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DYNANMICAL PROBLEMS OF THuRIOELASTICITY
W.Nowackl /Varsaw/

We known from experiment that deformation of a body is asso-
ciated with a change of heat content in it. The time varying
loading of a body causes in it not only displacements but
also temperature distribution changing in time. Conversely,
the heating of a body produces in it deformation and tempe-
rature change. The motion of a body is characterized by
mutual interaction between deformation and temperature fislds.
The domain of science dealing with the mutual interaction
of these flelds is called the thermoelasticity.

Owing to the coupling between these fields, the temperature
terms appear in the displacement equations of motion, where-
as the deformation terms - in the equation of thermal con-
ductivity.

The coupling between deformation and temperature fields

was first postulated by J.M.C.Duhamel, the originator of

the theory of thermal stresses who has introduced the dila~
tation term in the equation of thermal conductivity. However,
this equation was not well grounded in the thermodynamical
way. Then, the attempt of the thermodynamical justification
of this equation was undertaken by W.Voigt /2 7 and H,
Jeffreys [ 3 J. However, just lately as in 1956, L.A.Riot

[ % 7 gave the full justification of the thermal conducti-
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vity equation on the foundation of thermodynamics of irrever-
sible procass;s [ 57 « M,A.Biot also presented the fundamen~
tel methods for solving the thermoelasticity equation as

well as the variational theorem.

The thermoelasticity describe a broad range of phenomena,
it is the generalization of the classical theory of elasti-
city and of the theory of thermel conductivity. Now, the
thermoelasticity is a domain of science fully formed. The
fundamental relations and differential equations have been
formulated., A number of methods for solving the thermoelas-
ticity equations and basic energy and variational theorems
have been developed. Sciemtific wofkara have solved some

problems concerning the propagation of thermoelmstic waves.

As it 18 lnown, the research work in the field of thermoelas-
ticity was preceded by wide investigations in the framework
of the so-callod theory of thermal stresses. Under this

name we mean the investigation of strains and stresses pro-
duced by heating a body with the simplifying assumption _
that thermal conductivity does not affect the deformation

of an elastic body.

In this theory origlnating from the beginnings of the elas-
ticity theory and recently being intensively developed
owing to its growing practicel significance, the classical
equation of thermal conductivity, not containing the verm
assoclated with the body deformation, has been uszed.

The elastokinetics has been used simultaneusly with the
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theory of thermal stresses. In this case, the simplifying
assumption has been introduced which postulates that the
heat exchange among body parts, caused by heat conductivity,
is so slow that the motion can be thought of as an adiaba-

tlec process,

The domains mentioned here constitute now the particular
case of the more general theory, namely, of elasticity. The
partlcular theorems and methods of the theory of thermal
conductlvity and of the classical theory of elasticity are
comprised in general theorems and methods of thermoelasti-
city.

It should be noted that solutions obtained within framework
of the thermoelasticity differ slightly from solutions of
the classical theory of elasticlty or the theory of thermal
conductivity. The coupling between the deformation and tem-
perature field is weak. But the qualitative differences are
fundamental., This is seen, even if, on the examples of elas-
tic waves which within the framework of thermoelasticity
are damped and dispersed, whereas in the framework of elas-
tokinetics, only undamped waves appear. The thermoelastici-
ty is of fundamental significance in those cases in which
the lnvestigation of elastic dissipation is a main aim,

The meaning of thermoelasticity consists chifly in cogni-
zing and generallizing value of this theory.

In the present paper of survey character, the attention is

focused at foundations of thermodynamical theories, at the
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differential equations of thermoelasticity and more impor-
tant methods for solving them and at general energy and va-
riational theorems.

Smaller attention is devoted to solving concrete problems
and the reader is referred to literabure enlisted at the
end of the work. When writing function relations and equa~
tions, we shall apply the index tensor notation in the
Cartesian system of coordinates.

2, Fundamental assumptions and relations of the linear
thermoelasticity

In the present section, we shall consider homogeneous ani-
sotropic elastic bodies. For these bodies, we shall derive
general relations and extended equations of thermal condu-
ctivity, end after that, we shall deal with a homogeneous
isotropic body which will the subject of the further sec~
tions of the present work.

Let a body be in the temperature T, in an undeformed
and unstressed state /with absence of external forces /.
This starting state will be called the natural state,
assuming that entropy equels to zero for this body. Owing

to the action of external forces, i.e. body and surface for-
ces, and under the influence of heat sources and heating

/or cooling/ the body surface, the medium will be subjec-
ted to deformation and temperature change. The displace~

ments U will appear in the body and the temperature
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change can be written as O=T-T, , Where T is the
absolute temperature of a point x of the body, The tem—
perature change is accompanied by arising stresses Ejj
and strains Gjj . The quantities v , 0 , Eij O
are the functions of position X and time T .

We assume that the temperature change 9=T—T0 accompanying
deformation i1s small and increase in the temperature does
not result in essential variations of material coefficients
both elastic und thermal. These coefficients will regarded
as independent of T .

To the introduced assumption]B/Tol«'T let us add others con-
cerning small strains. Namely, we assume that second powers
and products of the components of strains may be neglected
as small quantitles compared with the strains Ej - Thus,
we :Ees‘.:rict further considerations to the thermoelasticity
geometrically linear. The dependency among strains and dis-
placements is confined to the linear relation.

gi=g(uij+u;i),  ij=12,3 /2.1/

As it 18 known, strains can not be arbitrarcy functions,
they must satisfy six relations, the so-czlled relations
of geometrical inseparability

Eij, kl *+ €kl ij €l ik ~Cik,j1 =0,  1,j,k,[=1,2,3. /2.2/

The main task becomes the obtaining of state equations

relating the components of stress tensor o‘,'j with +the
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components of strain tensor ¢jj  and of teuperature e

Let us note that the mechanical and thermal state of the
medium is, at a given time inste;nt, completely described by
the distribution of stresses ¢jj and temperature a . e
hence conclude that for the isothermal change of state
(T=T,) » we encounter the process elastically and thermo-
dyaamically reversible. However, in processes in which the
temperature changes take place, we observe two interrela-
ted phenomena, nemely, the reversible elastic process and
the irreversible thermodynamical process. The latter is
caused by spontemeous and thereby irreversible process of

carrying the heat by means of thermal conductivity.

Thermoelastic disturbances can not be described with the
help of classical themodynamics and we have to use the re-
lations of the thermodynamics of irreversible processes
£57,067.

To obtain the state equations, we should consider the ener-:
gy of the system. We start from the differential relation
originating from the first principle of thermodynamics

du= ojj de,-j +dQ /2.3/

The relation shows that a small change du in the internal
energy is equal to a sum of strain work and an increment

of heat amount introduced to the considered infinitely small
volume of the body. A change of heat quantity equals to

Tds , where § is an entropy, and thus Eq. /2.37 takes
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the form
du = ojj dejj — Tds. /2.3%/
be
It should added that the increment of the internal energy

u 1is a total differential. The independent variables are
in /2.3*/ strains €j @and entropy § , so that u-u(e,]-,s).

It is more convenient to replace the function U Dby the
free energy fF=u-sT, as a function of variables €j and T

dF = ojj dejj—sdT. 2.4/
The df is a total differential, too.

The relations /2,3/ snd /2.4/ permit to determine stresses
as the function of independent varisbles ¢j; and § or
€j and T . Taking into account that

dui= %}s dey+( g?“)s ds, /2.5/
df=( %)T deij +( ), a7, /2.6

we obtalin, from equating /2.3*/ with /2.5/ and /2.4/ with
/2.6/, the following expressions.

o), @), we@), (). A

In further considerations, we shall make use of the third
equation of /2,7/, aiming at presenting the stresses a,-j



as the function of strains €jf and of T

Let us expand the function F(EU,T) into an infinite series

in the neighbourhood of the natural state F(0,T,):

ar(aro OF(UTu (T-T,)+ /2.8/
0

Fleij, T)="F(0,Ty)+ €+

2 ; A 2
1 [OHOT,) M(GTJ . ar(o, (0T

From the expansion of F(EI]';T) we retain only the 1i-
near and quadrabic terms, confining ourselves to only 1i -
near relations among stresses Gjj , Strains and tempera-
ture change 6.

Taking into account that for gj=0 , T=T s We con-
sider the natural state, it can be assumed that F(0,T,)=0
The term OF(0,T,)/0T will be also equated %o zero. Since
it results from equating Eqs. /2.4/ and /2.6/ that (0F/0T)e=-s

therefore, for the natural state, there is

OF(0,T,)
i ot S 117 A =
oF s(0,T,)=0

Let us now take advantage of the third one of expressions
r2.7/

e [OF) _OF(0Ty)  d*(0T,) L 2%(0Ty)
i (€T (0&';‘) Oejj +0£UD£H e aeJaT (T-To

/2.9/
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Thus we have obtained the linear relation for small strains
viiich agrees with the introduced assumption /ﬂ/To[<§ 1

It should be put OF(U,To)/c)s,]eD in Eq. /2.9/ since, for
the natural state £;=0 , T=T, , it should be Gjj=0.

Introducing denotation

O#(0.7,)_ PFO0T) .. o’ (0T,)
3ej0e Gkl degoT P o N

we present the relations /2.8/ and /2.9/ in the form

1
Fleij,T) =7 Cijki €jjexi=Bij€ij 6+ 56, /2.10/

1
6ij= (Cijki *+Ckiij ) €1 —Pij 0 : /2.11/

Let us note additionally that
d“l'i) . (0_%_) e 12,32/
(E’J—E; ? Cijkl 3T J; Bij.-

In the relations /2.11/, we recognize the Hooke’s law gene-
ralized for thermoelastic problems. The /2,11/ are called
the Duhamel-Neumann relations for an anisotropic body. The
constants Cjjk/, Bjj,  concerning the isothermal state play
the role of material constants / 7 /. The quantities Cijkt

are the components of the tensor of elastic stiffness.

In the elasticity theory of an anisotropic body, the follo-

wing symmetry properties of tensor are proved
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Cijkl = Cjikl Cijkl = Cijlk »  Cijkl = Ckiij. /2.13/
Miese reiations lead to reduction ol quantity of constants
from 8l to 21 of nwutua.ly inldependernt constants Tor a body

wivl: general anisotrony.

Let us solve the sysbtems ol ejuations /2,11/ for deforma-

tions

Eij = Sijki Okl *+ajj 0. /2.14/
The quantities sjjk| are called the coefficients of elastic

susceptibility. Also for bthese quantities, the symmetry

relations hold

Sijkl ™ Sjikl » Sijkl = Sijlk Sijkt = Sklij -
Let us now consider a volune element of the anisotropic

body free of stresses on its surface. Then, according to
/2.14/, we obtain for this element '

5,'; =a;;0. /2.15/
The relation /2.17/ describes the familiar physical pheno-
menon, nanely, the proportionality of the eleuent deforma-
tions to the increuent of temperature 8 . The quantities
aj are the coefficients of linear thermal expansion. The
aj is a syummetric tensor vhat follows from the symmetry
of the tenczox . It should added that the coefficient
of volume ti.ermal expancion aji is an invariant.

