K

ne Al 412,

Politechnika Warszawska

BULLETIN

DE

LACADEMIE POLONAISE
DES SCIENCES

SERIE DES SCIENCES TECHNIQUES

Volume IX, Numéro 5

VARSOVIE 1961



BULLETIN DE L'ACADEMIE
POLONAISE DES SCIENCES
Série des sciences techniques
Volume IX, No. 5 — 1861

APPLIED MECHANICS

A Plagne Dynamic Distortion Problem in Stresses

by
W. NOWACKI

Presented on January 31, 1961

Let us consider an elastic body subjected to initial stresses produced by a distor-
tional field characterized by initial strains &f;, &9, €43, ¢J,, depending on the co-
ordinates x), x, and time ¢.

In order to determine the stress components oy; and the strain components &y,
we make use of the dynamic stress functions. This way is particularly useful in
the case when the external loadings are given or for a cylinder free from stresses
on its curved surface. For the plane strain state the relations between the stresses oij,
strains s;; and distortions &f are given by the equations
: 0 -~
(1) 013 = 24 (&1 — &ig) -+ 205 (e—eV), i,j = 1,2,

(2) 033 = —2uen + A(e—), e= gy + £33, 0= &) + 3 + 4.

We assume that the plane strain state (&1, 29, £12) # 0 is produced by the state

(91, €32, €32, €%3) # 0 and by a surface loading.

In Egs. (1), (2) u, A are the Lamé constants and dyy is the Kronecker delta. The
strains e (i, j = 1,2) are connected with the displacements by the relations

1 ;
(3) ey = (5 +u) Lj=12

The strains should satisfy the equation of geometrical compatibility
(4) 11,22+ €22, 11 = 2€12,12-

Let us differentiate the first equation of motion

(5) a4, = Qi

with respect to x;, the second with respect to x, and then first add them, further
subtract these equations. We obtain two equations

(6) : o11, 11 + 022,22 + 201,12 = 08,

(7 Dy o11— D} 022 = 0 (EY1 — ),
[277]
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where
Di= O —- ]—-2 % i=12 a=*H*,
C2 2]

o is the density of a body, ¢, is the velocity of the elastic equivoluminal wave.
Let us diffe-entiate the first equation of the system (5) with respect to xj, the

second with respect to x, then add one to the other. As the result we obtain the
equation

(®) S2+ 02 0, =208,
where
1
§ =0y 1 022, [:]%: ,2——%— t)f’

If we substitute relations (1) in Eq. (6) and make use of Eq. (4), then after some
simple calculations we obtain the equation

L
Of s=—2up (&), o+ 5, 1y — 28, |2”“'§c_§'eo+7’ [0 &5
©)
_20+w A — g0 4 g0 1o Ly o A2
ﬁ_‘ ’1+2# :y'*z(l_i_p)aeo“s“‘l'szz- DI—V'_'C?apC%_"—Q"'

Egs. (6), (7) and (9) yield relations between three stress components o1y, 03,

012 and the components of the distortional field &9, &),, &),, &};. We introduce

three stress functions @; (i = 1, 2, 3) connected with the stresses o7 by the follow-
ing relations

(1) oy =Di0; +0iPy, on=D3D—O{DPs, 012=—01 0P+ i Ds.

Substituting relations (10) into Eq. (9), (8) and (7), we obtain the system of three
equations

(11) Q3 Pi=A4c i=1,23,

where

R
Ay =—2up (&}, 5, + €3 ;, —2 3?2, 127" 3520 +y O3,
(12) 2

Ay =0(ES—EQ), A3=2 0ES.

From Eq. (11) we determine the particular solutions @, then by means of relations
(10) the stresses oj;. The functions @; do not satisfy all boundary conditions;
therefore we add to stresses of; stresses o7 expressed by the functions

"o 1 2
(13) Uij—‘—f)if)j“??‘f'aij(?z—'i;% aa)fp.

where the function ¢ should satisfy the homogeneous equation

(14) 2 O2¢ =0.
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According to the T. Boggio theorem [l], Eq. (14) can be replaced by the system
of equations

(15) g, =0, Dig,=0.
where ;

=01+ ¢2.
The particular solution of Eq. (11) for the infinite elastic space may be given in
the form of the Fourier repeated integral (2]

(16) Dy (xy, X9, 1) =

T Ai(a, ty, ) ;
= (27)=32 et it Wt oo G 2 XNg 0
{ TE) n‘ l_fj‘j D(a] y o, (U) exp { I' (“l ’\l + e \2 I— f”)] dﬂ.l dlaz d(u ’

where
2 2 102\ 2 2 2
D (ay, ug, w) = (r:'{ 4 a5 — %) (a] + a3 — %)
1 i
and
Ay = 20 [(a3— #0?) &) + (a] — xw?) 3 — 2y ap E1 +
+ y(a? R ) xm?2) ;:23], 5= 21.3 "
/i_g =— Q(JJZ (é?[ — Egz), /‘i‘_‘; = — 290)2 _é(j)z,
200
é?, (ar, ag, w) = (27)—312 ( r 3{;’; (X1, xa, D) exp [{ (o) xq + ag x5 4 wt)] dx; dxydt.
—00

