs= -%T—;— S“‘;
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we obtain from /2.9/

t
s{{u-k-v)at =0 /2.10/

One of the most interesting theorems of the theory of ela-
sticity is the reciprocity theorem. This theorem implies not
only the symmetry of the fundemental solutions /the Green
functions/ but it makes it possible to deduce methods of so-
lution of the differential equations of the theory of ther-

mal stresses. The Duhamel-Neumenn relations yield the iden-
tity

6, &6, &, -1(8%¢,-0¢,) /2.11/

Integrating over the volume of the body the expressions
/2.11/ containing the stress and strain belonging to two
different systems of causes and results, after simple trans-

formations, using the equations of motion, we obtain

(I 0 00 X 00 w0l dVe s { T w ] dA =
:[xl.{' )ul(‘] ..(‘0 u-‘.('ﬂ] (‘+i[ﬂu‘ P““']dh /2.12/

-y (8¢, 0,,)av

Eq. /2.12/ was first given by W.M.Maysel /7 7 .

Let us comsider a particular case of this theorem. Consider
a bounded body fixed on the surface A“ and free of trections
on the surface A_ ; A= At Ay - The displacement uk(t)
due to the heating of the body is obtained from the formula
following from the theorem /2.12/



w, () =1-':,em u;"; (x,£) dV(x) /2.13/

)
llere uj‘uj (X% ic the field of displacement occuring in a
body of the same shape and the same boundary conditions,

Al (3}
in the isothermal process & =0 . The displacements u.

]
are dve bto the action of a concentrated force located at
the point & and directed parallelly to the X, -axis .
Formula /2.13/ given by W.ll.Meysel constitutes a method of
solution of the equations of the theory of thermal stresses
by means of Lhe Green function. This method was applied by
Maysel to the solution of a number of examples concerning
thermal stresses in plates and shells. In these cases the
determination of the Green function for various shapes and
boundary conditions does not encounter any serious difficul-

ties.

The reciprocity theorem can be genemalized to the dynamic
theory of thermal stresses. It has here the form

}: d*cg i_Xa(x.t “T) W, (x,t)-X: *Dw, (X £-2)dV 0 +
D__ -¢
for | [ptaw () -p (k) w, (xt-z)]dA (9= 72247

¢ _
=y 5 dv Z [0 xt-z) €, *.7) -9 x7) € X »t‘rﬂd‘fm

A procedure analogous to that in the stationary case leads
to the formula for the displacements

w (60 =y § de f o et-n U (x kD dVeo 225/

o ¥
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Formula /2,15/ concerns a heated body, fixed on A“ and free
of tractions on Ag . The displacement ut”(*,t,.t] refers to
the action of a concentrated instantaneous force s.ppiied at
the point £ and acting along the X, -axis. This displace-
-ment occurs in a body fixed on Au and free of tractions on

’
A‘, in the isothermal process state, 0 =0 .

A veriant of the reciprocity theorem /2.14/ is the following
theorem given by W.M.Maysel /8 7 :

S(Xu Xu)dV*-S P - pyw ) dA- ggu.ud
SLGt -9g, YAV .

Here the quantities without primes refer to the dynemic prob-

/2.16/

lem while the primed concern the static case.

The formula analogous to /2.15/ takes the form

w (B v { i U 1) dveo = 12217/

=1’!9(*,ﬂ u:? (x,£)dYo L,k-i\,;,{,

It concerns a heated body, fixed on A“ y free of stresses
®

on Ag. The displacement WU; (%) 4s that due to the action

of a static concentrated force at the point £ , acting in

the direction )(L in the body in the isothermal process
/the Green function/.

The reciprocity theorem /2,14/ constitutes the basis of the
method of W.Nowacki / 9 / of solving problems with mixed
boundary conditions hy means of the Green function satis -
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fying homogeneous boundary conditions.

The reciprocity theorem /2.12/ implies an interesting result
concerning the change of volume of a body. The increment of
the volume of a simply connected body, heated and free of

tractions on its surface A is given by the formula / 10 7

AV = b, S B0 AV /2.18/

v

The formula /2.18/ ylelds the statement that the mean
values of the stress invarient vanish / 11 7

G,, dY=0

<L)

3. Methods of solving differential equations of the theory
of thermal stresses. Stationary and quasi-static problems

Consider the system of displacement equations of the theory
of thermal stresses

* Vi e (@ =& wked23
The temperature 9 eppearing in these egquations is a known
function, obtained by solving the heat conduction equation
in the case of a stationary flow of heat

Vo = % 3.2/

completed by the appropriate boundary condition.

Assume that the boundary conditions for Egs /3.1/ are homo-
zeneous.
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o
ct

'L'L-kyg\ :C: Xt:,At " P“_'h;;;:.(ﬂ\ U-)("“ﬂ) *(EJ':\F; /?‘.j/

L}
The solution of the systew /3.1/ cun be represcnsed in the

form

w, = “‘". ' u /5eit/

where ul is the particulor solution of the non-nomojeneocus
systen of eguations /3.1/ and 11: is the general solution
of the homogeneous system /3.1/. The particular solution
can easily oe fouad by introduecing ithe potential of Ghermo-
elascic deformatinn P related to the displaceuent LLL by
means of /12 7 [157

W /3.5/
substituting /3.4/ and /3.5/ inbto the system of equations
/3.1/ we are led to the system of equations

V1¢ = me ) m ='iI‘,—ir_,: /3.6/

2 u "
PG s e ug =0 /3.7/

The problem has been reduged to the solubtion of the Poisson
equation and the system of the displacement equations of

the theory of elasticity.