Trom the relations /2,11/ and /2.14/ we get the following

ax_regnions
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aa.-,-) ( Od)_ ( 08:‘){ /2.16/
i == frrme i =a; . .
(06” : Cijkl » (0T /s Bij == Qi Cijki oT )y~ i

In the further considerations concerning derivation of the
extended equation of thermal conductivity it will be ne-
cessary to present the internal energy and entropy as a
function of deformation and temperature. The starting point
are the total differentials

du = ojj de,-j +Tds, /2.17/

ds= ( OEU) dejj+ ET) /2.18/
Inserting /2.18/ into /2.17/, we obtain

.f.f'r.:-fr ( %)r +aﬂ] d£,3.-+T( %}—)E dT. /2.19/

The necessary and sufficient condition in order the quanti-
ty du to be a total differential is '

F[T(8), <ol ot [7(8%),]-

From this condition, the relation results

ds ), /95 _
(Osif)7+(aTe ’
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or taking into account the second term in the group /2.16/

08N 5. /2.20/
(a'c"}f)r Py.
On the other hand, we utilize the thermodynamical relation
9s) _/du) _
T(OT)E ﬂT)E Ce, /2.21/

where Cg 1is a specific heat related to unit volume at
constant deformation. Substituting /2.20/ and /2.21/ into
/2.18/ and /2.19/, we obtain

ds =Bjjdejj + %E- dT, /2.22/
du=ojjdejj+ TRjjdej;+cedT. /2.23/

Inserting the relations /2,11/ into /2.23%/ and integrating
the expressions /2.20/ and /2.23/ with the assumption

that for the natural state (T=Tp,&j=0, Gjj=0) there is
s=0 , u=0 |, we have
a
s-ﬁ,-js,-_,-+cgln (1+ ﬁ} , /2.24/
”'%Cﬁkfsf]fki"'?;]ﬁﬁf.ﬁ"'ceﬂ- /2.25/

In the expression for entropy, the first term on the right-
hand side is due the coupling of deformation field with
temperature field, the sccond term expresses the entropy

caused by the heat flow. The purely elastic term does not
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appear in this expression. It hence results that deformation
process is, in the isothermal conditicns reversible and does
not cause increament in the entropy. In the expression /2.25/
for the internal energy, three terms sppear. The first of
them is of purely elastic character, it represents the strain
work, the second - heat content in a unit volume, the middle
term is a result of mutual interaction between deformation
and temperature fields. Tor the particular case of isother-
mal process, there is U=£,:J;0‘,'J,'/2+7;;/3,J'E,;,-_

TLet us return to the expression /2.24/. In virtue of the
introduced assumption |8/Tp|< 1 , the function In(1+8/T,)
can be expanded into an infinite series and only one tern

of expansion can be taken into account., Thus, we obtain

C,
s=}3,}-e;j+—7-§—8. /2.26/
For the internal energy F=u-sT s W& have
Fr 2 ciii Eii€ —~ﬁ"&'"9—-‘?ﬁ—92 /2.27/
= 7 Cijkl Eij €kl = Pij i 7 3T, 27

In this way, we have determined the nu—ce/Ta, involved
in /2.10/.

It remains to interrelate the entropy wilh the thermal con-
ductivity. In a solid body, the heat transfer is realized
through the thermal conductivity meant as a trancfer of

heat from spots with higher temperature to those with lower
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one. The equation of thermal conductivity is derived from
the principle of energy conservation expressed in the form
of entropy flow. This law constltuting the local formula-
tion of the second principle of thermodynamics can be
written in the form

3 1
Tf?—;——dwq? "3%=—-T-q,',f. /2.28/

By @ 1let us denote the vector of the energy flow which in

our case, is equal to the heat flow,

Let us consider a body contanining the region V enveloped
by the surface A . Then the integral

95 _ (8 gy [ %l -
& !df dv !T dv /2.29/

denotes the entropy increment in the volume V in a time
unit which is caused by the heat flow.

The relation /2.29/ can also be presented in the form

dS o QIn dA" QETI- dv ) /2.29'/
a=fTa-[a .

A

The entropy increment in time consists here of two main
parts viz,, of the surface integral expressing increment
/positive or negative/ of entropy due to thel heat exchange
with enviroment, and of the integral associated with the
generating of entropy in the region V.
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Let us return to the relation /2.28/ which can ba presented
in the form

T; .
- —’-) ~d 7230/

This expression describes, in a local manner, the entropy
increment in time.

It is seen from comparing /2.29'/ and /2.30/ that the
first term in /2.30/ concerns the exchange of enbtropy with
environment, the second term is related to generating en-
tropy in an elementary volume of the body. The relation
/2.30/ can be presented in the form

-&:—-"dfv(%)-hd', f2.30°/

where a-—-qﬂ:,-/ T is a source of entropy.

By Ose/df 1et us denote the exchange of entropy with en-
vironment, by ds;/dt the rate of generating entropy.

Then [ 57

The locel formulstion of the second principle of thermwody-
namics of irreversible processes requires in order to be

in each element of the body
ds dse ds ds
fi~d @0 @w-c0
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The entropy source G is in an irreversible process always
and. everywhere greater than zero, in an reversible it is
equal to zero. We shall utilize this theorem in further con-

siderations.

The source of eatropy is asscciabed with origins of irrever-
sible processes, with the so-called intensive quantities or
thermodynamica) stimuli Fj . This interconnection can be

written as

oc=Fiq;. /2.32/

The entropy source is equal to a sum of products of thermo-
dynamical stimuli and components of heat flow coupled with
them. From equating /2.31/ and /2.%2/ it is seea that
Ti

e ? % f2.33/
Then the temperature gradient is a thermodynamical stimuli
for the thermsal conductivity.

On the other hand, among the components of heat flow vector
g and thermodynamical stimuli there exists the function
relation

0i=0i(Fy,F2, F3). 1234/
For laminar flows which will be consider:d here, we can

assume that the relation /2.34/ is linear i.e. that

) ' qiaijFj. /2.55/
These are the phenomenclogical eguations of the energy

I'low,. ‘the yuanvities L,'J' appearing in them are che con-
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stants satisfying the Onsager'’s relations
Lij=Lji . /2.36/

Substituting /2.33/ into /2.35/, we obtain
Lay
T2
This equation agrees with the Fourier?’s law for the thermal

12.37/

F.:-.

conductivity in an anisotropic body. For the entropy source,

we get

TiTj
o=Ljj >0. /2.3%8/

Since it always must be 6G>0 , then the quentities Ljj
must be positive. Introducing the quantities 2,'j=L,-J;/T2>O
/coefficients of thermal conductivity/, we obtain the fol-
lowing law of the heat flow in an anisotropic medinm

gi=-AjT;. /2.39/

Combining the relations /2,39/ and /2.28/ and differentia-
ting the /2.26/ with respect to time, we arrive at the

equations
ds
T d_r' A T “ f /2 '40/
deij
o =TBij ;13 T—‘Tig : /2.41/

Equating these equations ylelds the equation of thermal

conductivity
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deij | Ce - dB
AjTi=TRjgi*+ 7 Tar 0T To.

dt dt ! f2.42/

Let us note that this is a nonlinear equation on account
of its right-hand side. Putting T=T, in the right-
hand side of /2.42/, we linearize this equation. Finally,
we obtain

Z;jﬁ‘g—csé-'rnﬁ&-é,j=0. [2.42%/

In this extended equation of thermal conductivity, the
term ToB;'jé:}': appears which characterizes the coupling of
deformation field with temperature field. The dot above
the function denotes the derivative of this function with
respect to time, If, sources of heat act in the body, we
should add to /2.40/ the quantity, which determines the

amount of heat produced in a unit of volume and time

T%,%* Ajj Tij+W.

Bq. /2.42'/, in the case of the appearance of heat source
in the body, is extended to the form

Ageiﬂ"csﬁ‘%ﬁ[jé'ﬁ--w /2.420/
On the foundation of Duhamel-Neumann relations derived
for an anisotropic body, we shall easily go on to aniso-

tropic body applying the following relation
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'G]-’c?‘ -(t'( fd: Cr'( H)Q’ (f'xj-"-/?/g;'d;!, /2.43/
Aignt =t [OCK e dje +die ()(‘&/"‘/?( cm’
By -y, =l

Here, %, /) arve Lamé’s constants for en isothermal state,
and

0//-; /3?*-?/‘,)“2, A= 5,;( f
o A
' {g@/:})ffﬂ)

The quantity 7z 1s the coefficient of linear thermal
expansion. In this way, the relations /2,11/ and /2.14/
transform in the Duhamel-Neumann relations for an isotropic
body

O = Gugy ey —/115{)02;; 1244/
2901‘ 1"4”’1 T‘JJ JA\’I’ /2.45/
For an isotropic )g/""=/2-; Jé . Thus, the equation of

thermal conductivity /2.42''/ assumes the form / 4 / :
Aoy -GG - Topt bn =W
or
Z 2 - Q_ :
Gy -#6-pu=-§ Lo

‘where



Let us give, moreover, the exprossions of w«. ¢

anisotropic body. Ve obtain

. . 7 = g%
_'27_-,{7:_, y = S€uFri%)Fgl
2 v s A o
Lot Fo Dot B /i o, fu
y = AL b By € .-,./fé( ot

- P ﬁ = £ 5 e

J}/trdf_é‘m

-1 for an

/2,477

The state equation and the equations of thermal conducti-

vity derived in this section should be joined with the

equations of motion of a solid deformeble body. In this

way, we shall obtain a full set of thermoelas+icity

equations.

Let us attract attention to the faclt the coupling of tem-

perature and deformation fields vanishes when extermal

forces or heatving the body is stationary. In this case,

the time derivatives dissppear in the equatiocn of thermal
conductivity, Eq. /2.46/ transforms into Poisson’s

equation .
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%, Differential squatbtions of thermoelasticity and metlods
for solving then

The full set of the differential equations of thzarmoelas-

ticity is composed of the equations of motion and the equa~

tions of thermal conductivity. The equations of motion
G.prle=gleinet wel i oc, /3.1/

can be transformed, meking use of the gtate equations
5 Y. A ST v
6}?,- ,?/tzy #bg-p by Kokl Z, 050, /3.2/

and of the relations among displacements and deformations

b =F tu,,y+%), veb-2, >0, /3.3/

into the three equations containing displacements
and temperature 8 as unknown functions

Uy (1Y P =T B, XV, £ I3

The above equations and those of thermal conductivity

£ 7 % 5 i e
are coupled each other. Body forces; heat sources, heating
and heat flow through the surface enveloping the region

and initial conditions are the causes of arising both dis-

placements and temperature accompanying them in a body.
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Boundary conditions of a mechanical type are given in the
form of eithor given displacements #' or loadings A =~ 7. %
on the surface 2, Thermal conditions can be,in a general
wey, written in the foxrm

B B0 -fhig), xeZtro gfi=mt, g,
determining vi:e heat flow through the surface = o X
ﬁ=oo , then the temperature # on boundary is equal to
zero; if o/=cO | then we have the case of the surface Z
thermally isolated. The initial conditions hints that at

an initial time instant, e.g. for Z=¢ , aisplacement

4y, welocity of these displacements and temperature

are the kmown functions
Up ) = folh), e =gt Ll - ) 13291

The system of BEqs /3.4/ and /3.5/ is greatly complicated
and the tendency 1s obvious to lead this system to a
system of simpler equations viz., wave equations. The
essential simplification is obtained by decomposition of
the displacement vector and the vector of body forces
into potential part and solenoidal part. Substituting
then, into Eq. /3.4/ and /3,5/, the formulae

2 P #Eji Yuy Nevg/Pe 7€ i), /3.8/
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where (3/ i 2% ave the scalar functions, whereas ¥
and 4 vector functions, we lead the thermoelasticity
equations to the following system of equations / 8 /

Tis-mb -4, s
LT pe == 524 /3.10/

nﬁeﬁp’;ﬁ'" 2, {3_»:};5;‘9’?/2;&/%)? /3.11/

The following denotations are introduced here
£ Pl 4 -yt L
fj.f V <F o 7 D v & t;éf

Eqs. /3%.9/ and /3.11/ are coupled each other ia a direct
manner, Elimination of the function # leads to the aqua~
tion of s longitudinal wave

(7D - pmik V¥)P=~ mE . 4 04 (i

Egs. /3.10/ describes a transverse weve. L:aL us note
that the functions % and §, ave joimed mutually through
boundary conditions which will be expressed, in every
case, by displecemsnts Z and derivabtives of these
functions and by Semperature % .

