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1. Introduction

In the present paper we shall derive the energetic theorem; it will be used sub-
sequently to obtain the theorem on uniqueness of solutions of equations of magneto-
thermoelasticity. Our considerations refer to an homogeneous and isotropic medium,
its electric conductivity being assumed finite.

The system of basic equations of magneto-thermoelasticity consists of’:

a) equations of electrodynamics of slowly moving media [1], [2]

47
(1.1) rot h = —j,
C
wo Oh
«(1.2) rot E = ol T
. wo [ o )}
=t ——
(1.3) i=4 lE—l— > (dr Hl|,
(1.4) divh =0,
b) equations of motion
(1.5) o, 1+ X+ To, g = oy,  1,j=1,2,3,
and

c) equation of heat conductivity [3] in a coupled form

. 1 06 o 0

(16) \% ;E n Ay u= 5

In the equations above the following notations are used: & and E stand for the vectors
of magnetic and electric field intensities, respectively, j denotes the vector of current
density, H — the vector of primary, constant field, # — the displacement vector,
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236 W. Nowacki [378]

1o — the magnetic permeability, ¢ — velocity of light and, finally, 4y — the electric
conductivity. :

The symbol o¢; denotes, as usually in our papers, the stress tensor and Ty —
the Maxwell’s tensor of the tension of electromagnetic field. X — is the vector of
body forces and p the density.

0 =T — Ty is the difference between the absolute temperature 7' and that
Tp of the natural thermic state of the body; O means the function describing the
intensity of heat sources, O = W/pc,, where W denotes the quantity of heat generated
per volume unit of the body in a time unit; ¢, denotes the specific heat of the body
its deformation being assumed constant and % = kfpc, is a coefficient, k denoting
the heat conductivity.

The equations given above should be supplemented with relations between the
stresses, deformations and temperature. They are called Duhamel—Neumann
relations

(1.7) oy = 2uey+(Ae — p0) 64y, e= epx
Moreover, the following relations are to be taken into consideration

1
1.8) &y =7 (e, 14+ug,0), 4,7j=1,2,3.

The tensor Ty appearing in Eq. (1.5) may be expressed by the components of the
h and H vectors in the following form:

0
(1.9) Ty = % [ Hy+hy Hy — 8 G HD),  bJ,k=1,2,3.

In the sequal we shall make use of the following equation
(1.10) A2k — Bh = — Brot (ux H), =

it is obtaied by elimination of the quantities j and E from Eqgs. (1.1)—(1.3) and by
taking advantage of Eq. (1.4). Introducing the relations (1.7)—(1.9) into Egs. (1.5),
we arrive at the following displacement equations

(1.11) UV (A+-4) grad div u+ % (X H)+X= o

f and 2 are here Lamé’s constants measured in isothermic conditions.

2, Basic energetic theorem

Let us multiply the equation of motion, Eq. (1.5), by the velocity of displacement
vt = u; and integrate it with respect to the volume of the body.
The integral

2.0 f(trt;f.1+T¢5,J+X¢) v:dV=9f€‘wde.
il B
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expresses here the principle of momentum conservation. Applying the theorem on
divergence, we transform the integral (2.1) to the form

(2.2) f XividV+ fp; vidd = o fé—w;dm— J- Tiyei;dV+- f oig é7dV,
B A B B B

where p; = (04;-+Tis) ny.
Expressing the stress oy; by the Duhamel—Neumann equation, we obtain

(2.3) J‘Xg?}idV-l-fp;ﬂfd/i=gff:‘¢v{dV-{—fT¢jé”dV—l-
B B B B

iz _J-(Zpeuégj—l—leé) dv — yf Gedv .
B B
Eq. (2.3) may be written as well in the form

dKk  dwW . .
2.4) 7y = - XivgdV+ | prvidAd+y | OedV — | TijeydV.
B A B B

The symbol K means here kinetic energy and W — the deformation work, These
quantities will be expressed as follows:

