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Let us consider an elastic body subjected to initial stresses produced by a distor-
tional field characterized by initial strains e?i, £22, 833, £?2> depending on the co-
ordinates X\, x2 and time t.

In order to determine the stress components an and the strain components sy,
we make use of the dynamic stress functions. This way is particularly useful in
the case when the external loadings are given or for a cylinder free from stresses
on its curved surface. For the plane strain state the relations between the stresses apj>
strains s^ and distortions s% are given by the equations

(1) at} = In (stj — el) + % (0 — <?<>), i, j = 1 , 2 ,

(2) o-33 = — 2/^3 + I (e — «0), « - « u + £22, e° = ef 1 + e°2 + 4i •

We assume that the plane strain state (en, «22> el2) T̂  0 is produced by the state
(8ib e22> E12, £33) / 0 and by a surface loading.

In Eqs. (1), (2) ju, X are the Lame constants and dpj is the Kronecker delta. The
strains sy (i,j — 1,2) are connected with the displacements by the relations

(3) at) — -=- (Mi, j + Ujt i) i, j = 1, 2.

The strains should satisfy the equation of geometrical compatibility

(4) fil 1, 22 + £22,11 = 2fil2, 12 •

Let us differentiate the first equation of motion

(5) <Ti],j=Qtit

with respect to xy, the second with respect to x% and then first add them, further
subtract these equations. We obtain two equations

(6) ffii, 11 + 022, 22 + 2ffi2,12 — fiC,

(7) ^ ? ffi 1 ~ ^ cr22 = e (e?l - % ) .

[277]
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where

24

$ is the density of a body, c2 is the velocity of the elastic equivoluminal wave.
Let us diffe-entiate the first equation of the system (5) with respect to x2, the

second with respect to xu then add one to the other. As the result we obtain the
equation
(8) s,u+a2

2ffn = 2Qe0
12,

where

If we substitute relations (1) in Eq. (6) and make use of Eq. (4), then after some
simple calculations we obtain the equation

(9)

Eqs. (6), (7) and (9) yield relations between three stress components ffn. f22»
<r12 and the components of the distortional field s°w s°l2, e\\, e°3. We introduce
three stress functions <P< (/ = 1, 2, 3) connected with the stresses at) by the follow-
ing relations

Substituting relations (10) into Eq. (9), (8) and (7), we obtain the system of three
equations

(11) • ? • ! #< = ><< ' - 1 . 2 , 3 ,
where

At

(12)

From Eq. (11) we determine the particular solutions <?*, then by means of relations
(10) the stresses ofo. The functions 01 do not satisfy all boundary conditions;
therefore we add to stresses a\j stresses a'4 expressed by the functions

(13) o# = - d t b) cp + dti 1V2 - ~ d]\ <p,

where the function <p should satisfy the homogeneous equation

(14) DfDl?» = 0.
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According to the T. Boggio theorem [I], Eq. (14) can be replaced by the system
of equations

(15) njPj-O, DjPa-O,

where

<p = n + <n.
The particular solution of Eq. (11) for the infinite elastic space may be given in
the form of the Fourier repeated integral [2]

(16) *<(*!, * 2 , 0 =

. exp [—• / («j X[ -\- U2 xz + cot)] ^ a i ^ a 2 dco ,
J J J ^V-\ > a 2 t 0>>

— oo
where

D (a.i, a.i, (o) =

and
2 , , , ^ \ -0 I /- 2 ?\-0 o

Ct2 "*"— XOJ^J £ H - p ^Ct i •—' TiCO^J 822 —' ** '

(eu ~~82z), AT, -= —

£% (au a2, co) = (2TT;)-3/2 J | J E ^ ( X b A-2; ?) eXp [i (ai x\ + «2 x2 + ©0] <&l dx2 dt.

— oo

Let us consider two particular cases of the distortional field e^.

a) Let s°n = e?-, = e°3 = if, s°n = 0. In this case we have A2 = AT, — 0, and

In order to determine the stresses, it is sufficient to take one function <I> satisfying
the equatioa

07) n?ni<p }

The stresses are given by the relations

(18) on = — dtd)& + ty Ip2— ~ ^ j <P, /,./ = 1, 2.