Eliminating the function ¢ out of Eqs. /3.9/ and
/3%.11/, we obtain the equation
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F LY ATl e B s =gz B T

L

/3.1%/

e see that Egs. /%.12/ and /%.13/ have the same form. The
structure of these formulae, what will be discussed later,
indicates that we consider a wave damped and subjected to
disperssion. In an unbuunded thermoelastic space, the longi-
tudinal and transverse waves propagate independently of each
other. Let us assume that heat sources (7 and body forces
Ae =52'§; are the source of motion. Under the assumption
that Y =C. and that initial conditions connected with
Eq. /3.10/ sre equal to zero, we have K = ¢’ in the whole
space.

In the wunbounded space, there will arise only longitudinal

waves of dilatation character.

Teking into account /3.2/ and /3,8/, we have
Y, = ‘é;' , Gy' = 9;5?', Ers = I"ﬁ’f%

and

- 2By~ 5e) 75, (5
If, in the unbounded space the body forces # " fCuyr Fop

act, whereas & =C I Pl )¢ LIxg)=C

then only the functions ¢ are different from zero, but

¢ =¢ , P = C in the whole region. Only the transverse
waves are propagated and their velocity is .¢; = /,59)’4’

These waves are not accompanied by heat production.
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Let us observe that for transverse waves there is

U Cyr Yy, Ton= O B0, Fy=lpty et Y
In a bounded body, there appear simultaneously, in principle,
two kinds of waves. The solution for Egqs. /3.10/ end /3.12/
will be constructed of two perts viz., of the particular
integrals of these equations ¥ , £° and of the general

integrals of homogeneous equations

/ﬂ;"[) - NM r.';. F"f)(‘.':{- o, a‘:y‘f: ¢,

/A .
where, the functions 9" and g should be chosen so as
to satisfy all possible boundary conditions.

The next method used for solving the differential equations
of thermoelasticity is the method of disjaining the equa-
tions which consists in leading Eq. /3.4/ and /3.5/ to a
system of four equations decoupled. Only one unknown func-
tion appears in esach equation. Presumably, this method was
first used by Hilbert / 9 7 for the differential equations
of optics. A certain its v_a:cia.nt: in the operator form de-
veloped by G.Moisil /[ 107 was applied for the quasi-sta-
tic equations of thermoelasticity by V.Ionescu-Cazimir

£ 12 7 . S.,Kaliski /11 7 has disjoined the dynamical equa-
tions of thermoelasticity on another way. This result was
repeated, using other else manner, by J.S.Postrigacz / 13/
and D,RUdiger /14 7 .

Omitting details of this method, we shall present only
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the final result. We introduce one scalar function ¢ eand
one vector function (] and with the help of them we express

displacement and temperature as follows

f\.’/" -::’_)‘f; ‘fﬁCiig'l‘]g .*-}/;x"llt'.’, /3.14/
&= 3’&: r., /5 5,:;'- y‘-/f—'t? ‘[7,»} ; /3.15/
where
2= //m)CZD /M@P /%= @B i oz,
= ﬂﬁ-’ o= %

Substituting z and @ into Eqs. /3.4/ and /3.5/ we
obtain four already decoupled equations for the functions

%?and };

0z (17;0 "“"’”&-Vf],@?: = P’% =& /3.16/
//Jm m;a;?/}z fomj = 0. /%.17/

To these equations, we should #dd boundary and initial con-
divions. In the boundary conditilons, there sppear, of
course, the functions ¢4 and 4 « The simplicity of the
differential equations /3.16/ and /3%.17/ is, however, ran-
somed with the complicated form of bovndary conditions.
Therefore, Eqs. /3.16/ and /3.17/ will be applied, f£irst of
all, in a unbounded space, where boundary conditions in
strict sense do not exist and they are replaced by the re-
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quirement of zero values of displacements and temperature
in infinity. This postulate is fulfilled if distributlion
of body forces and of heat sources is restricted to a

finite region.

The ilnteresting way for solving the differential equations
of thermoelasticity was given by H,Zorski /15 7 . This

way leads to transforming the system of differential equa-
tion /3.4/ and /3.5/ into a system of three differential
equations for displacements %, . We shall present it
shortly in reference to anunbounded space with the assum-—
ption of homogeneous initial conditions. We write the conduc—
tivity equation in such a form that the term containing di-
latation velocity is on the right-hand side of equation

G -£%= 9%y /3181

Regarding the function ?4{,:/ as a heat source, we can
give the solution of Eq. /3.18/ using the Green’s function
valid for the classical equation of thermal conductivity

Gy -4 G=-f k- §)k),

2 /3.19/
EXp [~ ?;—r-)

Inserting the solution of Eq, /3.18/
& " " i ’ P f
Bh)e-pufor| G ) L ez ) v
b ¥
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into the displacement equations /3.4/, we get the following
differential-integral equation

A le « Qe gurirv-ct- /3.20/
Pl 4

r o et W)
= pxp grid [ g0 2 Mo 082 OVE)
T AL A 3 ! i

r

If the displacement vector is decomposed accordiag to for-
mula /3.8/, then Eq. /3.20/ disintegrates into the system
of equations

Bod o fr’.” )‘ }d ]{j’ =L
L’?{ Q’ 'f‘ﬁ. ‘/C?r- J_J ( ?{ ™ "\Z" ng/? L / CJ /3-21/

[Ty =c¢ /3.22/

The differential-integral equation /3.21/ iz equivalent to
Eqs. /3.9/ and /3.11/.

In certain cases, especially when boundary conditions are
given ir terms of stresses, it is useful to utilize the
equations analogous to Beltrami-Michell equations, These
equations for uncoupled problen'ls have been derived by
T.Ignaczak /1 6 7, for coupled problems by E.Soés /717 7 .
Another method of solutions in terms of stresses in refe-

rence to a plane state of deformation was given by W.
Nowacki /18 7 .

If the variability of body forces, hcat sources, surface
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loadings and heatings 1s slow, then the inertial terms in
the equations of motion cen be deleted and the problem can
be regarded as quasi-static. The quasi-static equations of

thermoelasticity
_/{5 bz;ﬁ}"?" ﬂfﬂ)?g}/y;' * /K'z/fj"} /3.23/
?%J"fﬁ‘?a}:k“ ‘;f%) /3.24/

continue to be coupled. A solution for this system of equa-
tions is particularly simple for an unbounded thermoelastic
medium in which heat sources @ and body forees of the
potential type A= 9%, act. By introducing the thermo-
elastic potential of displacement @ » we obtain, <£from
/3.23/ and /3.24/, the dlsjolned system of equations / 15 /
e 465 -%% vi-mt-4, /3.25/
=L, E=gmx
The temperature ? is determined here from 2 parabolic
differentlial equation whose structure is similar to the
classical equation of thermal conductivity.

For disjoining the system of Eqs. /3.2%3/ and /3.24/ we
can also apply the manner presented previously /eqguatlons
/3e14/ -~ /%,17/ which consists in neglecting the inertial
terms appearing there.

The manner given by M.A.Biot /[ 4 / is also interesting.
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By introducing the expression for entropy

aNE, + LD /3.26/
A /u v i 7;

into the Bqs. /3.23/ and /3.24/ with the assumption &=0 ,
Ai=0 , we obtain thoe system of equations

Ay ¢ (Arae #d, )fi;,,'/;; = //-5’55 2 2 /3.27/
- ! «Z e 2toe i
Ay g a0 d=pip, oL, - Py /3.28/

These equations are disjoined and the entropy fulfills pa~
rabolic equations, The solution of Egs. /3.27/ can be
written in the form of Papkowich-Boussinesq potentials

U-=Yi * Y r Bk, 8=2 f;,,“f,} ; /3.29/

with the assumption that the vector function & is har-
monic. To determine the functions ¥ j;;- we have at
our disposal the following equations

V}‘:" 2 0’ V‘;&E./‘ Q C/Vi —f;‘-"l-)(( ":_": ﬁ"‘ /3-50/

7 4 “
where &~ & 7/ K.

/

After determining the functions 4. , Yo and taking
into account boundary and initial conditions, we shall
obtain displacements from the formla /3.29/.
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As we have mentioned at the very beginning, the thermoelas-
ticity comprises full divisions of the directions developed
so far separately: classical elastokinetics, thermal conduc-
tivity theory and thermal stresses theory., We shall arrive
at the differential equations of classical elastokinetics
assuming that the motion executes in adiabatic conditions
i.e. without heat exchange among particular parts of body.
Since, for sn adisbatic process, there is .4=C , then we
obtain from the formula /3.26/ éz; - ?a’é; or after
integrating and assuming homogeneous initisl conditions

CERY WLV 13431/
This equation replaces the equation of heat conduction.
Inserting /3.31/ into /3.4/, we obtain the displacement
equation of classicel slastokinetics

LR e TR AR /3.32/
where

do= Y fpYr %, =it

The quantities JL,/43 are the Lamé’s constants measured
in adiabatic conditions, The state equations after substi-
tuting /3.31/ inte /3.2/ take the form

@'z Y %'+ Ay bin c?_; : /3.33/

In the theory of thermal stresses in which +the influence
of body surface heating and heat sources action on defor-

mation and stress state of a body it considered, the
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influence of tine term "-.. appearing in the thurmal conduc-
tivity equation on the body deformation is assured to be
very small and ncgligible urabeically. This simplilicataun
leads to the system of two equations independent of each

other
R R T Y /3.34/

v
L. lf.‘

/3:35/

~ .-
&~ -

e,

Z
>
The temperature ¢* is determined from /3%.35/, i.e. from

the classical equation of thermal conductivity. When we know

the témparahrce distribution, we are able to determine dis-
placenments from Eqs. /3.34/.

Wide literature is devoted to theory of thermal stresses.
Many practicel problems both quasi--static and dynamic have
been solved so far. The methods for solving the system of
equations /3.34/ and /3.35/ have been elaborated in details.
The reader can find them in monographs /19 7 - [ 22 / .

In the case of steady flow of heat, the production of en-
tropy is compensated by the exchange of entropy with envi-
ronment. This exchange is negative and its absolute value
is equal tc entropy sroduction in a body. In the equations
of thermoelasticity /3.4/ and /3.5/ the derivatives with

respect to time disappear. ¥q /3.4/ becomes the equation

of elastostatics

lef "1{_3' *. 7;' ‘_"?fl‘,,l_::.-‘ =ld "/_/fé}" ' /5-36/
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and the thermal conductivity cauation transforms in the

equation of parabolic ejype, the Poisson’s equation
d R f‘g /305‘?/
In virtue of the familiar enalogy of body forces [/ 23 7 ,

the determination of thermal stresses is reduced here to
the solutions of the classical theory of elasticity.

4, Variational theoremsof thermoelasticity

It is known how great part is played by the variational
theorems in the elasticity theory with variation of defor-
mation state or stress state. They permit not only to
derive the differential equations describing the bending
of plates shells, discs, membranes, etc., but also to con-
struct approximative solutions. In what <follows, we shall
present the variational theorem with the variation of de-
formation state for thermoelasticity. This method was de-
vised by M.A.Biot /4 7 . This theorem will be consisted
of two parts; first of them utilizes the d'Alembert’s
principle famlliar in the elasticity theory

[a5dar= [MomgiiJlyttr [z puny
% v d

In this equation ¢’y are the virtual increments of dis-

placements, Omé} the virtual increments of deformations.
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We assume that 0@; and cpl—g,' are arbitrary continuous
functions independent of time and complying with the con=-
ditions constraining the body motion.