In an infinite elastic space the soluiion of the Polisson

equation /3.6/ is the rinel solubion

Q0 dV(x)
= /3.8
W ) RKE) 38/

- -
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Here R(*.E’is the distence between the points (X) and k{') 4
The displacements, deformations and stresses are expressed
in terms of the function ¢ by the relations

w.=¢. | £ .24 e.;j.z#u:,.‘i-s.qug“) /3.9/

. n L a4

In a bounded body the function $ can satisfy at most a
part of the conditions and therefore always an additvional
solution is necessary. [he solution of Egs /3.1/ for a

bounded body cen be represented in various forms. If we
apply to the solution oi #gs /5.7/ the Papkovitch-Neuber

functions, the displacement W, is assumed in the form

s - - -

o= gt ¢ r(geRoy)-HU-Ny /3.10/
where the functions q Y, satisfy the harmonic equation
and the function ¢ Eq. /3.6/

If we introduce the Galerkin functions, then

=0 }_;}t‘_ T4 5 —%&GL-aj x,

where the function ¢ satisfies Eq./3.6/ and the func -

W

]
LY

tions x the biharmonic equations

V=0 Lsa2p 3012/

In problems possessing axial symmetry with respect to the
Z —-axis it is convenient to use the Love functions. In the
system of c¢ylindrical coordinates (_r,f"_ﬂ we express tue

displacement as follows:



A%
Y “deor °

Lo

/3.13/

here the function ¢ satisfies Eq. /3.6/ and the Love
function the biharmonic equation

T*9*A (¢, 2) =0 /3.14/

To determine the thermal stresses in bodies of simple shape
/elastic space, semi-space, elastic layer, etc./ the method
of intégi‘al transforms has been successfully applied to
Eas /%.1/ [ ] [157.

One more method of solving problems of the theory of ther-
mal stresses is worth mentioning here. It consistis in the
determination of the Green function as the solution of the

equation
7 (x5) = m S (x-8) /3.15/

Here é’(x-%] is the Dirac delta function. The solution q)‘*
of Eg. /3.15/ does not satisfy all boundary conditions and
therefore, in the case of a bounded body ean additional so-
lution ulr_.‘ = UWxt)is needed, which satisfies the system of

homogeneous equations

(v.v U, + (A+p) My /3416/

Knowing the tun:tion W;(x. £) we are in a position to deter-
mine the displacements w.{X) produceu by the action of the
temperature field Q(x). They are determined from the for-

mula
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u;(t) =S @) U (x,8) dV (0 /%.17/

v
This procedure is of a considerable importance in the case
of a discontinous temperature field, when the function Q
does not satisfy the heat conduction equation. The discon-
tinuous temperature fields are encountered in certain speci-
fic cases, for instance when a part of the body is heated
to a constant temperature Bm and a part to the Lemperature
9” . The discontinuous temperature field is also obtained
in the case of a body with different thermal properties and

uniform elastic properties, heated to a constant tempera-
)
ture Y, .

The functions ‘V,UL have been determined for bodies of
simple shapes, such as elastic semi-space, sphere, infinite
oylinder, layer, etc. /177 , £ 19 7.

Another method of the determination of the thermal stresses
consists in making use of the Beltrami-Michell equations ,
in which in accordance with the body forces analogy the body
forces are replaced by the quantity 'I@*i « Thus, we obtain

the system of equations
A A0 —_— AL N
Ve Trvms St hse B v g Q)0

A . /5.18/
k=423

Except for certain few cases /20 7 , [ 21 /7 these equations
for spatial problems have not been widely applied.
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On the other hand the above method has successfully been
used in two-dimensional problems, in the problems of the
plane state of stress and strain. Introducing the Airy

stress function related to the stresses by means of the

expressions

E‘;,‘.\ = - 8_,_?}P F + S";"‘V: F V:', a:l' ra; J"fg =4,2 /3.19/

we oblain after the elimination of the temperature, the

equation
295 _
VVF=pQ /3.20/

where for the plane state of stress [3:E«, , while for
b -

the plane state of strain [= 1_; . Eq. /3.20/ should

be completed by the boundary conditions for the boundary

free of tractions
- oF

F=0 3579 /3.21/
It follows from Eg. /3.20/ and the boundary conditions
/3.21/ that for a simply connected region and the plane
state of stress we have Fz 0 » 1.e. the body deforms
without stresces. In the plane state of strain, besides

-

the stresses 6 p &iven by the formulae /3.19/ there

appear the stresses
)
6, ¥ V, F-2pmb /3.22/

Consequently, if there are no heat sources in a simply
connected infinite cylinder /plane state of strain/, then
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F 0 and the only non-vanishing stress is s " 1{-‘-“‘1 6
/Muskelishvili /22 7/. In the case of presence of heat
sources and a multiply conneated body the solution of Eq.
/3.20/ can be deduced by using the complex variable functions
/Muskhelishvili /23 7 , Gatewood / 24 7 /. There is an inte-
resting observation by Dubas /25 7 and Tremmel /[ 26 7 ,
concerning the analogy between Eq. /3.20/ and the equation
of deflection of a thin plate fixed on the boundary. It is
known that this deflection 1s desoribed by the equation

tyhe = £
VARAS s

/3.23/
and the boundary conditions
oW

W=Q o . 0 /3.24/
Im

This "plate analogy" makes it possible to make use of the -
numerous solutions in the theory of plates to determine the
thermal stresses in disos.

Every non-stationary problem of the theory of thermel stre-
sses 1s a dynamic problem, but in the case of a slow varia-
tion of the temperature in time the influence of the inertia
forces is negligible and the problem may be regarded as
quasi-statio, disregarding the inertia terms in the equations
of motion. Thus, in the quasl-static case we are faced with

the system of equations

wVrw, + (A epduy = 7 6 /5425/



(_V"- _,_1_30 9=- Q (x,t)
Y

) /3.26/

From Eq. /3.26/ completed by the appropriate boundary and
initial conditions we :t‘ipd the temperature ﬁ as a funoction
of the variebles %,U ond &s a known function it is introdu-
ced into Eq. /%.25/. The solution of /3,25/ ylelds the displa-
cements M, (xt) , the time however which appears in the dis-
placements is regarded as a parameter. The method of solving
Eqe /3.25/ is the same as for the stationary case. The func-
tion ¢(x,t) , however, can be determined in a different way,

found by J.N.Goodier /[ 13 7
1

$rma (0dbr ot |

here 43‘ is a hmonioo'r\mction and ¢ = ®(x,0) is the dis-
placement potential corresponding to the initial temperature
5; 0 (%,0). The function ¢ should satisfy the equation