1 Je2
K=—2‘g vividV, W= JEL] 8¢g+“'2—dV.
B

B
On the right-hand side of Eq. (2.4) there appear in explicit form the following magni-
tudes: causes inducing motion, body forces Xy and sutface loads, pi. As regards
the causes of thermic and electromagnetic type, they appear in an implicit form.
To have them in an explicit form, too, we take advantage of Egs. (1.6) and (1.10).
To this end we multiply Eq. (1.6) by 6 and integrate it over the body region

@.5) x [ 0v20dv = [ (§-+né — 0) 0.
B B

Performing on Eq. (2.5) Green’s trnasformation, we obtain

i 1 1 T o 1
(2.6) feﬂdV=—~fQGdV+——f00,udA H—fﬂﬂdV——fﬁ,;ﬁ,;dV
B ??xB ??A ?}‘XB ?}B

Substituting Eq. (2.6) into Eq. (2.4) and introducing the function of thermic energy
P and dissipation function y,

et f@de krf(a")zdlf
P_ﬁg s Xo= kI T, s

o
we get

e L —fX dV—I—f dA+c'f0dV+
2.7 & T rE xa—B (xr APi""—'i TDBQ

k &
+ S— 60,13 dA == j.T” é'ijdV.
T ;

A B
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Let us remark that for Ty; — 0 Eq. (2.7) reduces to the energetic equation deriv-
ed by J. H. Weiner in [4] for the thermoelastic problem.

We have now to transform the last integral in the right-hand part of Eq. (2.7).
To simplify our subsequent considerations we assume H = (0, 0, H), i.e. we assume
the vector of the primary magnetic field to act along the x;-axis. It does not encroach
on the generality of our considerations. The H-field being assumed as indicated
above we take into account the relation (1.9) and in this way we arrive at

(2.8) fﬂjsudV———-——f[hJ(uJS—{—u”)—Ef?a]dV—’
B

_ _ H (.
= % f(hj ty 3 — hy &) dV + P—Z;fﬂg hjn;dA.
B A

Use was made here of Eq. (1.4), i.e. hy,; = 0.
Assuming H = (0,0, H) Eq. (1.10), reads as below

(2.9 Vz}'“ﬁi'= — fHe, CP—‘—(‘:’],ssz:'z,aa _3:'1.: —‘}2.2)-

We muitiply now the first of Egs. (2.9) by Ay and integrate it over the body region,
We obtain

(2.10) [ v2hy ~ Bhy) hydv = — BH [ ity 3 hyav.
B B

and, after performing Green’s transformation, we have

oh
(2“) fhi"gf‘;l‘dzq == fhl,fhl.idV_ ﬁ [f?] ,11 dv = — ﬁHf III !:‘1_3(”/.
A B B B

Performing similar operations on two subsequent Egs. (2.9) and additionning Eqs.
(2.11) with two subsequent analogous equations, we have

oh; . . -
(2.12) fir;TdA fﬁj,sfi;,:dV— ﬁfﬁj hydV = — fH f (hyuy; 3 — hye) dV.
A i B B
Taking into account Eqgs. (2.8) and (2.12), we get

(2.13) fTi_fE‘fjdV‘— hy, i by, dV-- '——fh;h;dV = ——ff?;fl_f ndA+

ﬁ
H [,
+ % ushynjdA.
A

Now inserting Eq. (2.13) into Eq. (2.7) and introducing the functions

Ho Ho
D: —_——
Y. k hihydV, 4nﬂ!hf,ehj.:dV,
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we obtain the final form of the energetic theorem which reads as follows

d ¢
(2.14) 'E(K‘I-W-}*P"i-D)"f'Xo‘f'xn=th®idV+watdA+ ?OfQﬁdV"{-
i B

k o H oH
Tg 00,5 dA+ —; 4 ﬁ hihg, pdA — e ushynydA.
A

Here, in the right-hand part of the equation all caused inducing the movement of
the body appear in explicit form. Several particular cases are included in Eq. (2.14)
in its form as above.