The d*Alembert®s principle ls valld irrespectively of body
materisl, i.e. for all forms of dependency of the stress
state on deformation state. Supplementing /4.1/ with the
state equation and introducing the quantity

V 4 '/ %ff@ff/ *z’&(&e)f) v, /4.2/

where the integrand is a quadratic form positive definite,
we obtain from /4.1/ the following equation

W = [Ui~p % o o+ prdecdly %fﬂkdq e I3/
v z

The second part of the variational theorem should teke ad-
vantage of the laws governing the heat flow. Therefore ,
we shall utilize the expressions interrelating the heat
flow, temperature and entropy

.

A, AT Brab

These relations can be written in the form more convenient
further studies by introducing the vector function
interrelated with entropy and flow in the following way

de=bi, =TS . /4.5/
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Combining /4:4/ and /4.5/ each other we obtain
Ffe-2Be, TGS =4bs LI,/IF;# J4.6/

Let us mltiply the first one of Egs. /4.6/ by the virtual
increment ¢/J, and integrate over the body region

’;/7@‘ rd{z\z)()’r(/f’r 2. .9/

Through transforming this integral and takirg into account
the second one of the relations /4.6/, we obtain equation

’f* [ Bfpdrre Z [Sas v + / A ?//‘ Gedy =0,
V Py ¥ /4.8/

in which there is nvolved the term [P02lV  1aemtical
to the appearing in f4.3%/. Elimi.na.t:l.::s this term from
Eqs. /4.4/ end /4,8/, we get the final form of the varia-
tlonal theorem

J:fﬁffPrQ)e/Zl}fz“,%-dH /5" f»‘:/‘dlz "/ff?ﬁ‘ NdZ . 4.9/
4 S SO 3
We have introduced here the following denotations

P& [gin, 0[5 /42107
s ﬂy

cA g

The function P is called the thermal potential, 2 the
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dissipation function. Let us consider, moreover, the parti-
cular cases. If we assume &'=- 7 ¥4« in Eq. /4.3/, what
corresponds to assumption of adiabatic process, them /4.3/
transforms into

M = //J? ) Iu rf fréud2, /4a11/

where

W [Ja ety ¢ 36 br)
¥

and s J¢ sre the Lamé’s adiabatic constants. The Bq./4.1/
conetitutes the d'Alembert’s principle for classical elasto-
kinetics.

In the theory of thermal stresses we neglect the mutual in-
teraction of the deformation and temperature fields what is
expressed by deleting the term a-v?;.r /e in i:b,e sacond onse
of the Eqs, /4.4/. Neglecting this term leads to modified
Eq. /4.8/. We obtain here

&/PrD) +/z9@d31'c/2 = 0. /o127
x

Bq, /4.12/ expresses the variational theorem for the classi-
cal uncoupled problem of  thermal conductivity. In the theory
of thermal stress, we have at our disposal two aquations
viz., Eqs./4.12/ and /4.3/ in which the function & is
thought of as the kmown function.

Let us now return to the gemeral variaviumal thacrem of
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thermoelasticity /4.9/ and assume that the virtual incre-
™ ™
ments ¢ C'JE.'/' 5 S , ete. coincide with the in-

crements really occuring when the process pass from a time
instent £ to £+ ., Then

By - Y e i, S D Sl M W,

/4e13/
ﬂﬂBO forth.
Putting /4.13/ into /4.9/, we obtain
24 KrWrP)r ). = £ o oty + ﬁ:é”fz‘z‘- 749&9:- 2,
cz,/-[ ) J;‘ y/ z/k 7';2_-/ J4. 14/

where /(’:ggg/%"zi S is the kinetic emergy, ). dissi-
- “. ’
pation function, where

B2 [ = - [/ Vet

4

The equation /4.14/ is called the basic energy theorem of
thermoalasticity. This theorem can be utilized to deter-
mine the uniqueness of solutions for the tiiermoelasticity
equations /21 7 , /24 / . Proceeding in like manner as
11; the elasticity theory, we assume that the thermoelasti-
city equations are satisfied by two groups of functions
%', ® end 4 , £ . Constructing the difference

among these Tunctions - =& -2 y ErE-E and in-
o

serting it into Egs. /5.4/ and /3.5/, we see that these
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equatlons are homogeneous and satisfy homogeneous bourdary
and initisl conditions, To the functions o/: ' ?.5 there
then coxresponds a thermodynamical body éﬁ interior  of
which 1s free of heat sources and body forces and which is
not loaded on its surface and it finds itself in the condi-
tions of wmere tempenatures ] « The formula /4.14/ will
answer tho question whether or not displacements 7 and
taaperature ?':; will srreegr in the body interior. Eq. /4.14/
taios the foia

L Y e

The integral eppearing on left-hand side of the equation is
aqual to zero at lnibtiel time instant sinee the functions
?, :, % & patisfy the homogeneous initial conditions .
On the other side, the derived inequality indlcates that
the left<hand side of equation either decreases assuming

negative values, or it is equal to zero.

8ince the expression under the integral sign is a sum of
the second powers end the integrend is equal to zero for
t-0 s 80 only the second one of ‘the mentioned alternati-
ves is possible. As a tesult we obtain 7 = ¢ , e; =0
#=0 for £>0 . Since the stresses ?; are linearly

related to the quantities £ , % then also 4 -o for
Lo 14 4

In consequence, we obtain



7/ & ’ #”
%=, -6, % = % for Ex0. /te16/
Then, there existis only one solution for the thermoelasti-
city equations.

5, The reciprocity theorem

One of the most interesting theorems of the thermoelastici-
ty theory is the E.,Betitl's theorem on reciprecity. Since
pot only the symmetry of fundamental solutions /fof Green’s
function/ follows from this theorem, but elso Lt provides
foundation for develecping further methods for integrating
the differentisl eguations of the thermoelasticiiy theory.

The extended theorem on reciprocity concerning the thermo-
olesticity problems Las been fully formulated by V.Ionesocu-
Cazimir /25 7 . The elements of this theorsm, .altough ex-
pressed in a less generel form can be found in works by
M.4.Biot [ 26 7.

We shall present the reociprocity theorem lin ibs msin out—
ilines emphesizing ruaerous ite epplications.

Let two systems of forces asct in am isotropic body. We
assume that inside the body V , the hest sources aud
body forcea operate, smd on body surface, the loadings Fad
and temperature #-  are given. We denote these causes in
abbreviation J>J4,p, 8,47  and the consequences follo-
wing from them - by the symbol ('=/%, &f . The second
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gystem of causes and consequences is demoted by

TEIN, 9. 6 8F ard = f7,67 . The initial econditions
are assumed to be homogeneous. Starting from motion equa-
tions, thermal conductivity equations and Duhamel-Neumann
relations written tor both systems, suitably adding those
systems and integrating over the region V » We obtain two
equations of reciprocity for the transforms of functions

invoived in both systems
K 5- K)o -AT)8 1 [ (B5-BE)V-0, /5.1
Jr %
4 % ¥
[185-38)av+pxp [J#6-B8)at 1 [[F80-BE)2= O s oy
14 ¥ x
where

7% /4,p) = /Z-/.\:, t)éer 5%‘, on so forth.
(]

The first of these equations arises from employing the
motion equations and state equations with aspplying the
Green’s transformation. Eliminating from these equations

the common terms, we get the following equation
gupl i T )0+ i) - o)
v z *
= 31|15~ P )2 1 (68" GE)2Y. |
z v

The Eq. /5.3/ should be subjected to the Laplace’s inverse
transformation. After utilizing the theorem on convolution,



we have

] [ [t 0 2 At BT
f‘ /a'z/x)//;oﬂ'f 7) ik 5"’/5% /,/,f,z-)ggﬁ/fj
-4 /’afr/x)//’a/rf £)0kz) - QAE-TIOKE

7, /a’z‘(ft’) /[’M £.2)80 fy 1) -Set-2)B [ D) JE

The Eq. /5.4/ is valid for both dynamical and quasi-static
problems. But in both cases, the functions 2, , @ and
@‘: 19’_ have different meaning. We have assumed in our con-
siderations that on-the surface <2 , the loading ﬁ and
temperature ?f-wq are given. It is seen from the structure

of Eq. /5.4/ that we cen assume that on £ displacements
and heat flow are proportionsl to the gradient of tempera-
ture B, = 42 .

The Eqs. /5.4/ are also satisfied for mixed boundary con-
ditions.

The Eq. /5.4/ assumes particularly simple form for an un-
bounded body, because, in this case, the surface integrals
vanish,

If we encounter vibration harmonically varying in time

Xl b)= Kipe™S pufe)=pik) e,

and so forth
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then the equation of reciprocity takes the form

pris] (15 Koo Jovs (R pRu) = sy
v =
- a;/,z//@e ‘Gr-p8h) <z [ &6 )

"ﬁe shall obtain from Eq. /5.4/ a number of interesting con-
clusions. Let us assume thet at the point _E‘ of the reglon

v , the instentaneous force /Kidfﬁ/ﬂ-’-.f')n’)r/f)dg/ acts
which 18 directed along 4 -axis, whereas at the point &’
the concentrated force Ai'=d/i- &’ )J/#) ok which is Qi-
rected along di-axis. If we assume that the boundary con-—
ditions are homogeneous, the relation /5.4/ pives

Sy E)E) . O ;&;’;:-_é/,
&

of

For the heat source @’Jﬁ*?,)an/é)' and the source Ql=
dyx-877%) , we nave

Wke t)- 0/€&r)

If the concentrated and instantaneous force 4s = c)¥- & )a.é—')o’
ia applled at the point £ , and the heat source @lm s

- &) of C,o’ at the point*‘ﬁhen the following relation is
obtained from 3q. /5.4/

=55 o O]
e AL QLJ,%% ..f,fr__..._f;.',{_‘f_m-
v {3 oo

Jl'r



Let the heat source @ﬁtjf\fhic&%) GF/X}* 9‘-?‘) moves with a
constant velocity 7° in the direction of 4, -axis.

‘I
Assuming that in the system of causes with "primes" & =

0%’ f)d\/) » We get from /5.4/
*b%fj,/}',_ﬁ;é) /z?/m v §,%, 8, ¢-2).

The above formula permits to determine the temperature
ceused by moving heat source making use of the expression
for temperature caused by the action of instantaneous but

not moving heat source.

Prom Fqs. /5.1/, /5.2/ or /5.3/, we cen obtain particular
forms of the reciproclity theorem which concern the classi-
‘el elastokinetics and the thermal stresses theory.

If we assume that deformatiion takes place in adiabatic

conditions, then it should be put =~ Dy ¥ Exck ;
/ /7
== % ¥ax in /5.,1/. Then, the following equation
remains

[fiwt- Wi [AEFNz=0 s
¥y

The Eq. /5.2/ disappearse since in the elestokinetics we

assume that heat sources do not exist in a body and the body
surface 1s thermeily isolated.

In the theory of thermal stresses, we neglect the dilata-—
tion term in the thermal conductivity equation. This omi-
tting is formally equivalent to putting 7= @ in Bq. /5.2/.
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Thus, we obtain the equations

m' A A dmf/ V4 f af)a’z,t///ﬁ &l =0 .67

167" é'ﬁ)d’f’ra'// B PG =0 gy

The Eq. /5.6/ has been derived by W.M.Majziel / 27 / .
The Eq. /5.7/ is the equation of reciprocity for the classi-
cal equation of thermal conduetivity.