Let us consider two particular cases of the distortional field &, .

a) Let &, = &), = &3, = 9, £}, = 0. In this case we have Ay = 43 =0, and
344 2u
) B el o P IR
A < vl L

In order to determine the stresses, it is sufficient to take one function @ satisfying
the equation

2 2 3‘;" —i- 2”
(17) O3 029 +2upoO37° =0, fo= T—F-ZT
The stresses are given by the relations
1 5
(18) apj=—010; D + Oy ([/2*—2% f)?) ®, ij=12

The solution of Eq. (17) is composed of the particular solution @' of the non-
homogeneous Eq. (17) and of the general solution @'’ of the homogeneous Eq. (17),
i.e. for 0 =0,

The case here considered contains a thermal distortion, where

Egj,=a¢(§”T, L= 12,3,
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In the infinite space the solution of Eq. (17)is confined only to the particular
solution

(19) D (xy, X9, ) =

o0
~ o )
= 2 ufy (2m)—312 f l ( ﬁ—(—a—l’a—:‘"wz exp [—i(a; xy -+ ag X3+ wt)] day day dw |
A R az-l- (12_9.
e 1T
where :

o0

0 (ay, gy ) = )32 [ [ [ 90 (g, xa, 0) exp [i (g X1+ ap Xp+ ot)] dxy dxy di.

If the distortional field varies harmonically in time and p is frequency

(20) 70 (xy, Xa, 1) = €Pt n* (1, x7) .
We have also
(21) D (x1, Xg, 1) = /Pt D* (x1, x9),
and Eq. (17) takes the form
(22) (72 k) (72 + K3) @* + 2o (72 + k3) * =0,
where
> p? :
(23) K=5%, i=12

i
For the infinite space the following function is the solution of Eq. (22)

. —%
24)  D*(xy, x3) = 2uBy (2m)—! [ f %em [—i(ay Xy + asx2)] day dets,.
oo | R | |

— 0o

where

n* (ay, w) = 2—2—3 ‘ 0™ (xq, x2) exp [i (ay Xy + az X)) dxy dx; .

IT the distortional field 50 (xy, x5, ) moves in the xy-axis direction with constant:
velocity ¢, then transforming the co-ordinates

(25) &l =x1—cf, & =Xy,

we reduce Eq. (17) to the form

(26) (97 + 9799 (9 +»309) P (&1, &2) + 2pPo ¥} (0} + 9309 10 (&1, E2) =0,
where

) a‘=;:)§_¢" i=1,

The solution of Eq. (26) for the infinite space is given by the integral

= ) )

2 24,2
al + aZyl

@) B, &) =17 f ] W@ 03) oot i & + ap )] day dag,
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where o

10 (ay, ap) = (27)—! J ‘ 70 (&), &) exp [i(ay &) + ag &)) d&) dE; .

—oa

Observe that the distortional field 729 (xy, xa, r) produces in the infinite space
only longitudinal waves.

b) Let &) = &), = &), =0, &}, = 90, In this case we have

(28) Ay =84up 812, Az=0, A3=28.

In order to determine the state of stresses, it is sufficient to take two functions
satisfying the equations

(29) O 2@ =4y,  0f O2®; = 4s.
The stresses are given by the relations
(30) ou=Da D, op=DiD, op=—200,P +0}0;.

In the infinite space the solutions of Eq. (29) are given by Fourier’s integrals (16),
for i =1, 2, 3, where

(31) Ay = —4ufajay @0, A3 =0, A3=20020 ayd.

If the distortional field varies slowly in time, then in Eqgs. (6), (7) and (9), we
can neglect the inertial terms. The system of equations

prs=—2up (e}, 5+, ,—2¢8), .13”1'?’[72833),

(32)
a%r}-lluﬂaiaﬁ=0: s,lI'F l?20.12=0s

is satisfied by function F; moreover, [3]

(33) P22 F=—2pp (&) p,+ €,y —28% n+yP2ey),
and
(34) oiy = — (01 07 — O¢5 |72) F.

The solution of Eq. (33) can be represented in the form
02F* 02 F* 02F* 5
(35) F= “Zﬂﬁ ff (E?I a—'E%— + Egz —3—5'{- '—-*28?2 E«E_[_a_é; T 'J—’SgS PE- & F*) dEld‘EZ;
()
where F'* is the Green function satisfying the equation

(36) PP EY=8(x — &) 0 (e — £2).
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If the boundary of the infinite cylinder (the axis parallel to x3) is free from stresses
on the curved surface (F=F , =0, F* = F% = 0), then solution (35) can be
represented in the form [4]

C (028, 026, 02 &9, B
(3?) [ E-—-Z#ﬁ. ‘I F*(-dfg -f“ dé% '-—-2{):&:]5&.; +}'[/ 633) df] ﬂ‘é"’z.
(r

In the particular case of the steady temperature field in the absence of heat
sources (efy= 8y @ T, 2T =0) we have F =0 at each point of the cylinder.
Thus we have only one component of the stresses oi.
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