Thus, assuming the absence of primary magnetic field, we have A; = 0 and,
consequently, Eq. (2.14) takes the following form:

d
2.15) —d;(K+W—|—P)—1~x9=fX; i dV+f;3; wdfﬁ-% fQﬂdV—l—
B A B

k
+ | 00,ndd, pi= oyny
To

which holds for problems of thermoelasticity. If the heat sources are lacking and the
surface of the body is thermally insulated, Eq. (2.15) reduces to the energetic equation
of elastokinetics

d A
(2.16) E(Kﬁ—W): {Xide"i‘ fp;i)gdA.
B A

Let us observe that the quantities w and A appearing in the expression for the de-
formation energy, W, assume adiabatic values.

3. Uniqueness theorem

The demonstation of the uniqueness of solutions of equations of magneto-
thermoelasticity may be derived basing on the energetic theorem, Eq. (2.14). Assume
there are two solutions, one of them being characterized by the quantities w; , 0', /i
and the second — by u; , 0", h;'. Denoting the difference between these two solu-
tions by

(3.1) up =u —ug , 0°=0'—0", hi=h—h,

it is easily seen that the functions u;", 0%, h: satisfy homogeneous differential equa-
tions, homogeneous boundary conditions and homogeneous initial conditions.
Thus, the solutions u;', 0%, i refer to a body wherein body forces and heat sources
inside the body are lacking. At the same time there are no loads, Maxwell’s pressures
and heatings.

Thus, it remains to be proved that inside the body the values for the stresses
ay;, temperature 0* and the function /; are zero-values.
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The energetic equation (2.4) for the functions uf, 0%, A will assume the fol-
lowing form

d
(3.2) —r (K¥-W*HP*4+D%) = — (15 + 23 < 0

or
d (1 A ¥ Mo
(3.3) -QTJ‘{-E 0v; v; + (pszj eyt -i-e*z) - 2 6*2+ B_nh’ bt dV < 0.
B

Consequently, we infer from the inequality (3.3) that the integral cannot rise
for ¢t > 0, Since the initial conditions for the integrand functions are homogeneous,
the integral itself at the initial moment should be equal to zero. Its values cannot
be negative as the integrand expression is a sum of squares with positive coefficients.
Thus, the value of the integral appearing in (3-3) is necessarily zero for ¢t = 0. It
leads to the following equalities

o =0, =0, 6'=0 H=0,
or
(34) v=v', ey=¢g, 0=0" =k for t>0 inthe
region B.

Making use of the Duhamel—Neumann relations, we see that oy = oy, too.

Thus we may conclude on the uniqueness of the solution of the problem of
magneto-thermoelasticity as regards the deformations, stresses, temperature and
the values for A;. For the displacements we obtain

(3.5) u; = u;' + linear term.

The linear term describes here the rotation and translation of the body considered
as perfectly rigid, In the case of displacements prescribed on A4, the linear term
vanishes.
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B. HOBALIKHA, ITPOBJIEMA JIMHENHOM COIPSKEHHOW TEPMOVIIPYT'OCTH.
[. DQHEPTETUMECKAS] TEOPEMA U TEOPEMA OB OJHO3HAYHOCTH PEIIEHMIN.

B coobuiennn BhIBEJIeHA JHEPTerHIeckas Teopema I YIpYroro Tena, HaXOASIIerocs B mep-
BHYHOM H TTOCTOAHHOM MATHHTHOM I1T071€, TIPA UPEATIONOMKEHHH, YTO HTO TeJX0 oblamaeT KoHeyHou
3/1eKTPOIIPOBOAHOCTEIO. B yIOMAHYTOM TeNe Mof BAMAHACM MEXaHI4ecKAX, TCPMUYCCKUX ¥ 3K~
TPOMATHWTHBIX NpuuHH obpasyioTca mond JAeopMalu#, TEMIEPATYPHOS M 3NCKTPOMATHHTHOE
1oJif, conpshkeHHsle Mexay coboii. DHepreTaveckas Teopema (2.14) AaeT BOIMONKHOCTD TIOKA3ATH
OHO3HAYHOCTh PelueHiii MAarHuTOTEPMOYIIPYTOCTH,