We shall, moreover, consider the case in which the causes
[#ff,ﬂ,@ 13} and consequences ( = fﬁi, ﬁf refer to a.
coupled problem of thermoelasticity, and the causes ]
=/f{:’, ;',(2, Wq_; and consegquences C= f&:‘, ff to a
uncoupled problem. Taking into account the difference in
the thermal conductivity equations for coupled end uncoup-
led problems

/ J" . é' /5-8/

we obtain instead of Eq. /5.8/ the following equation

V/ (@F-G8 )+ a;a;j/;gm i[fex;g,,, R0

Eliminating the term rﬁﬁfﬂ?’l/ out of Eqs. /5.1/ and /5.9/

we get the recivrocitv theorem in the form

;;4-/){/ / f/ - J Ay -_/.‘..Z o7 vz #Af /f;'-s‘]u, Lo
P € g ey K /54107
=2/ Ve An At el - HElY
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Let us now assume that only concentrated and instantaneous
heat source acts in the system with "primes" and boundary
conditions are homogeneous, Inserting then into Eq. /5.10/

QA=Ih-g)I), K'=0, pl=0 P-o0

we have
8op) 1y TR e )= FLs) o,

where

H/% 2) 'r/' G, p) P § pIAN) - 6;/5"7%9)5 2 l53,R)721%) -

; gﬁg[/' Vs ) f ) Z) 1| ot p ), & P ).
Pa Y

Since the functions %, &’ ave kmown as solutions for the
differential equations of the thermal stresses theory, and
the functions é;'fj;f-!; A arve given, then the function

A/ ) is xnown. The Eq. /5.11/ is the Fredholm’s inte-
gral nonhomogeneous equation of the second kind in which the
temperature a sppears as an unknown function. Also dis-
plaoanemt-s can be obtained in the like mamner.

The procedure here presented was proposed by V,Ionescu-
Casimir /257 and applied for determining the Green’s
function in an unbounded elastic region /28 7/, [ 297 .
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6. The methods for integrating thermoelasticity equations
following from the reciprocity theorem

In the elastostatics, the expression is derived which inter
relates displacement #%/x £) ,X€V , ¥>0O inside a
body with displacements % and loadings /Oe‘ on the body
surface, Thosa relations are familiar as the Somiglian’s
and Green’s thuorem / 30 / . We shall present below +the
theorems of such®kind extended for the thermoelasticity

problems,

Let us assume that causes producing deformations and tempe-
rature in the body are expressed solely by initial condi-
tions, The initial conditions are assumed to be homogeneous.

The equations describing the body motion are of the form
Yoy $% B-48-0¢=7 xehtso /6.1/

We add the state equations to these eguations
=D SRORTI
6;7 ZAE, [ Txk ﬁﬁ)cf, /6.2/
We consider the second system of equations with "primes"
concerning an unbounded thermoelastic body

!

Vi ot G = ERlwdn. Ldl- ‘) 6.
G =i, Gy rabre LHx-¥)I#) /6.3/
X ). E >0
and the Duhamel-Neumann equations

g?';i,qg}'fﬂ’&;,; ".}/9/}%‘; / /6.4/
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In BEgs. /6.1/ & /6.4/ we perform the Laplace’s transfor-
mation with taking into account homogeneous initisl condi-
tions, and next we add suitably these equations and accome
plish integration over the region 4 .

After a number transformations which are omitted here, we
obtain finally / 31 /

Oy~ 15 L6 ) o i Pt ] 1€
/6.5/
= o0 [ P) B (5,0 - W ) G (54, 0)) #1E)
Z

This formula .can also be derived from the reciprocity
s /
theorem /5.%/ essuming Q*J/-Y-_?)d:@),/{’@ A7 w g @=0

Let us consider, im turn, the second system of equations

Gy < - 09), i
Bl - 46790, /6.7/
6;‘;‘»‘ =2p &'+ (A% -a//?-‘*")o;?r. /6.8/

The functions % " 7 ®' are assigned to a unbounded thermo-
elastlc reglon, They are induced by action of instantane-
ous concentrated force /n‘/-‘—J/f-‘g’ )dx'{‘)oﬁ} directed.
towards the Xy ~axis. Putting A= Ih-§)d)ds, Ai=9 @=¢
@=0 in the reciprocity theorem, we obtain the following
expression for displacements Z; / %1 /
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U/ p) “f L7 (6 )T en -5 0PIl RS
B J15 (6P W ) 0 L)
-

The Eqs. /6.5/ and /6.9/ should be subjected additionally
to the Laplace’s inverse transformation. It leads %o con-

volution expressions which are omitted here.
o

The Egs. /6.5/ and /6.9/ consitute the generalization of
Somiglian’s equabtions for the thermoelasticity problems.
Using them, we are able to express the functions -%‘ﬂf'),
T E) xe V, >0 in terms of surface integrals in which
the functions %, # und their derivatives appear.

If the Green’s functions #:; &’ and %% #* are chosen so
as they refer to a body occupying the region / bounded by
the surface < and if it is assumed that the following
boundary conditions should be satisfied onZ

— =7 = rd
-z;aa/ @%:C} 2/‘-‘-_-0/ 8= o i &

then Eqs. /6.5/ and /6.9/ are simplified to the form

81y [P orp ity R IVPITE) 1 o,
<

{" i ’ I ’ »
Upmp)= - | FLeSp)ELP A2LE) # e
: ?, & [ g
| ey [P0 6o A P
These formulae constitute the solution of the first boun—

dary problem in which displacements <& and temperature &
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are given on £ . If the functions :5":; £’ ana % 87 were
related to a body ocoupying thoé_ region V free from loadings
and temperature on the surra.ceH it should be added to Eqs.

/ 6.5/ and /6,9/

ﬁﬁﬂ 0} q;‘/_ 5), ﬁ—_d= 0} Jﬁ- © on 3.

In this cese, the formmlae /6.5/ and /6.9/ assume the form

PAp)= gi,‘{f Alep)%fx p) 42(E)* —
i [[H/E ) B B, p)A/E),
.y

% (%p) -zf /& kX p)d 2 (€) 7
Z D [0, P )2/ E). .
o :/' HEKP U (67.)727 i

and -they consitute the solution of the second boundary
problem in which loadings ,/ and temperature ¥ eare
given on the surface < . However, the application of
formilae /6,10/ = /6.13/ is restricted owing to the diffi-
culties associated with obtaining the Green’s functions
%3/ %, P satistying the boundary conditions given in
advence. In the analogous way as for the extended Somi-
gllan’s and Green’s formulae, we can construct the solu-
tion of thermoelasticity equations for mixed boundary con-—
ditions. One of manners, being the extension of the W,M.
Majziel methods from the thermal problems theory to thermo-
elasticity problems, can be found in the previously cited
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work by V.Ionescu-Cazimir /25 7 . It consists in using
the Green's functions satisfying at once mixed boundary
conditions. The second menner devised by W.Nowacki /%2 7
consiste in making use of the Green's auxiliary functions
fulfilling continuous boundary conditions and leading the
problem to solving the system of Fredholm’s integral equa~
tions of the first order.

2. Harmonic waves

In discuseion of a wave of the simplest type i.e. the plane
harmonic wave, the essential properties of the propagation

of elastic waves, their character, velocity of wave propa~

gation, wave dispersion and damping are revealed at once.

Also the fund.amenta; differences among thermce!astic waves

and elastic and thermal waves will be disclosed / 33/ and

[347 .

Let us consider a harmonic plamne wave, moVing in the direc-
tion of Xy -axis, induced by a cause of mechanical or ther~
pal nature. Since displacements %  and temperature e
depend solely on the variables 4y and z » the displace-
ment equations and the thermal conductivity equations,
after taking into account that

o4 94 L — i
Y- Ke Syt 6 T O RefRR )T, /2.1

assume the form



-~ 105 ~
(Z’fm*jwt maB,

(% +9)¢  papda’= 0

Gireru=0,  [Ey 0

where

2 z2_ @* - (&,
@:%/ ?’—}?)? e

Eliminating the temperature o from the two first equa-—

tions, we have

[0 Yol 19)r 9625 ™= 0, Bin2)iiq, (o200 [,

The first equation refers to a longitudinal wave, two remai-

-ning ones to transverse waves,

If we insert
. :f.
yr=voe™  O%B%e
into the two first of Eqs, /7.2/, we obtain

o it B - ek
h° LR 1 77 - £

After eliminating the guantity %° from these relation,
we obtain the following algebraic equation
A b [T g (116)] 79 G €= 9m¥,

from which, we determine the roots

/74/



These roots are the functions of the parameter ¢: 4= 4/e),
by=As/¢) . For g£=0 , we have

Ko)=2=6,  Ap))=17
The following functions are the solutions of the two first
Eqe. /7.2/
Y = Uy g -l RN, ] # UL Eyp/-col - chn]F
e (g0 = L s /7.5/
7 o__”!”:rﬁf jﬁ, Epol-cul riga]- B exnp/-cl -4 fz/f,

B~ 8 expeotritns] 8 up [~dot- ot ]
# ;éq__; /f wigppl-det iy J- L sepp[-ciot-chyts] j :

The transverse waves are given by relations

% 8 pyp [ e/t )]+ 8 exp ot < )]
/7.6/

%-C a:)?ozlm,./t )i e;/o/i @/&ggy.
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They move with the constant velocity .4 = /&g) 72

These waves do not cause volume change and do not produce

the temperature field accompanying the wave motion.

The set of Bgs. /7.5/ will be called the equebions of thermo—
elastic waves. The irst Eq. /7.5/ presents a longitudinal
wave, the second - the temperature accompanying to these
waves. Denoting by % /B=#2) the phase velocity, and
by 4% the demping coefficient and combining them with the
roots of Eq. /7.4/ by means of relations

b s Y= Fn/h) fo-4%,
we transform Eq. /7.5/ into the form
U 4’ op[-olt-g) -t | 1l emp /o F) #ia ]
»alle [ 8 op]-iott-5 )] -
- 8o [iwltr )v-a%xf]f;

177/

=8 op [/t~ J-ohi] v Begp oo s Vrabir] £
v‘_%g_jf.;& Zf o o [t~ ) - Bxe] -
~Logp]-colts &) ] f
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It is seen that both waves are damped and subjected to dis-
persion because the phase velocities 7z depend on frequen-
cles @ . The physical meaning of the waves /7.7/ is clear
if we compare them with waves in a hypothetical medium cha-
racterized by the zero value of linesr expansion 2 . For
&= O , and then for fu-tz = & the two first of Eqs.
/7.2/ become

(%s09 4= 0 (d+3)0"= 0O /7.8/
The solutions for these equabtions take the form

G 4 ogp [cwlb-)] # 4 ey it 2)], /7.9/

,’Z‘n; 4 970 [_“ o ﬁ-’%f) » 42;(:/ £ ﬁ'ey[;m/z’ 7 é‘ /1 + 25*:/;

where
% f . Y%
% - (tww)”: = (%)"
a= [tz )’A

Here 4% represents the wave purely elastic moving in the
direction of the X+ -axis or -4, -axis with the constant
velocity ’5'; =¢ . These waves are subjected neither dan-
ping nor dispersion. The second one of Egs. /7.9/ represents

the wave purely thermal undergoing damping and dispersion.
The damping is characterized by the coefficientﬁg" ,4»_/).-}--(:%;)"’{:'



Dispersion takes here place since the phase velocity

Pe & = [orw)”
Rel:)
Eqs. /7.7/ describe the modified longitudinal wave and the

is a function of the frequencys .

modifced thermal wave. From comparing /7.7/ and /7.9/, it
results that the root £,¢) characterizes the quasi-elastic
form of a thermoelastic wave, since #/0) »0 = &/

refers to the wave purely elastic, Similarly, the root 4/Z)
characterizes the form of quasi-thermal wave, whereas ‘
Ayle) =0 = /; concerns the purely thermal waves in a hypo-
thetic medium, It is interesting fact that in the modified
elastic wave /the first equation of the group /7.9/ /
there appear closely each other the quasi-elastic terms

&' egpf-cuft-g2)-vhar], 4 [-dositrit) réai],
and the qm.t-thenil terms
O epl-actt-)- s, Copl it )rin]

The similar situation exists in the modified thermal wave.

