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The object of this paper is the delermination of the state of displace-
ment and stress in an elaslic semi-space, due to the action of a source
of heatl of intensity W, moving with a constant velocity v in the plane
bounding the semi-space. '

The malerial is assumed to be thermally and elaslically isolropic; the
values characterising the material are assumed to be constant and inde-
pendent of the temperature and stress.

The temperature and stress field will vary in time due to the motion
of the source of heat, In a fixed co- mdlna!.e syslem & n, ¢ the héat
equation is
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where lk==2'ge, ~—coelficient of heat conduclion p-density, and c-specific
heat. Assuming the co-ordinate system x,y,z as a moving one (in the
origin of which the heat source is located and the x and y-axes lie in the
plane 'hounding the elaslic’ semi-space) moving fogether with the heat
source al a conslant velocity v in the direction of the &-axis, and usmg
the transformalion

r=&—ut, y=pn z=¢
we oblain the Eq. (1.1) in the form, (1],
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The time t does not appear in this equation. For an observer moving
along the &-axis together w1th the heat source, the iemperature and stress
field will be steady. :

[155]
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Consider first the auxiliary problem of detemnining e stale ol slress
due to the action of a moving heat source in an inlnite elasiic space.
The solution of (1.2) is, [2],

(1.3) Tzal:—iR_l e~I"WiR  where ,uu---.;—;_; and R == (x®-y* 429"

This solution can also be represented in the form of Fourier integrals
which will be useful in the subsequent considerations:
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In order to determine the stress components it will be convenient to use
the so-called potential of thermo-elastic displacement ¢, This funclion
is related to the componenls u, v, 10 of the slate of displacement by the
equations '
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'Introducing the relations (1.5) in the three displacement equations of the
theory of elasticity, we reduce them to the unique equation, [3],

(1.6) Pro=1"aT,

where a; is the coefficient of thermal dilaiatior. and »r— Poisson’s ratio.
Differentiating (1.6) with respect to @ and using the Eq. (12), we obtain

(1.7)
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Hence,
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The particular integral of the Bq, (1.6) will thevefore be

(1.9) h==— i—j::r -é—n‘:;;wj I R~'exp|—plx+R) do =
o ' 14y aW
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where
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The function ¢ can also he expressed by an integral

=3 0o o3
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(110 P=—1 o fff @ F e dadfdy.

The stress components due {o the aclion of the heat source will be obtained
from, (3], -

(1.11) [W=—zc;(p=d:b;;‘-‘(%-‘f%), Lj=x,Yz2

where dy is Kronecker's delta.
We obtain successively
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The displacement components will be oblained (rom Egs. (1.5)

, e ER) Lol R) e ol R)
(113) w=K-—— ) v=—Rypeoig, weo-Kaipeo, o

In the particular case of v — 0 (u— 0) we oblain [rom (1.11) and (1.12)
the known relation for the stalionary problem, [3].

Consider a heal dipole at the origin of a co-ordinate system connected
with the elastic space. In the plane z=0 we obtain T ==0 (exceptl for the
origin). We have also T=0 at infinity. Thus, we have realised the tem-
perature field in an elastic space, due to the action of a heat source in the
plane z = 0 bounding the semi-space.

According to (1.3) and (1.4) we have

W - W oz
N =l g=p{x - Ry — . e &) -+
(1.14) T T (R ! )= 177 B ot (14 nR),
or
s m_ W I.-"M'waysm ax cos fy sin yz .
(1.15) r_nn;".unj e dadfdy.

In an analogous manner the function ¢ is obiained in the form
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or in the form of the Fourier integral
142 W f‘f'faybln awcosﬁj sinyz
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n oo
. The knowledge of the function @ edables us to determine the stress

components (oy) from the Egs. (1.11).

We have )
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Let us observe that the stale of stress (gj) does not salisfy all the
boundary conditions in the plane z = 0. The siress o:: vauishes in that
plane, but the shear stress oy, 0y. does not vanish. The state of stress
(7)) hould be superposed on (o). This state constitutes the solution of
the following isothermal space problem: determine the stresses (o) in an
elnstic semi-space due to shear stresses — o and — ay: acling in the
plane z = 0. The stress componenls gj, can be [ound by using B. G. Ga-
lerkin's displacement function @. They are expressed in terms of ¢ by the
following relations:
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The function ¢ should satisfy the biharmonic equation
(1.20) Pptp=0,

with the boundary conditions

(1.21) Tzt Oxzle0=0,  Tyz + Opzlees0=0, Orz|z=0==0

and ¢==0 at infinily.
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The funclion ¢ is assumed in the Torm
(1.22) = ] J Z (a, f,2) sin axcos fydud]?,
0 n
where
Z=(A+4BOz)e™ ", d=(u* 1'%