7262 m8, (%)
The stationary snd quesi-static problems of the theory of
thermal stresses have already beemn treated in numerous
soientific papers. Important methods of solutions and impor-
tant papers have been dealt with in some monographs, such
as E.Melan and H.Parkus "Wirmespasnnungen infolge stationMrer
Temperaturfelder" /1953/, H.Parkus: "Instationdre WHrme -
spannungen" /1959/, B.A.Boley and J.H.Weiner "Theory of
thermal stresses" /1960/, W.Nowacki "Thermoelasticity"/1962/3
therefore' we shall not deal here with particular problems.
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4, The 0 lem of the theory of thermal stresses.
In numerous important engineering problems we encounter a
sudden heating of the surface of the body or a sudden aotion
of the heat sources. In these cases it is inadmissible to

negleot the influence of the inertia terms. Here we are
faced with the system of hyperbolic equations

V"u;*(h*@) uu.i;'qai"xed l4e)/

.

The temperature © is a known function, obtained by solving
the heat conduction equation

(v 1'7;{ 3,)8 = '%; /.27

Decomposing the displln'uement veotor into its potential and
solenoidal parts .. .
LR AR’ /430
we arrive at the system of wave equations
3 2 ;
O,¢=m@8 O,y =0 24,23 /hoe/

We have introduced here the notations

avdal, awt qa(BY

Elimineting the teumperature from Eqs /4.2/ and /4.4/1 we
.obtain

- . 2
m*z])q)--_fq ' U 11)'.'0 4.5/

L
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f

whege D = V- J'f' t\t

The first equation refers to the longitudinal wave while the
second to the transverse wave. It is cevident that in an in-
finite space under the action of temperature /heat sources/,
only .longitud._inal waves arise. In a finite region both
types of waves occur, for the functions ¢ and 1), are

connected by means of the boundary conditions.

There exist also other methods of solving the system of
equations /4.1/. Representing the solution of Egs /4.1/ in
the form

- [ "

.
-

where

.
" LY " 4

Woed, w AN gt s A g
we have to solve the system of eqniationa
D:¢ = »w-@ , U: D: (f_. =0 i=4,2% /4.8/

i
Here W, = 4?’ ; 1s the particular solution of the non-homoge-
-
neous system of equations /+4.1/ and 4 is the solution
of the homogeneous system

F ' [} e i)
AV e (A p) Wi YR w, /4.9/
The vector ; is the familiar function of il.Iacovache

£27 7.

Consider now the longitudinal thermoelastic wave produced

in an infinite body. To this end einvisage the homogeneous



1

Cc
equation /4.5/, which in the new variables 7'z — G
q 260 CF 3 ‘t. E.‘u——i )(L
takes the form

(959 )(V*:0:)é(E~)=0 /4.10/

Consider first the motion harmonic in time

-t -t
Plx =" TP, blEde O(E) Lq1y
X=X
Taking into aogount /4.11/, Eq. /4.10/ tekes the form

(V) (T2 0) ¢*(&) =0 | /40127

The solution of this equation depending only on the radius
¢ connecting the points g and v , and satisfying
the radation conditions /Sommerfeld conditions/, has the

form

5 “ g
¢ = (& - ;)8 1y

s . Ayl te
A, st A,ee\me ¥ g

o= /4137

This solution consists of two terms, the first of the na-
ture of an elastic wave' /undamped and propagated with a
constant velocity/ and the second of the diffusion nature.
The second type of wave motion undergoes a dispersion /it
is propagated with a velocity '\Im and undergoes &
dampling expressed by the term ?.-9

In the cese of action of a concentrated heat source

Q(YJ {-) = Qo J(P) E—iut; R :(x}"’f.xff xjt) ‘/2,
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we obtain for the function ¢ the expression

Qo

pes hwe, (e Ab)g ilw K (T-Q)-Aw X (T-9) - /u,14/

- V¥ [Heor t e &) + imx (-0 1}

Here, too, the above mentioned types of waves are evident,

i.e. the elastic wave and the thermal diffusional one.

In the case of an aperiodic motion the solution of Eq.
/4.10/ depending only on the radius g takes the form

{=-0) e-7') :
¢(E;-c) s ge * .(3 ?r( =% ex‘o (— -E-?,-)dq: /4:.15/

In the particular case of a concentrated and instantaneous
heat source

Q1) =Q 8§ (R) &b

we obtain for the function ¢ the expression

$(Ex) --,‘—?qs (ew-n_ H (x-¢)- [u(g.‘t)-ﬁff(i%?)]}/“-lsf

where

WD) s 2 [ & eche (B +V7) +éfecfe (&g -V7)]

0 for T <«Q

H(r-g) = {
4 for (el
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Here as well we encounter the two above mentioned types of

waves.

It is also possible to determine the thermal stresses on the
basis of the differential equations in stresses. They can
be deduced by means of the compatibility equations or by
means of an sppropriate transformation of the displacement
equations / 20 7.

Here we have the system of equations

, 1) A A&
g, ey * ‘u.is*(a 2 B v owe Y

ME& 5A+Y
1—1.(}&‘(9 s 2 9_“5.”.)- X+

: /4%.17/
% Q Sii 9

i.,j,k =423

which should be completed by the boundary and initial con-
ditions.?

As in the case of stationafy problems we can use the concept.
of the nucleus of thermoelastic strain in order to determine
the dynamic thermal stresses. By this concept we understand
the displacement field ‘U.;l"'-,i.ﬂ produced by the tempera-
ture O in the form of the Dirac delta -function 0% §(x§)3(H)

Denoting by [5‘("‘-5' t] the solution of this problem, the
solution [5 (t)] referring to the temperature field O(x,t)
is given by the formula

t
Lo by = S drg [$*(5.x.t-2)] 8 (8. 1) dV (B) /4.18/
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This method of solution is psrticularly convenient when

the temperature field is discontinuous both as a function

of position and time, so that is does not satisfy the heat
conduction equation /4.2/. J.Ignaczek and W.Piechooki /28 /
[ 29 7 obtained by means of this method many interesting

results.