Moreover, we should discuss the roots té, » A: or the
quantities 2} 25 4-/4 Introducing new denotations
B, P,

_t = :'__'_' /:':' % w T~ -(..“. 3=

&
@ v &'
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we lead the Eq. /7.4/ to the simple form

§-FLatr iy 2= 0 reedts

The roots J'J, fg of this equation are the functions of
parameters & and{‘»‘w—‘*'; . The quantity £=9m% is a
constant depending on thermal and mechanical properties of
materials /whereas thae ,‘r changes together with a change
of Prequency &) . The quantity ¢* is a characteristic
quantity for given material,

The frequency of forced vibrations « is limited by the

quantity
e = 2l fs /7,;-3'_% )“’

resulting from the Debye’s spectrum for longitudinal waves
[ 357 . In this formila, /7  denotes the atomic mass of
a material constituting an elastic body, end  [4), =

= f‘%"ﬁ' & whe:e % (% are the Lamé’s constants for an
adliabatic state.

The fundamental values for four metals are set in the table

Aluminium  Copper  Steel Lead

(), om/sek. 6,32x10°  4,36x107 5,80x10° 2,14x10”

£ 3,56x10-°  1,68x10 2,97x107 7,33x10"
¢ sekil 4,66x10”7  1,73x107 1,75x10% 1,91x10¢
e om 1,31x10  3,29x10° #4,48x10° 3,27x10

L. sek.’ 9,80x10/%  9,55x10/¢ 9,95x10'" 3,69x10%
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In the table, there is also given the damping coefficient

o0 i ﬂ_‘_ fé;l“
13 for y= o whnere f/? = é’—' @ .

Tet us note that @ is considerably greater than «©%. In
the laboratory tests performed with the help of ultrosonic
vibration of very high frequency there is

lir > 0¥ > @,
go that for mechanical vibration encountered in practice it
can be assumed that J'= gi,. &1

The graphs of ratios %fz);  end ‘i'g"/eg“’ versus the
variable J'= 4’/@" for copper [/ 33 7 are shown in Figs.
1 and 2.
e vy/leshrh
w0+

10

‘B

a4

a 2 4 & 8 ,

10
x-who”
Fig, 1 Fig. 2

It is seen from the Fig,l that the phase valocity\zg.a greater
then (4). end tends to this value as y~o« , The damping
coefficient 42 increases together with A and at small
frequencies it is proportional to y* approaching the asym-
ptotic value 77 . In the neighbourhood of
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abscissa )=/ fwr-¢*) , the quantities change abruptly. But
for the practical application of the theory, we take into
account only a small region of variability of J =g
Thevefore, for y<«4 , the roots §, 53 can be expanded
into power series in x and we can employ the relation

5= @), /i o+ 4'3’&-‘- ) A=42,

! (% et/ :
In this way, we can obtain approximate values of phase velo-
cities and damping ‘coefficienta. We present them according
to P.Chadwick / 36 /7

Y = o (1re)” /-/ Jﬁ/ f;j:;v * C/?"’;}Z /7.11/

3 ‘e
e P /”'t,) Ve _ﬁ.’_‘.'—'. -+ /er
By = & _1)‘5/-’—_1.{ +£F(?f€l L[t re? r(/;"

.{‘/‘r!‘)“' 37HENY /g, ArE)"

5 - ‘—‘:-Xi ,fm-y? A€ _ p _L*’f’fj_f b-r2ee )y 0/;"2,-7

k./ﬂfl d'{'.fri‘j" (zre)‘

It seen that for _,‘«.-;’; Py a_t.-/’-’* f}"(" can be considared as
a constant value slightly greater tham <, = %), and the
quasi elastic longitudinal wave can be treated as damped.
but not subjected to dispersion.

We shall present below the solution of a very simple

example of plane wave when plane heat source acts with the
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intensity @, . This source changes harmonically in time
and operates in the plané =0 . We get here

/ LTl
%= B R fii, [opiilt-f)-in) - -

- o9p /‘éh’/f‘ﬁ)’éif)]f fo >0

. / .:__ 2 ) . —_
b~ 5% Al [ SR p k)
Q’; Z N/ ) M E
% ”f/"‘“’/"”ﬁ)"‘g"’/]ﬂ N

The phase velocities 72 and the damping coefficients 1;4.,
are taken from the formulae /7.11/.

If we neglect the coupling of deformation and temperature
flelds, i.e. if in the thermal conductivity equation we
delete the term -?f':m , then inserting 4/) =0

&) =/? instead of 4/¢) , £ /¢) , we obtair from /7.12/
the approximate solution of the thermal stresses theory

&8 affopfenig) BN

% = ”ﬂ%’ﬁ’e
Zac 7

2/?[5’/"’/1"""/&:@) }

)
~e/y,o[“~’/f-"' - /7
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The displacement 2. is composed of two parts: of the undam-
ped elastic wave moving with the velocity ¢ and of the

diffusion wave damped and subjected to dispersion.

So far, a number of particular problems concerning the pro-
pagation of plane waves in elastic space and semi-space has
been solved. Namely, IL.N.Sneddon / 37 / studied the propa-
gation of wave in a semi-infinite and infinite rod with
the assumption of various boundary conditions, and thereby
various causes inducing waves. The author consldered forced
vibration for a finite rod. W.Nowacki / 38 7 considered the
action of plane body forces in an unbounded space and the
action of plane heat sources excitabing vibration in the
thermoelastic layer / 387 .

The interesting result is hers that the phenomenon of reso-
nance does not arise for forced vibration. It follows from
the character of wave motion which is damped. For forced
vibration we have the amplitudes with finite values. Namely,
for the case of layer of the thickness ol which is free of
stresses and temperature in the planes bounding the layer

X=0 s subjected to the action of heat sources ¢=Q%me?
we obtain the following expression for the stress

oo < - 1
O DI YA it et 1 I i SO RV
X Gm o' (=0 r 2 fhre) -0 T ¢
X g A1

where
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w4
j’*‘ %; a = g’i_/ 5,;." é/g%’f)ﬁkdfy,r,t?’x"
0

We shell not obtain here resonance, since the denominater
under the sum sign is always positive. In the particular
case o;'= 6’ corresponding to the resonance for uncoupled

problem, the 7 -th term of this series can be written as
+
G= - S pnot &y oy s /7.15/
cr,"

This term possesses a finite value altough a magnitude of
stress (") will be considerable because the £ is for

metals of the ordar of several percents.

8, Spherical and cylindrical waves

Let us consider the wave equation characterizing longitu-
dinal thermoelastic waves which was derived in Sec. 3
/formulae /3.9/ and /3.11/

[Jf¢=mt, /8.1/

0#-:;;?%5-—0. /8.2/

If we assume that the wave motion changes harmonically in
time, then if
sy il -te
Ft)- Fix)e e Blxt)= B ) e

then from Egs. /8.,1/ and /8.2/, we obtain the following
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equations

(V3 43 (T7452) (8787 = & /8.3/

where the quantities -é’,f'.-, are the roots of Eq, /7.4/ dis-
cussed in the preceding sectlon,.

Let us consider these solutions for Eq., /8.3/ which are
characterized by singularity at the point § and which
depend on raiius 2, disztence between the points X and

&€ . These solutions which will be denoted by 5@77)
satisfy the equations

T et %‘ + A= 0, /8.4/
od=42.
Here =3 refers to a three-dimensional problem, #=.2 to
a two-dimensional problem. In Eq, /8.4/, the summation
with respect to the index ¢ should not be performed.

The general solution of Eq. /8.4/ takes the form

1) = L [ ) 8 (0a7)] /8.5/

s 22
il

o)
Here /{n and f&;‘u are the Hankel's functions of 72z -th
order and of the first and the second kind.

For »=3 /then for m-z‘i / we have
ﬂﬂ-
H/& Ké"r) " "" —;’—.:- /
) cbu
Fe lor) =A%, €557 o= g2,

>/ -
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snd the function

d'f - ;
wm- AL+ £ :.;/ P L) ~§) ) /8.6/

becomes the solution of Eq. /8.4/.

In an unbounded thermoelastic space, we take into account
only the first term of Eq. /8.6/, ®ince the solution

fo [64 27 - £2m -

”’/(7:?‘,“‘) / &‘%ﬂi),

represents a divergent wave propagating with the adopted
phase from the sysliem origin #= ¢ to infinity. Only
this solution has the physical sence. For a c¢ylindrical
wave for =2 and = we get

HT) = AH Tor) + BH Veer), 2 15-5)0-5), 127
ey
Here, we take into account only the first term of /8.7/
"Por un unbounded medium since for high values of the ar-
gument, we obtain

R K tar)] = fiz, w0 (lrF-et)r o

representing a diverent wave propagating in the direction
of increasing 7 .
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v)

In the expression /8.8/ the symbol (/> "' denotes the

value X which is such that the ratio ’(/'r o remams boun-—
4
e
f%ﬂf‘/;(‘;-v‘ should satisfy in infinity the so—called emission

conditions [/ 38, 39 and 407 :

ded as r—> ~ , The solutions here presented é’

Kir) i hi ¥ " g
€ f o e Fy .’"*-'
ne3: L[ ik £ < E7C[H) ko,

/8.9/

n=2: %/foar.«z.ﬁ Aw) 9-(/7 jf“) k>,
=2

These formulae inform about the behaviour of fundamental
solutions in the neighbourhood of a. point removed infini-
tely.

If we consider such a class of solutions for Egs. /8.3/
which behave in infinity similarly as the fundamental solu-

& ki r )
tions 5’_?__, , HL (ks ) then we should require the satis-
faction, by the functions ;5’- ﬁ?‘f %" of the following

condivions in infinity

R// :_3 . gﬁi - c"A'.; gi‘: € ‘&‘,—CL/?'““‘) z,‘ft > f__'»/

or ’ /8.10/
e -
, ¥ _ . AR RSy s .
p= 2 .é.;y;“- ke S =E (//7 i), 2% > (]
u=42

To these solutions we should add the condition on a finite
value of the function

C;?f:: o) - for o — 0



o i
where the symbol (J/7) denotes a value arbitrarily small.

Longitudinal spherical waves are obtained only for a special
choice of disturbances. They arise owing to the action of
heat .sources and body forces of the potential origin, both
in unbounded and bounded medium with & spherical void with
the boundary conditions characterized by the symmetry with
respect to a point.

Let us consider one of those cases, namely, the action of
the concentrated heat source @, é mtd%") . We assume the
following form of the solution for Eq, /8.%/

P~ £ e 4, e%7) /8.11/

where constants 4,4 will be determined from the condition
of requirement in order that the heat flow through the sur-
face of sphere 77— ¢ be equal to the heat source intensity,
and in order that a;‘; gg‘: be equal to zero for 7»F=C .

In consequence we obtain for the functions 96}‘ Jf‘hhe :h::llclw.’u:u;J
formulae /[ 41 7

- 28 /8.12/
" Ty T ejfaf[wé’ Z)-4
"#ﬁ[“"f%}-ﬁ?_&,
’ (s 5
"= ?—;%/*M)//{e"ﬁyb/'ofzw/zﬁé)-k?7_

= [g‘.’. 6*?9,(/0[1.(0/5'%) C 3;7_//
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Here 7, is a damping coefficient, /4% a phase velocity of
the wave. The functions % £* are damped, subjected to dis-
persion, satisfy emission conditions and exhibit a singula-
rity at the point 7=

Having known the function ¢ ,we are able to determine ra-
dial displacement %R = «5 . For &,= 7 the formulae
/3.12/ become the Green's functions for the potential 1?5"
and temperature 49 . If the distribution of sources fz%j,a.‘) =
Q X)e “'tls given in a bounded region } , the potential

is expressed by the formula

Pixw)= f £/E) G?Z‘?.i; § ) al/E). /8.13/
i .