The funclions oy, oy appearing in the boundary condilions will also
be expressed by means ol a Fourier integral

2

Oyzlz=0=2G ag_:_. |I = —2GK ﬂf‘ﬁl. « Pla,fi)cos ax cos fy dadf,
(1.23) s
Si el 5 | =2GK [ [ apP(a,p sin axsiny dadp,
where "
i dy
Pl m:j (a* + )’ -)J— 9
The third boundary condition ;1‘2-1) leads to the relation A = — B (1 — 2 ).
The first lwo conditions of the group (1.21) lead to the same relation:
(1.24) " Bla,p)=—2GK II;“ A,
Then, o
(1.25) r,n——ZKG{ P(a B) (1 —= 22— @z)e " sinuxcosfiydadf.

Hence, from the Eqs. (1.19) we delermine the siress components (o)
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)

(1.26)
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00

a3 ca
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z 00
. o masﬁ ) .
oy = 2KG —{J—-P(a, B)(2—2r—1z)e~% cos ax sin fy dadp.
; 7

0
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Superposing the slress components (oy) and (oy), we oblain our
slvesses (o). Nole thal for w = 0 (- 0) we pass Lo a steady-slate
problem. In this case, il was shown in the |4] that the siresses o, gy, 0::
vanish, and the stresses .., o)y, 0.y can be represented in a closed form.

Consider the particular case of a linear heal source moving with
a constand velocily ¢ in an infinite elastic space. Lel this source be distri-
buled with a uniform inlensity W along the z-axis.

Then the temperature field is determined by

c e platy yrezper

(1.27) T:-—K_-e'-r'*[
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where K (ury) = a2 HN (ipr,) and H (ipr,) is Hankel's function of
the first kind and zero order.

In a similar manner the function @ lakes the following form, accord-
ing to the Eq. (1.8):

P i 14v a W
2 == — e (2t -y 2 da = o e

(1.28) N [ e Ky lu@t kg da, N=1 £
which is in agreement with the result obtained by E. Melan [5].

Now let a linear heat source uniformly distributed along the z-axis
move in the x-direclion with constant velocity » in the plane y =0
bounding the elastic semi-space. The temperature field is determined by

W
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0 e— w e
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2 a‘!:). To
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(1.29) T==—

or
; W ([ afsinaz sin i ‘ SPEE,
{130} T= :;23 ‘f .f _ﬁ'T“f::]g-_ﬁi da d..fz, where Ny = Y +V}l" + ﬂ" v
00

We find in an analogous way that

F e K, [p(a® -+ v
(1.31) G=—Npy f (:lt.!hil_ L dz,
or
(1.32) = —

1—» =4

141 Wa aff sin ax sin fy
[ [ s e
00

The knowledge of the function @ enables us to determine the stress
components (o).
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Thus,
At . e . .
== @y G- ) K (pry),
()"qb v ;
U"J_‘_zc"d —2GN# —'——1K (pery) F-—Ky(uery) |,
[!
(1.33)
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a,\'£=0; .ay.'=0.

For y == 0 we have a,,=0 and oy # 0.

Over the state (a;) the state (@) is superposed, being chosen in such
a way that all boundary conditions are satisfied at the edge y = 0. In
order lo determine the state (o;) we use the Airy {function. The bihar-
monic equation, .

(1.34) |2 R = 0,
should be satisfied with the following houndary conditions for y = 0:

: - *ero *F
(1.35) Cay — P20y 0, Tt

The function I’ will be assumed in the form

(1.36) F= [ (A + Bay)e “sinazda,
0

From the second condition of the group (1.35) it follows that A = 0.
From the first condition, (1.35), and bearing in mind (1.32), we oblain

]

(1.37) F= BthNy f P(a ae ' sinaxda,
- 0
where
" pap
P —_ N T T R R T
5 g 2 ( @ @)
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The knowledge of the funr.tmn F enables us to determine the stress
components (Ti).
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We oblain

Fye = 3:1}‘_. =3 — B-ﬂ;i'r-N f Pla)e* e (2 —ay)sinax da,
' i
H Al ) -
Uy = :;—i_, == — ? {:—?N y | Pla)a'e ™ sinaxda,
' i
{1.38) ez = — PP F = Eﬂ;—NC—; J P(a)a*e~ sinax da,
i
Oy =2 = Hi'{%‘ = AO [ Pla)a*e (1 —ay)cosuxda,

6’*‘.: =), Oyz ===

The siresses are obtained finally from the equations oy = oy -+ oy. For
=+ 0(;e—0), in other words, for a fixed, steady heat source the stresses
e, Oyy, Ugy vanish, the only non-vanishing stress being o:..
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