There is an extensive literature concerning thy dynamic
problems of the theory of thermal stresses. So far numerous
one~dimensional and two—dimensional problems have been sol-
ved. The first solutions here given by V.I.Danilovskaya
dates 1950 /307 , [ 317 . They concern the propsgation
of thermoelastic waves in an elastic semi-space, due to a
sudden heating of the bounding surface. Here, too, we find
the two types of waves, elastic and diffusional. On the
front of the elastic wave there ocours a jump of stress
/change of sign/. The problem of propagation of a spherical
LT e s e St b R, £ )
A practically important aase of a sudden heating of the
toundary of a spherical cavity in an infinite elastic space
was investigated by E.Sternberg and J.C.Chakravarty / 34 7 .
J.Ignaczak examined the action of a concentrated instanta -
necus heat source in an infinite elastic space with a
spherical cavity / 357 . A concentration of stresses around
a spherical and cylindrical cavities was dealt with by
J.Ignaczak and W.Nowacki / 36 7 . The problem of heat sour-

ces moving with a constant velocity in an infinite elastic
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space was the subject of Lhe paper by il.Zérawski / 37 7 .

Finally we mention the paper of B.A.Boley and A.D.Barbar
concerning the vibrations of a thin plate, produced by a
sudden heating or cooling / 38 7 .

5. Thermal Stresses in Anisgotropic Bodies

The theory of thermal stresses in homogeneous isotropic
bodies has been treated in detail in the scientific lite~
rature, problems of thermal stresses in anisotropic bodies,
however, have received very little attention. This fact is
due not only to the mathematical difficulties of the problem,
but also to the lack of wide practical applications. More
and more frequently, however, engilneering structures con-
tain materials of macroscoploally anisotropic structure
/plates, discs, shells, thick-walled pipes, etc./ the pro-
perties of which /both elastic and thermal/ are different in
different directiuns. .

Here we shall give only a review of problems solved so far,
and certain general reletionsj the reader ianterested in
details will find them in the oited papers,

The equation of heat conduotion in a body of general reoti-
linear anisotropy hes the form /we disregard the coupling
of the deformation and temperature fields/

?\.‘jT';j -g‘-T-‘-w " ij:“,z_b - /501/
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where li.j ’)‘j; are the coefficients of heat conduction.

The stress-strain-temperature relations which consitute a

generalization of the Hooke-Duhamel law are [/ 40 /
€, =By reyT . hjkl=4.2 /5:2/

The number of eighty one elastic compliance constants is

reduced by certain symmetry properties

B ™ X Gtk = Qu?- /5.3/
so that the final number is 36. These coefficients, hgwever,
do not determine directly the material constanta, sinoce
their values vary with the direotion of the coordinate axes.
Application of the theory of invarients to the transforma-
tion of the above linear forms, and assumption of the exis-
tence of a homogeneous quadratic function of potential energy,
permité a further reduction of the number of the coeffliolents
ai.jkl 3 thus, for a body of the most general enisotropy
/triclinic struocture/ there exist 21 independent coefficients.
The quantities dij entering into /5.2/, called the coeffi -
cients of linear thermal expansion, consitute a symmetrio

tensor, i.e. ®.:zdq..
R

Symme try implies simpler structures. Thus, for a monoslinic
structure, we have 13 coefficients, for orthorhombic 9, for
hexagonal 5, for cubic 3 § finally, for an isotropic mate-
rial, there exist two independent elastic compliance con-

stants.

Solving /5.2/ with respect to 6.

iy o We obGain
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it Agua tPT . Ljkl=ian /5:4/
where

A = A= A, A T
The quantities Ai.jkt are called the stiffness constants .
Introducing /5.4/ into the equations of motion

&5 2 QW /5.5/
and expressing the deformations in terms of the displace -

ments by means of the relations

852 (“' 3 ¥ Wy ) /5.6/
we obtain after a rearrangement the following displacement
equations :

Aijkl(uh,l *uu.) *J‘ﬁistj Qw, /5.7/
LiLk,l =423
or

L‘aj (%) "jc’f.j T.j =) Ly =AYy /5.7.1/

where Lij are certain linear second-order differential
operators of the spatial variables and time.

The solutions of /5.7/ can be represented in the form of a
sum where the first component W, satisfies the non-homo-
geneous system /5.7.1/ and the second component R; the

homogeneons system

i L (4 =0, /5.8/
The !Ii can be represented in terms of bthree functions

X: (¢%4,23) wirich satisfy the homozeneous equation
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|Lij|XL'D ij=has /5.9/
They can be regarded as Galerkin functions generalized to
the case of enisotropic bodies.

Although it is possible %o vbtein a formal solution of the
system of equations /5.1/ ¢+ /5.7/ by applying the quadruple
Fourier integral transformation, it has not been possible

so far to obtain solutions in a form which is suitable for
the evaluation of a three-dimensional problem with either
general or orthogonal anisotropy /orthotropy/ [ 417 .

The displacement equations for a medium with an arbitrary
curvilinear orthotropy have been derived and examined in
the paper by J.Nowinski, W.Olszak and W.Urbanowski /42 /;
these authors solved three examples, the first of which re-
lates to a nonuniformly heated thisk-walled cylinder of ¢y~
lindrical orthotropy, the second to an analogous problem
for a disc, and the third to the non-uniform heating of a
spherical shell with spherical orthotropy.