Till then, a number of particular cases has been solved
referring to spherical waves, They concern the action of
compression centre in an unbounded region and the space
with void w_fith the assumption of various boundary condi-
tions characterized by a spherical symmetry [/ 41 7 /387 .

A number of theorems has been developed for spherical waves,
They can be thought of as an extension of the Halmholtz's
theoren foriplastokﬂnetica and the enalogous theorem of
the thermal conductivity theory for the problems of thermo-
elasticity [31_7 . The idea of this theorem is the
following. The system of equations is given

(Veode=myv®= ¢ (P*g)rr 1 Fe= ¢, /8.14/
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which is regular in the considered region £ , Here z*
denctes the potential of thermoelastic displacement, 2'*
temperature. The elimination of functions z* or 2*' from
Eqs. /B.14/ lead — to the equation of the type /8.3/.

" + "k-' K L Y
It can be exhibited that if the function &} »f 247, Qo
are given on the boundary 4 of the region & , then the
~., :
function {t a point ¥¢A8 can be written as

#7k) = /Z ¢7&x) %)' 77 @g‘%iy H/E) /8.147
A

reggk [Py G- 20 20 e,
£ €8

In this case, the functions ¢%§) ’ é%}}) are the
golutions of equations

(Vie)¥ -mbeo (3q)8'% £ 7#t -Zdfe-§) /8.15/

£e6,

¥ om § d:ﬁ"r_ 8—4'4'3?‘
¢ viae (- 1o7) T / / =

‘. 7 el ke

4’4‘ = éﬂ!"‘ 0’: a{n}'é

For x = CC‘@ , Where é is a whole space, there is #/%):c.

where

/8.16/

Por an uncoupled problem /£=0) i.e. for the theory of
thermal stresses, the second integral of Eq. /8.14/ dis-
appears, In consequence, we obtain the egyation
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/7, g‘r/_;?;r 7 ;
a*’;’r)w é’)zr»/ Vel %/!j/ﬁ/ &, m=hE): sy

so it is the theorem familiar in the thermal conductivity
theory. For the function Z%%)  we obtain the following

formula

EVEX) T
@) - %/ /4_’/5*/‘”’5} ?‘VF)%/”/f R /8.18/

/Q’«zf%v WE g )5 (RIER)JHE), xe8,
-’d e

w“'k)=0, XE€ E-A

The symbol i~ Pr o't £ is introduced in this
formula, The formula /8,18/ is expressed through the func-
tion #Y7X) inside the region ¢ by meens of the function

), 28, vy, A

!

on the surface 4 » When going on from thermoelasticity to
elastokinetics, we obtain from /8.18/ after a nuamber of
transformations, the Helmholtz's familiar theorem /[ 42 7/

g ) patlr
; i LEL T eat. gt -’f—f V) we B
NS il 5T s R ¥ /8.19/

Here
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- @ = /) f“‘%‘f ‘;2
f{;}; where ‘/[{)‘ ( {:—g;——— ) .

Spherical waves can arise in the case of linear heat source
or linear compression centre, or in an unbounded thermoelas-
tic medium with a cylindrical void on the boundary of which
heating, pressure or deformation takes place and i1t is dis-~
tributed in a axial-symmetrical way.

0f numerous solutions /38, 41, 43 7/ , we referring to a 1li~
near heat source &/¢) =&, zwt"%' = )%

For the amplitudes of displacement thermoelastic potential
and for temperature we obtain the following formulae / 41 / .

g -—-——y‘:"/’:’,’f_‘m [V - )

ol [ ) U) - 54 1Y)

/8.20/

o+
7 f’&'/ 4: '3""
These functions satisfy the emisslion conditions. They are
damped and subjected to dispersion,

9¢ The Green's functions for an unbounded thermoelastic
medium, The singuler integral equation of thermoelasti-
city

In the preceding section, we have presented the Green’s

functions for point linear heat source. They satisfy the

equations
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g;a/ = F‘;ﬂ.;_ry“ ’

- - 2 = ~
2.0 i , - A 3. .
Len ffga'f"*.;’—’-%.&-f%“'“»" 791/
Lo W 4
By &, £ we denote here the amplitudes of displacements and
tempereture. In turn we should determine the Green's func-
tions for a concentrated force. Let, at the point & of an
Yod - § s 6467
unbounded region, the concentrated force =0k-¥0r e
act which is directed towards the JX,-axis. The action of
this forces produces both longitudinal and transverse waves.

We should solve the system of equations

9};’ = Q)}?f,"”—dﬂ/x—j)db) 19.2/

,K)'?'js:&ﬂ"r‘é%fl* C;

te)

v 1)
in which we have denoted by &', "-’/‘r " the amplitudes of

stresses, displacements and the temperature caused by the
action of the concentrated force applied at the point §
and directed towards the AXv-axis. The system of Eq. /9.2/

can be replaced by the system of wave equations

/V J} z,;)y‘_f'tl: _/‘_./? Tz ; 4':/,2/.3 /9.4/

These equations follow from Eqs. /9.2/ under the assumption
that

o 7?”,95 f-nf,v”’, X’f_f/f”‘/’g’“rf/)' /9.5/
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The amplitudes of body forces are determined from the for-
mulae [ 44 7

- /'XA ) greds (i) W),
FZE —,;-,j—g,y/k/x')x e (sl ) U

/9.6/

Por the considered here case of the concentrated force di-
rected towards the X, —axis, we find

‘1}"!}? 2/‘?{-)! =&
= yf_fg’/of) ’fﬁt-i" /)

From the-solutions of Bgs. /9.4/ we obtain
=0, Ve .’%’:;& G [re), }6"}3} YD) /9.6/

whero

E/%@)-o_ji/e /) reh-E ) £) £33

From the solution of Eq. /9.3/ with taking into account

the fact that the function P is charecterized by an
axial symmetry with respect to the 4, -sxis, we obtain

[T L4557

ﬂ)
F{r@‘ ? /r@)’ 19,7/

where

Fho)= AL -#Z-1

chyr
Kef, = BET, peye
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(4 4. H=2)7"
s A ERRD
The temperature 22 is determined f£rom the formila
4) 2 ) q
B g (73 0)F " 50 /9.8/
Employing the formulae /9.5/ and /9.8/ we get
%) e P T
?'(:.—'- ) ﬁ,{f{g:d)?} /9-9/
)
P @%‘/A’-lf) 9[]'/7&:) 4,/9-41)7 /9.10/

These functions have a singularity at the point £ and
satisfy in infinity the emission conditions. If a concen~-
trated force acts in the direction of the 4y -~axis, we
have the following expression for the Green's displace-
ment tensor lf" and for temperature /i

iz Jlrer ry i,
A s K A L) R R

From the found solutions for a concentrated force, we
can obtain further singularities, expressions % #’tor a
double force, for a concentrated moment and ror a centre

of compression.

For a two-dimensional problem, we obtain for the force con-
centrated and directed towards the i, -axis, the following
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Green’s functions /[ 46 7 :

4 /ﬁﬂﬁ’/&?) AK V) R Tf A 19131
172 ’M ~ A1 -
P Gmeridy AN WK N, L

#-[y-,@)/y-};—) ) 774 =42

Having knmown displacement functions and temperature for
the action of a concentrated heat source and a concentra-
ted force, we are sble to construct methods for integrating
the thermoelasticity equations for a bounded body / 317 .

We introduce the thermoelastic surface potentials analogous
to the elastokinetics potentials / 39 /

KK)- 2/22/€) 4h/8)%Y% ) 124 210) /) 2%,%),
x

ol

m)-zﬁff’/ﬁ) weB/) *ﬁf vh i),
Here ;&/ﬁ), f/}') are the unknown densities of the
corresponding regularity. The functions 5:, 5’ % 7?7 are
the Green’s functions satisfying the Eqs. /9.1/ and /9.2/,
i.e. they are the mown functions, !ﬁha following system is
called the thermoelastic potential of a double layer

Wafs) = 3/ /8 tu/8) 4/5%) M{ 191/ Q_/ﬁ o
W) = 2[e/)y/y 28D 2 (e e)f s ). 1O
< I
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The following denotations are introduced here
PED < [208] 1p pENTY,
Plen) < [Znbs + DG OFy
Lastly, we can utilize the thermoelastic potential being
the combination of potential of single and double layer

At /2L p/E) pilen) r e ) TEY.

. " /9.17/
H) = 2[UT%) p/6) Br) » 2 ) B /) fr/E )
¥ £

It is exhibited that the potentials /4/k), /) are the
continuous functions of the points x&2 . But the poten-
tials of double layer /ﬁ/k), H/x) exnibit discontinuity

on this surface. For we have
W V) - Ghfe) # Hif&), h2-u &1H E).
W% = o) # Hifee) . W " Jm)= /%) PATE )

/9.18/

The functions #i/E) . i“/&:) and 4;/¢.)  aenote

correspondingly the limit of vector A4, &) as §- %62
on the surface > , # ¥) as §»%£¢Z from the inte-
rior of the region / and /7 /¥) as €~§ €2 forfef"y.
It is exhibited that the first surface integral in the for-
mulae /9.16/ represent a discontinuous function, the second
integral - a continuous function.

Wie next introduce the denotations
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gLty g,
/9.19/

J/&? = Ve Pk /%),
where ¥, V are defined by the formilae /9.15/. It may be
shown that

Ay ) i), G 48) 2 B8, 19:20/

A< -ul8) fifhe), E V) plh)? 08

The thermoelestic potentials /9.15/ - /9.17/ and the rela~
tions concerning discontinuities of these potentials allow
to reduceé the fundamental boundary problems to solving a
system of singular integral equatioms.

Let us consider the case when displacements Z/f.) . ﬁ/f‘-)
and temperature £/%) ’f/i‘v) are given on the boundary < |,
then we look for solutions in the form

Uk)= Wifx), B/ =)

where the functions 0;’,4'), %%)are given by the formilae
/9.16/. We can easily verify that inside the region // .
the Eqs.
Lalh- post-0 (Vig)brEdi=0
“f/ “_;, ( i /9.21/

are satisfied, where
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Taking into account the relations /9.18/ for the functions
;ﬁ/j')j y/f) we arrive at the following system of coupled inte-
g}‘al equations

, G/%)-2 T LE)p55) 24 et e) 2155,
F

/9.22/
2 =-fi/%)
U5~ 2 1y ) DR 2 (76 0 /t)ph e ) =
i g 7/%)

These equations have the form of singular integral equations
of the second kind, and the integrals ccemring in them should
be thought of in the sense of major values. If, on 1:;; boun-
dary <2 , dispTacements Z/&)= /& )and heat flow = e
= S’/j“’) are sivai, /t;hen we look for sa]ﬁé:;
in the form

Uf) = Hi Ix), BR)=Hpx), xel,
where the functions /Z, #/ are given by the formulae /9.17/.
e can easily verify that inside the region }’ , the Egs,
/9.21/ are satisfied, and the unknown densities fulfill the
system of integral singular equations

itk LB L8 5) -2 [ L)1 )i )
-
/427080 b PO 1 2 [ 9 TR stk
s L] ‘?- o

/9.23/
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where
& .? §' ﬁ/fs ) xel .
Jr
_ Bk %)
The guantity ‘%ﬁﬁ_“" is defined analogously. Let us

note lastly that if loading /2 -70.-/.?, ) and heat flow
J”' 5/!9) are given on >3 , then the solution should be
sought for using the potentials of a single layer /frﬁr) '
V/\') . The investigation of existence and uniqueness of
the obtained singular equations is carried out in the simi-
lar way as it takes places in elastodynamics. The systems
of singular integral equations presented here comprise par-
ticular cases related tio thermal stresses theory, thermal
conductivity theory and elastodynamics.