The solution of Eq. (17) is composed of the particular solution $ ' of the non-
homogeneous Eq. (17) and of the general solution 0" of the homogeneous Eq. (17),
i.e. for rf> = 0.

The case here considered contains a thermal distortion, where

s°j.= at dijT, /,,/ = 1, 2, 3.
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: In the infinite space the solution of Eq. (17) is confined only to the particular
solution
(19)

2 , a 2 _ « 2

where J

CO

^° (ai, a2, ft)) = (2JI)-3'2 j j J if (xh *2> 0 exp [/ (a! Xi + a2 x2 + «01 <&l <&2 dt,.
— OO

If the distortional field varies harmonically in time and p is frequency

(20) rf to, x2, 0 - «<»• ??* (xii *a) •

We have also

(21) <Z> to, .v2, 0 = eW 0* to, x 2 ) ,
and Eq. (17) takes the form

(22) (|72 + fci) (v2 + kb ®* + 2 ^ o (P2 + fci) »?* = 0,
where

For the infinite space the following function is the solution of Eq. (22)

(24) <Z>*to,*2) =

where

OO

If the distortional field if to, x2, ?) moves in the xi - axis direction with constant
velocity c, then transforming the co-ordinates

(25) £j = X{ — cft £2 = x2,

we reduce Eq. (17) to the form

(26) (d] + y\ dl) (d\ + y\ ti§ 0 fa, h) + 2p0o y\ (d\ + y\ d§ ^ fa, f2) = 0,
where

The solution of Eq. (26) for the infinite space is given by the integral

(27) # ( £ , , £ ) - ^
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where

(«,, a2) -= (In)-' J J r?° (f i, £2) exp [/ (a] | j + a2

Observe that the distortional field rf> (xu x2, t) produces in the infinite space
only longitudinal waves.

b) Let e°n = e\2 = e°3 = 0, e°[2 - 00, In this case we have

(28) ^ 1 = 4 ^ - ^ , 2 , ^2 = 0, i 3 = = 2 e ^ l 2 .

In order to determine the state of stresses, it is sufficient to take two functions
satisfying the equations

(29)

The stresses are given by the relations

(30) * u - " '

In the iiafinite space the solutions of Eq. (29) are given by Fourier's integrals (16),
for i — 1, 2, 3, where

(31) i i =—4 /u/?a 1a 2#°, ^2 = 0, A^ = 2Qca^ ai a2&
a.

If the distortional field varies slowly in time, then in Eqs. (6), (7) and (9), we
can neglect the inertial terms. The system of equations

(32)
I di<TU — d2a-22 = 0 ,

is satisfied by function F; moreover, [3]

(33) r/2 pa F = _ 2/M/S (£°1; 22 + e»2; „ - 2 e?2> 12 + y p2 e»3),

and

(34) oii^-ididi-bu^F.

The solution of Eq. (33) can be represented in the form

C CI d^F* ffl- F* f)2 F*

(35) F = - 2 ^ J J | e 0 i ^ + £02^__2e02A_^

where F* is the Green function satisfying the equation

(36) p2 [72F* = a ( j c 1 - | 1 ) 6 f e - | 2
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If the boundary of the infinite cylinder (the axis parallel to .v3) is free from stresses
on the curved surface (F = F,n = 0, F* = F*n = 0), then solution (35) can be
represented in the form [4]

(37) F

In the particular case of the steady temperature field in the absence of heat
sources (e# = dy at T, p2 J1 = 0) we have F = 0 at each point of the cylinder.
Thus we have only one component of the stresses 0-33.

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF FUNDAMENTAL TECH-
NICAL PROBLEMS, POLISH ACADEMY OF SCIENCES

(ZAKtAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW
TECHNIKI, PAN)

REFERENCES

[1] T. Boggio, Sull'lntegrazione di alcime equazioni alle derivati parzlali, Annali di matem.,
P. ed. appl. s. Ill, VIII, 181 (1903).

[2] I. N. Sneddon, Fourier Transforms, New York, 1951.
[3] W. Nowacki, A plane distortion problem, Arch. Mech. Stos., 9 (1957), No. 4.
[4] — , Zagadnienia Terniosprfiystosci, Warsaw, 1960.