Interesting investigations on stress free states in aniso-
tropic bodles have been carried out by:W.Olszak L7437,

He proved that in bodies which deform freely and possess
reotilinear anisotropy only linear temperature distributions
will cause no stresses. However, in the case of bodies of
curvilinear anisotropy, the compatibility equations repre-
sent much stronger limitations than for bodies of rectili--

near anisotropy. For instance, for bodies of spherical or-
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thotropy, only a constant distribution of temperature pro-
duces no stress, while for bodies of spherical orthotropy
any non-vanishing temperature field induces a state of

gtress,

Among three-dimensional problems, the problems of stationa-
ry and quasi-static thermal stresses in bodies of transverse
orthotropy have been treated in greatest detail. Thus ,
B.Sharma / 44 7 investigated thermal stresses due to the
heating of a plane bounding an elastic half-gpace; he arri-
ved at a solution by introduction of two stress functions
which satisfy second order differential equation. A diffe-
rent method was devised by Z. Mossakowska and W. Nowacki

£ 45 7 who introduced three functions to thermoelastic
problems in anisotropic bodies. The problem was solved and
closed expressions derived fcr the thermal stresses produ-
oed by heat sources in an infinite elastic space and an
elastic half-space, for various stabtic and thermal boundary
conditions. Similar solutions were piven in the case of the
effect of nucleus of thermocelastic strein. The cases of
stationary heating of an elastic half-space and a layer
were also examined. Further, it was proved that the stresses
with a vector perpendicular to the plane bounding a semi-
space do not vanish, which was the case in the problem of
E.Sternberg and E.L.MacDowell [/ 46 7 , but tend to zero as
the transverse isotropy passes into isotropy. Finally, solu-

tions were given for a few quasi-static problems relating
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to the elffect of instantaneous heat sources in an elastioc
space and half-space., A number of problems on axisymmetric
thermal stresses in a semi-space of transverse isotropy were
solved by A.Singh / 47 7 who employed two displacement

functions.

Two-dimensional problems have been dealt with fairly exten~

sively. Thus, W.H.Pell / 48 7 examined the problem of simul-
taneous bending and compression of an snisotropic plate,pro-
duced by a stalonary temperature field varying linearly with
the thickness of the platej in particular, he investigated

in detail the circular plate.

J.Mossakowski / 49 7 applied the complex variable method to
derive a number of solutions for the effect of a heat source
in a semi-infinite disc of isogonal anisotropy. It is conve-
nient here to introduce a stress function amalogous to the
Airy function in isotropic discs / 50 J + A method of solu-~
tion for orthotropic discs which uses a function of the Airy
type £ 50 7 and displaceméent functions has been presented for
static and dynamic problems / 51 7 . Some static and quasi-
static problems were solved by C.I.Bors / S+./ ¢ [/ 55 7.
The only dynamic problem solved so far is the problem of the
determination of the stresses in an anisotropic half-space,
when in a plane parallel to the boundary x;% there acts

a plane non-stationary heat source. The temperature field,
the stresses and the displacements depend only on the variab-
les x and b 527, £5517.
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6. Thermal stresses in isotropic non-homogeneous bodies

Another field of elasticity undergoing a rapld development
is by the theory of elasticity of isotroplc non-homogene—
ous bodies. The non-homogeneity is understood in the mac-
roscoplc sense. The mechanical quantities - the elasticity
moduli E,G Poisson’s ratio Y and the density e , eare

functions of position. In general, they will vary conti-
nuously, in the particular case of piecewise variability

we are faced with a layered medium.

The first papers dealing with non-homogeneous media weraﬁ
concerned with the propagation of elastic waves in prob -
leme of seismology £ 56 7 + [/ 61 _J. /The earth’s crust
has density and mechanical properties which vary with
depth/. The static problems of the elasticity of non-homo-
geneous media became the subject of investigation by nuvme-
rous authors /62 7 + [ 64 /] and of a Symposium held by
TUTAM in Wersaw in 1958.

Let us consider a non-homogeneous body in which both the
mechanical and thermal properties are functions of position
but are independent of time and temperature; the variabi-
lity of these quantities is due to technological processes
during menufacture /conorete, iron, casting, etc./. The

stress-strain relations have the form

6= ime r(Re, 4TS, /641/
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where the quantities P.\,f=(3ﬁ*%u\dg.£tare functions of
vosition, i.e. they depend on the ccordinates / ﬂr /.

Introducing /6.1/ into the equations of motion

&,; +Fi =gk /6.2/

and expressing the deformations by the displacements, we

arrive at the displacement equations

U {(1 rzw) “'n,u],; T Rt

tlwgru Jp,r F-(pTos il deans, 763/
which can be written in vector form
PV‘E - grad div % - 2(grad w)(div ) v
/6.4/

v2 (qrad - ) ¥qrad [(Mlﬂ-«) div ]  F - qred (§T)= g &

where ( is the deformation tensor. The heat conduction
equation takes the form

, S
(AT,), -egT=-W /6.5/
where A' denotes the coefficient of heat condiiotion.

The displacement equations /6.3/, and the heat conduction
e uvation /6.5/ are linear equations with varidble coeffi -
cients; the latter is mainly responsible for the mathema—
tical difficulties, whence only in very few cdies it is
possible to obtain solutions in terms of knowri funotions .
Apparently investigations concerning non-homogeneous bo -
dies will aim at seeking epproximate solutionh, on the ba-
sis of variational and orthogonalization methouds.



- 41 o

It is evident that the general principles of d'Alembert ,
Hamilton and Castiglisno remain valid for non-homogeneous
bodies, where the quantitiedg;,l,it.x are to be regarded

us veriable.

In recent years, in view of the wide use of structural ele-
ments subjeat to elevated temperatures, a new type of inves-
tigations has arisen, in which the influence of the tempera-
ture on the mechanical and thermal properties of a body is
taken into account. The body becomes non-homogeneous owing
to the presence of the temperature field; hence, 1ts pro-
perties depend on the position. In this case the relations

/6.1/ are replaced by .
5 =Wt ey - a2 S min] 8, L ijaass saes
where the quantities }“F”‘i depend on the temperature,i.e.

wau[Too],  aaaToo] .

Introducing the stresses into the equilibrium equations in
the case of the stationary problem we arrive at the system
of equations /6.3/ in whiéh the inertia terms have been

neglected. Moreover, we have

Quw T OA T
W, = —— ¥ l L —_— —
AT 9K n o 9T 9%,

and

-S'T= (32 +2m) S‘ath}} :i*z .