When developing the general theory of propagation of thermo-
elastic waves changing harmonically in time, thers was sol-
ved simultaneously a numbe:?fparticular problems, leading
them to the form useful for discussion. They are mostly the
problens typical for classical slastokinebics which in the
framework of thermoelasticity were extended and generalized.
A great desl of attention was devoted %o surface waves. This
problem was first discussed in the work by F.J.Iockett /37 /
and then, in bresader and more thorough manner, by P.Chad-

wick and D,W,Windie / 49 7.

When deriving sufface waves in a plane state of deformation,
we start from the wave equations /for longitudinal and trans-

verse wave/ and from the thermal conductivity equation. The
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wave +travels parallelly to the plane bounding the seni-
space and vanishes in greater depth. It is assumed that
stresses and temperature, or stresses and heat flow dis-
appear in the plane bounding the space, An algebraic equa-~
tion of the third vrder with complex coefficients is obtai-
ned from the determinant of the system of equations expre-
ssing homogeneous boundary conditions, One of roots of this
equetion satisziying prescribed inequalities provides a pha-
se velocity of surface wave., It is found that the surface
wave undergoes damping and dispersion, 1lts velocity is
smaller tham velocity of longitudinal and transverse waves.

W.Nowacki and li,Sokolowski have investigated, in the similar
way, the propagation of harmonic wave in a thermoelastic
layer. The authors considered there both symmetric and anti-
symmetric /elastic wave/ form of wave for two thermal con-
ditions on the boundary: 7=¢ and #»=C . Owing to a
small velue of the parameter characterizing the thermoelas-
tic medium, the approximate solution of transcedental equa-
tion has been presented using the perturbation method.

The propagation of harmonic waves in an infinite circular
cylinder and thick-walled pipe was studied by F.J.Lockett
/507 giving the transcedental equations relevant to this
problem, J,.Ignaczak and W.Nowacki /5 2 7 have considered the
forced vibration of an infinite cylinder with rectangular
cross-section. Heating the cylinder surface and action of

heat sources were here the cause exciting vibration. The same
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authours presented in / 53 7 the method for solving and
solution itself of the problem of the forced longitudinal
vibration in discs and of the flexural vibratlons produced
by loadings and heating in plates. The work by P.Chedwick
/54 7 is devoted for the amalogous problems,

The propagation of thermoelastic plane wave in an unbounded
medium in spherical and cylindrical wave / 40_7 is the mext
problen solved. The idea is following. A plane wave induced
by the action of plane heat source moves in an unbounded
space and encounter® spherical or cylindrical void. Flowing
arcund this void the temperature field undergoes a distur-
bance, the concentration cf temperature and stresses takes
place in the neighbourhood of the void. The pariiel solu-
tion obtained_hera 8 in s closed form and the resldual s0-
lution is expressed as an infinite system of algebraic: equa—
tions with complex coefficienta,

A pretty big group of solutions corresponds to the so-called
Lanb’s problem of classical elastokinetics., The question
consists in considering the influence of lcadings and hea-
tings acting on a thermoelastic semi-space. Two typical pro-
blems have been solved here, namely, when loading or heating
is axially symmetrlc and when lecading snd heating produces

a plane state of deformotion /43 /. Further problems concer-
ning the sstion of sources of heat ,concentrated or linear/
in an elastic semi-space / 41 7/ have something in common

with those above subjects. However, the solutions of this
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group sre only of formal character - till then scientists
failed in obtaining even approximate solutions suitable for

discussion.

10, The aperiodic problems oi thermoelasticity

The domain of investigation discussed here is a branch of
thermoelasticit; developed most weakly. This is owing to
great mathematic troubles encountered in obtaining solutions.

In general, three ways are used for solving the aperiodic
problems of thermoelasticity. The first one consists in

eliminating the time 7 from the differential equations of
thermoelasticity

(% Uy + ) Yy * o= 2% f//ﬁ?c' ,
ﬁﬁ*éﬁ“ﬁé"g*o

/10.,1/

by subjecting these equations to the Laplace’s transforma-
tions or the Fourier'’s transformation with respect to time,

The former transformation is most frequently applied owing

%o numerous inverse transformations.

Subjecting then /10.1/ to the Laplace’a transformation de-
fined by relation

L/, 8) (3,8) - fo0)67%, pro,

and assuming the homﬂgeneity of initial conditions, we
obtain from /10.1/ the following transformed solutions
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7 .. O -.: a7 . _-.
4% + ) Gy 14 =8P %7(’;‘ ’ /10.2/

by -B6-7P% - &

Here, the unlkmown functions 9?/94_ depend on position

and trensformation parameter ;o . Solving the Eqgs. /10.2/
is not very difficult for memy particular problems ; the
troubles are of the same order as in the problems of vib-
ration harmonically changing in time. The essential diffi-
culty consists in performing the Laplace’s inverse transfor-

mation for the obtained solutions 7 %), 7. %,0)

The second way of solving consists in subjecting the lgs.
/10,1/ to the Fourier’s triple integral transformation with
respact to the variables X, . Thus, the Eqs. /10.1/ eaxe
led to a system of ordinary differemtial equatlons in which
time appears as an independent variable. After solving this
equation, the Fourier’s triple inverse transformation is
accomplished /567 .

The third way eagerly used for thermoelastic space and semi-
8pace consists in epplying the Fourier®s quadruple trans—
formation. The system of equations /10.1/ is led to a sys-
tem of four algebraic equations for the transforms v & o
The quadruple inverse transformation provides final result

657 , [667 .

Each of these ways is accompanied by large mathematical
troubles; they are so immense that so far no solution is



- 134 -
obtained in a closed fornm.
We shall consider more exactly the wave equation /3.9/ and
/3.11/ obtainable from Egs. /10.1/. If we use the first way
of investigation and apply the Laplace'’s transformation for
the wave equations with assumption of homogeneous boundary

conditions, then we get the system of equations

[T B g) -5 F T -EMERPS. nousy
’F*»ﬁ;)}z ~,;

/V— ) £o 77X

The equation of longitudinal wave for &rO, A= C can be

presented in the form
(V-2 )/ F-a)é = ¢, /10.4/

where -}:} ), am the roots of bi-quadratic equation
_ ':_ .)('_. Z 17 ) 'z.’-:_ <
)/'/tr”f/ £) f-{';;—‘
Since the roots of this equation

g,

i

{ YR by 'F" )
b < O s =X = -, = ]-» i
are expressed in a greatly complicated manner as functions
of the parameter o ,.it is clear that applying +tne Laplace:
inverse transforuation for tiie funetioms Y (- encounters

v

wreat Jilfliculbieu. lhexefore, we are sorced tTo emplyy -
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approximate solutions. In general, two ways of approximate
solutions are used. The first consists in taking advantage
of the fact that the quantity'E.-?.m £ is amall parameter
/7367 . Writting then the functions ¢ and # as a

power series in
Bobreb tE%t.. , B reb tebr /10.5/

we lead the Eq, /10.3/ to the system of equations

DO %--2A-40D%,

A /10.6/
DD, %> BV
where o wi :
Z = ;7..,225 7 0 V=4
For the temperature ; we obtain
B> 2D [Frebrethr ) /10.7/

When we use the perturbatiocn method,it 1s satisfactory for

practical purposes to retain only two terms of series/10.5/.

% %)
Let us note, moreover, that the functions /concern uncoupled

problem,

Other variant of the perturbation method consists in socl-
ving BEge. /10.3/ and next expamnding the functions contai-
ning the quantities #/£0) ,/,/zp) into a power sories
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in the pavameter ¢ . This variant was successriully applied
by R.B.Hetnarski /55 7 , / 61 7 for solving a number prob-

lems reffered to a thermoelastic space and semi-space.

The second way for spproximate solution consists in deter-
mining the functions ‘?,5-?,‘"' for small times. The solutions

of this type are very useful since an essential difference
between dynamic and quasi-static problem exists for small

times Z . This difference vanishes as time f£lows.

According the Abel’s theorem

dom [0 = b 0 ELF

£+ L=
to small times there correspond large values of the parane-
ter s in the Laplace’s transforms. Therefore, in the solu-
tions for Egs. /10.2/ or Egs, /10.3/ the ‘term containing the
quantities 4 up). Fofep) should be expanded in powers
of ?g' and several terms of this expansion should be re-
tained. Performing the Laplace’s inverse transformation pro-
vides finally the approximate solution of the problem,

The works on the propagation of aperiodic waves are not nu-~
merous and deal with the simplest systems, they refer to an
elastic space and semi-space, Namely, the problem of the

action of instantaneous and continuous concentrated souTce
of heat in an unbounded thermoelastic space. was investigated
By R.B,Hetnarski /55 , 61 7 who applied the method of per-
turbation snd small times, The prohlem of the action of

instantaneous and concentrated force in & spacz was conside~
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red by E.Soés [ 17 7 . W.Nowacki studied the influence of
jnitiel conditions on the propagation of thermoelastic
waves in an unbounded space [/ 57 7 .

The problem of determining the field of deformation and
temperature around spherical void in unbounded space is
allied with problems presented here.

The problem of sudden loading the body boundary was the
subject of two works., In the first, M.Lessen / 58 7 applied
the perturbation method, in the second P.Chadwick / 36 7
presents the application of the asymptotic me'}:hod. for small
times.

The problem of sudden heating boundary of a body with a
sphericel void with the application of the perturbation was
investigated by G.A.Nariboli /59 7/ . It results from the
obtained approximaste solutions that thermoelastic waves

are damped and dispersed., The influence of coupling defor-
mation and temperature fields is small. The solutions guanta-
tively differ slightly from the solutions obtained within
framework of the theory of thermal stresses.

The second important problem to which several works are
devoted 1is the propagation of plane wave in a thermoelastic
semi-space caused by sudden heating of the plane bounding

a space, The question consists in the generalization of the
"Danilowski’s problem" familiar in the theory of thermal
stresses, This subject was undertaken by R.B.Hetnarski/ 66 /
[61 7 with the application of the perturbation method and
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moking use of the Abel’s theorem for small times. The same
problem was investigated by B.A,Boley and I.S.Tolins /62 7
as well as by R.Muki and S.Breuer / 6% 7 . The action of
the point heating of thermodynamic semi~space was the sub-
ject of work by G.Paxri /64 7 .

The works by I.N.Sneddon [ 37 7 end J.Ignaczak [ 56_7 were
devo%ed to the propagation of longitudinal wave in an elas-
tic semi-space eénd in aninfinite and semi-infinite space rod.
In this publication, the Fourier?’s transformation with res-
pect to the position varisble was first applied and then an
ordinary differential equation of the second order with res-
pect to time has been solved., Solving this equation and per-
forming the Fourier's inverse transformation led %o final
result. \

At the end of this survey, we should present the further de-
veloping directions of thermoelasticitby.

It seems that further generel theorems will be obtained which
will constitute the generalization of the theorems familiar
in elastodynamics, We mean the generalization of Kircheff's,
Weber’s and Volterra’s theorems. The attempts are being made
/772 ] to obtain further and wider variational theorems. The
next efforts will be directed towards rejecting the restric-
tions on small deformations, and thereby towards develeoping

thermoelasticity nonlinear geometrically. Other direction ine-

iy
ol

tends to removing Lhe restriction = <« 7 , l.e. to inves-
Gigating bodies with higher temperabtures wien thermal and

recitanical coetrTicients ave the functions or temperature.
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Recently, investigations have been inltiated in the field
of combining the fields of deformation, temperature and
electric fields in piezoelectric materials / 73, 74, 75 .7'-
The initliated direction of masgneto~thermoelasticity is also
interesting /76 - 81 7.

The question consists in investigating deformation field,

temperature field in electrical conductors in the presence

of strong primary magnetic field.
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