Finally the ecquation of iheab conduction is non-lincar
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T, =W, 1647/

Note that, if we introduce the auxiliary function

G(T) = ';1\7 § V() dr=6 ['T (x.,y] ' /6.8/

we csn transform /4.8/ to the form
¢ 4
V6= 5 ¥ (x,), )-;: const, /6.9/
o

Solving this equation we obtain the temperature field in the
implicite form /6.8/. '

In the case under consideration the principal difficulty
conetists in the solution of the heat conduction equation
/6.7/. Knowing the temperature field and the dependence of
the coefficients u,A,#; , on the temperature and hence also
on the position, we have to solve the displacement eguations
which are linear partial differential equations with variable
coefficients. In view of the exleting difficulties in solving
these equations it is necessary to introduce a number of sim-
plifications. For instance, it may be assumed that Poisson’s
ratio 1s conatant, or one may set v=4/2 i.e. regard the
body as incompressible. A further simplification replaces

the thermal extension g'= ,}"‘ ) d.'vl by its mean

value &° ‘-I. T s

So fer, only a few one-dimensional cases have been solved
[857 + £ 70 7 , which corcern mainly the states of stress in

a ciroular disc, in a hollow cylinder and hollow sphere.
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Under the assumption of the independence of v on the tem-
perature and the mean value ol' the thermal expunsion we have

the following displscement equations:

a/ for a plane state of stress e¢nd axisymmetric tempe-
rature field

9 ? _— % 9E
—'B?%E[—% ?—r‘ur'{"lfi‘&t T]}"'(‘{’Q)%L? v /6.10/

b/ for a plane state of strain

] . . 8
{E[ g]t -iu..-‘i"‘-""-ﬁn"']}f4 2% My 9 ey

¢/ for spherically symmetrical problems

% aun 2“1 ‘i"'q [4-10) u‘ aE
angg[ RN o‘”]} ey TR e /612

It follows from theﬂabove equations that the asszumption

v=4/2 leads to a considersble simplification, because in
this case the right-hand sides of /6.1l/ and /6.12/ vanish.
This faoct, obviously, greatly simplifies the solution of the

equations.

J.Nowinski /[ 66 7 examined the thermal stresses in a thick-
walled cylinder under the assumption that E(T)=E e’ AT

or E(r=E ar + S.A.Shesterikov making the same assum-
ption investigated thermal stresses in a disc. In another
paper J.Nowihski / 71 7 considered the state of stress in a
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full sphere and in a hollow sphere in which 3=4/2 and

= (M) d""{_ 3 he obtained the solution in a closed

ok~

form.

It follows from the numerical example in which &, E, A vary
linearly with T that the thermal stresses G 'GW are
nearly equal to the stresses 6:" 6‘:" determined on the
basis of the mean values of &« varying elong the thickness

of the sphere.

R.Trostel in the above quoted papers assumes that v=4/1
hence it is possible to solve /6.1l/ exactly. In his next
paper, he presents a perturbation method for the solution of
the displacement equations, making the assumption that the
modulus E varies slowly with T |

L dE
E dT

=f_f(uﬁ—°\,=ew> ,

where & .13 a small parameter. Using the perturbation
method, R.Trostel solved the problem of thermal stresses in
a thick-walled pipe in which Y=const #4/2 and A(T). «£,(T)
are linear functions, while E(T) is a quadratic funotion
of the temperature. M.Sokotowski / 70 J investigated the
thermal stresses in an infinite oylinder and in a phere due
to heating of the outer surface and heat sources, assuming
that ¥ = const. and that the derivatives of E with res-
pect to the radius are so small that it is admissible +to
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disregard the right-hand sides of equations /6.10/ + /6.12/.
The attention is focused on considering the variability of
the conduction coefficient )N (T) and on establishing rules
of behaviour of the thermal stresses in terms of the nature
of variability of A'(T) and the direction of the heat flow.

There is no difficulty in extending the d’Alembert and Ha-
milton principles to bodies in which the non-homogeneity
is due to elevated temperatures; it should only be borne
in mind that the quantities (J-.A depend on the temperature.

The Betti-Rayleigh reciprocal theorem has been generalized
to the case of elastic bodies with temperature dependent
properties by J.Nowifiski /72 7. In order to apply this
theorem to thermoelastic problems involving temperature-
dependent properties, & related elastic problem for an

"inherently" non-homogeneous body must first be solved.

Betti's reciprocal theorem has the form
CFiw dvef pu,dl= /6.13/
v r

28(5"::("] ar) A 4N i-S . u.;d.V*Sﬁu.’; AN
v B v H
where the displacements 1.;,'i are produced by the foroes P; 9

F.: in a non-homogeneous body in which T=(0 , while the
displacements W; are due to the action of the forces Pi- .
F, and the temperature field in the same non-homogeneous
body, I\'m denotes the sum of normel stresses produced by
the forces {:’ , F! . For instance the thermoelastic displa-
cement in a body V is given by the general formula
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w, (X = avi «, (T) dT N
Al 2
in which the sum of the stresses A'(xr,&“_j has to be found

from the solution of the classical provlem [or a non-homo-
geneous body subject to a concentrated uniform force at the

point £ of V in the direction of the X, axis.

References:

[ 17 Voigt, W.,"Lehrbuch der Kristallphysik", Teubner,1910

L 27 Jeffreys, H.,"The Thermodynamics of an Elastic Solid",
Proo.Camb.Phil.Soc., Vol.26, 1930

£l 37 Biot, M.A.,"Thermoelasticity and Irreversible Thermo-
dynemiocs", J.Appl.Phys., Vol. 27, 1956

L 47 Zoller, K.,"Die Wirmegleichung bei WHrmespannungen',
Ing.Arch,, Vol.28, 1959

/57 Boley, B.A. and Weiner, J.H., "Theory of Thermal
Stresses", New York, 1960

/67 Weiner, J.H., "A Uniqueness Theorem foxr %“he Coupled
Thermoelastic Problem", J.Appl.Math., Vol.1l5, 1957

[ 7?7 Maysel, V.H., "A Generalization of the Batti-
Maxwell Theorem to the Cese of the Thermal Stresses
Conditions and Some Cases of its Application / in
Russian/ Doklady Acad.Sci. USSR, Vol.30, 1941

/87 Maysel, V.M., "Temperature Problems of the Theory
of Elasticity /in Russian/, Kiev, 1951

/ 97 TNowacki, W., "lixed Boundary Value Problems of

Thermoelasticity", Bull.Acad.Polon.Sei,, Série, Sei,
Techn., Vol, 12 No 11, 1964



_.!|.?_.

/ 10 7 Nlowacki, W., "Thermal Stresses in Anisotropic Bodies"

7 B 4

[ 127

A

L 7

L 157

167

L1727

£ 187

197

207

/1/, /in Polish/, Arch.Mech.Stos., Vol.6,No 3, 1954

Hfbke, M., "Bine indirekte Bestimmung der Airyschen

FlHdche bei unstetigen WHrmespannungen", Z.ang.
Math.Mech. Vol,35, 1955

Borchardt, C..i,, "Untersuchungen ilber die Elastici-
tit fester isotroper KVrper unter Berllcksichtigung
der WHrme", M.Ber.Akad.d.Wiss, Berlin, Vol.9, 1873

Goodier, J.N., "On the Integration of the Thermo-
Elastic Equations", Phil.Mag.VII, Vol.23, 1937

Sneddon, I.N. and Lockett, F.J. "On the Steady-
state Thermoelastic Problem for the Half Space and
the Thick Plate", Quart.Appl.lath., 1960

Sneddon, I.N,, "Boundary Vaelue Problems in Thermo-—
elasticity", Proc. of the 2nd Symposium on Diffe-
rential Equations™, Madison, Wisc. 1960

Lockett ¥.J., and Sneddon I.N. "Propagation of
Thermal Stresses in an Infinite Medium", Proc.
Edinburgh Math.Soc. II, Vol.4, 1959

Mindlin, R,D. and Cheng, D.H., "Thermoelastic
Stresses in the Semi-Infinite Solid", J.Appl.Phys.
1950

Sharma, B.D., "Stresses in an Infinite Stab due to
a Nucleus of Thermoelastic Strain in it", Z.A.M.M.
1956

Sharma, B., "Stresses due to a Nuocleus of Thermo-
elastic Strain in an Infinite Solid with Spherical
Cavity and in a Solid Elastic Sphere", Z.A.M.P.,
1957

Ignaczak, J., "Direct Determination of Stress from

the Stress Equations of Motion in Elasticity",
Arch.Mech.Stos., Vol.ll, No 5, 1959



217

[227
L2

247
reas.d

L2617

[27]'

[287

= UB =

Isnaczak, J., "Plane Dynanic Distorsion Problem in
Thermoelaslicity"™, Arch.liech.35tos., Vol.G, Mo %,19G0

iuskhelishvili, IN.I., "On Thermal Stresses in the
Flane Problems of the Theory of Elasticity", Iav.
Elektrotekhn. Instituta, Vol.l3, 1916

Muskhelishvili, W.I., “Sur 1l’équilibre des corps
élastiques sounis a l’action de la chaleur", Bull.de
1’Université Tiflis, No 3, 1923

Gatewood, B.E., "Thermal Stresses in Long Cylindri-
cal Bodies", Phil.lWag. VII, Vol.32, 1941

Dubas, P., "Calcul numérique des plaques et des
pavois minces'", Zirich, 1955

Tremmel, E., “ﬁber die Anwendung der Plattentheorie
' in

zur Bestimmung von WHrmespannungsfelder", Osterr.

Ing.Arch. Vol.1ll, 1957

Iacovache, M., "0 extindere a metodoi lui Galerkin
pentru sistemul ecuatiilor elastocitatii', Bull,
gtint.Acad.Rep.Pop.Romane, Ser.A,1l, 1949

Piechocki, W. and Ignaczek, J., "Thermal Stresses
due to Thermal Inclusion in a Cirgular Ring and a
Spherical Shell", Bull.Aocad.Polon.Sc¢i.,Sér.Sci.
Techn., 1959.

[ 29 7 Piechocki, W. and Ignaczak, J., "Some Problems of

£ 30 7

L3127

Dynemic Distorsion in Thermoelasticity", Arch.Mech.
Stos. Vol., 12, No 2, 1960

Danilovskeya, V.I., "Thermal Stresses in an Elastic
Senmi-Space due to a Sudden Heating of its Boundaries
/in Russian/, Prikl.Mat.Mekh, No 3, 1950

Danilovskaya, V.I., "Thermal Stresses in an Elastic
Semi-Space under an Instantaneous Heating of the
Surface" /in Russian/, Prikl,Mat.ilekh. No 14, 1952



327
[ 337

£

[357

[ 36 7

377

387

£39.7
40 7

w7

L4217

-89 =

Nowacki, W., "A Dynamical Problem of Thermoelasti-
city", Arch.idech.Stos. Vol.9, No 3, 1957

Parkus, H., "Stress in a Centrally Heated Disc",
Proc.Second U.S., Nat.Congr.Appl.Mech., 1954

Sternberg, E., and Chakravorty, J.G«., "Thermal

Shock in an Elastic Body with a Spherical Cavity",
Quart.Appl.Math., Vol.1l7, No 2, 1959

Ignaczak, J., "Dynamic Thermoelastic Problem of a
Spherical Cavity", Arch.Mech.Stos., Vol.ll, 1959

Igneoczak,Jd. and Nowacki, w., "The Problem of Con-
Centration of Periodic Thermal Stresses at Cylin-
drical Holes and Spherical Cavities on Uniform
Plane Heat Flow", Arch.Mech.Stos., Vol.l2, No 6,
1961

Zérawski, M., “"Moving Dynamic Heat Sources in a
Viscoelastic Space and Corresponding Basic Solu~
tions for Moving Sources', Arch.Mech.Stos., Vol.l2,
No 2, 1961

Boley, B.A. and Barber, A.D., "Dynamic Response of
Beams and Plates to Rapid Heating", J’.Lppl.llech.l.
Vol. 24, 1957

Carslaw, H.S., Jaeger, J.V., "Conduotion of Heat in
Solidy Oxford, 1959

Nye, F.J., "Physical Properties of Crystals",0Oxford,
1957

Carrier, G.F., "The Thermal-Stress and Body-Foroe
Problems of the Infinite Orthotropic Bodies",Quart.
Appl.Math,, 1948

Nowinski, J., Olszak, W., Urbanowski, W., "On Thermo-
elastic Problems in the Case of a Body of an Arbitra-
ry Type of Curvilinear Orthotropy", Arch.Mech.Stos.7,
1955, 2.



L83 d

L7

- 50 -

Olszak, W., "Autocontreines des milleux anisotropes",
Bull.hcad.Soi,Lettr.Cl.Sci.Math., PAU I, 1950

Sherma, B., "Thermal Stresses in Transversally Iso-
tiroplc Semi-Infinite Elestic¢ Solids", J.Appl.Mech.
25, 1958

[ 45 7 Wossuikowska, Z., Nowackl W., "Thermal Stresses in

L4687

w7

L4887

£97

L5507

LT

527

VAL

Transversally Iscolropic Bodies", Arch.Mech.Btos. 10,
1958’ &

Sternberg B., Mcllowell E.L., "On the Steady-State
Thermoelastic Problem for the Half-Space”, Quart.
Appl.Math., 14, 1957

Singh, A., "Axisymmetrical Thermal Stresses in Trans-
versally Isotropic Bodies Arch.Mech.Stos. 12,
1960, 3

Pell, W.H., "Thermal Deflection of Anisotropic Thin
Plates", Quert.Appl.Mech., 1946, 4

Mossakowski, J., "The State of Btress and Displace-
ment in a Thin Anisotropic Plate Due to a Concentra-
ted Source of Heat", Arch.Mech.Stos. 9, 1957, 5

Nowackl, W., "Stationary Stresses in an Orthotropic
Cylinder and Orthotropic Disc /in Polish/, Rozpr,
Inz. 8, 1960, 3

Nowacki, W., "Thermal Stresses in Orthotropic Plates"
Bull.Acad.Polon.Sci., Sér.Sci.Techn.?, 1959, 1

Mossekowska, Z., "One~Dimensional Problem of Thermo=-
elasticity for Amisotropioc Medium", Arch.Mech.Stos.
12, 1960, 1

Mossakowska, %., "Dynamical Problem for Anisotropic
Semi-Space with Discontinuous Field Tempera e
Bull.Acad.Polon.Soi. 8ér.Sci.Techn. 9, 1961, 12



L5 7

L85 1

L5617
L97d

387

597
[607
617
627

637

=] i

Borg, C.I., "Tensiuni termice la corpurile ortotro-
pe in cazul problemelor plane", Studii $i cercer-
tari $tiintifice, Acad.Rep.Pop.Rom., V.l4,Ho 1,1963

Bors, C.I., "Sur le probléme en trois dimensions de
1la thermoelasticité des corps transversalement
isotropes", Bull.Acad.Polon.Sci.Sér.Sci.Techn.,
Vol.ll, No 5, 1963

Meissner, B., "Elastische Oberfllchenwelle mit
Dispersion in einem inhomogenen Medium", Viert].
Naturforsch.Gess. Zlirich, 1921, 66

Uller, K., "Die Front-und Rlickengeschwindigkeit von
Verzerrungswellen in festen, schweren K8rperen"”,
Gerlands Beltr. Geophys., 1926, 16

Yosiyama, R., "Elastic Waves from a Point in an
Isotropic Heterogeneous Sphere', I, Bull.BEarthqueke
Research Inst., Tokyo, V.1ll, 19353 II, V, 18, 1940;
III, Vv, 19, 1941

Sobolev, S., "Sur 1l'équation d'onde pour le cas
d'un milieu hétérogeéne isotrope", Publ.Inst.Seism.
Acad.Sci. U.R.S.58. 1930, 2

Sobolev, S., L'équation d'onde pour un milieux
hétérogéne", Publ.Inst.Seism.Acad.Sci. U.R.S.8.,
1930, 6

Stoneley, R., "The Transmission of Rayleigh Waves
in a Heterogeneous Medium", Monthly Notices Roy.
Astron.Soc.Grophys.Suppl., 1934, 7

Nowinsaki, J., Turski, 5t., "On the Theory of Elas-
ticity of Isotropic Non-Homogeneous Bodies / in
Polish/, Arch.Meoch.Stos. 4, 5, 1953, 1

Nowihsekil, J., Turski, St., "On the Stress State in
Elastic Non-Homogeneous Bodies /in Polish/, Arch.
Mech.Stoss 5, 1953, 3



[ 64 7

657

667

677

/68 7

[697

77

ENR T

727

- 52 -

Nen-lomozenity in Elasbticity and Plasticity. Edited
by ¥W.O0lszak, Pergamnn Press, london, 1959

Hilton, H.H., "Thermal Stresses in Bodies Exhibiting
Tenperature-Derendent Properties", J.Appl.ilech. 74,
1952

Nowinski, J., "Tthermal Stresses in a Thick-Walled
Cylinder Made of Material ixhibiting Variable Elas-
tic Froperties /in Polish/, Arch.lMech.3tos. 5, 1953,
i

Trostel, R., "WHrmespannungen in Hohlzylindern mit
temperaturabhingingen Werten', Ing.Arch. 26, 1958

Trostel, R., "StationHre WHrmespannungen mit tempe-
raturabhngingen Werten', Ing.Arch. 26, 1958

Shesterikov, S.A., "Thermal Stresses in a Elastic
Disc¢ of Constant Thickness" /in Russian/, Izv.
Akad.Nauk SSSR, Mekh. i Mashinostr., 1959, 5

Sokotowski, M., "One-dimensional Thermoelastic
Problems for Elastic Bodies with Material Constants
Dependent on Temperature", Bull.Acad.Polon.Sci.,
Sér.Sci.Techn. 8, 1960, 4

Nowitski, J., "Thermoelastic Problem for an Isotro-
pic Sphere with Temperature Dependent Properties",
Zeltschr.Angew,Math.Phys., 1959, 10

Nowifiski, J., "A Betti-Rayleigh Theorem for Elastioc
Bodies Exhibiting Temperature Dependent Properties",
Appl.Sci.Res.Sci., A.9, 6, 1960



