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The object o£ this paper is the determination of the state of displace-
ment and stress in an elastic semi-space, due to the action of a source
of heat of intensity W, moving with a constant velocity v in the plane
bounding the semi-space. ':

The material is assumed to be thermally and elastically isotropic; the
values characterising the material are assumed to be constant and inde-
pendent of the temperature and stress.

The temperature and stress field will vary in time due to the motion
of the source of heat. In a fixed co-ordinate system f, r/, C the" heat
equation is • •: , , . . . . • • • •

c ) 2 T , Ć ) 2 T : 1 &T

where k=)Jnc, /.—coefficient of heat conduction p-density, and c-specific
heat. Assuming the co-ordinate system x, y, z as a. moving one (in the
origin of which the heat source is located and the x and: y-axes lie in.' the
plane 'bounding the elastic semi-space) moving together with the heat
source at a constant velocity v in the direction of the f-axis, and using
the transformation ' '

we obtain the Eq. (1.1) in the 'form, [1],

(PT cTT <PT_ vL dT_
{ ' dxi+- dyi'l'dzi~ k dx'

The time t does not appear in this equation. For ai> observer moving
along the f -axis together with the heat source, the temperature and stress
field will toe steady. : " •• ; ;:

[155]
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Cansider first the auxiliary problem oC determining the stale oC stress
due to the action of a moving heat source in an infinite elastic space.

The solution of (1,2) is, [2],

(1.3) T—j—rB~1e~''l*+/"l where / '—sv and R== (a^+jr + z2)1'2.

This solution can also be represented in the form of Fourier integrals
which will be useful in the subsequent considerations:

T = ~j e-f I Ko (r \/f + ,,r) cos fa dp,
Ó

CO CO '

W CC e~ri

(1.4) = •• „ e~fx -~r~ cos fty cos y'zdtidy,
I 7T,~ A I 0

0 0

* a sin ax cos /? 1/ cos y z d adfid y

o o o
^/ /T !

where

In order to determine the stress components it will ibe convenient to use
the so-called potential of thermo-elastic displacement (/•'. This function
is related to the components u, v, iy of the stale of displacement, by the
equations

d 0 _ d 0 _ 0 'fi __
ox ay az

Introducing the relations (1.5) in the three displacement equations of t'he
theory of elasticity, we reduce them to the unique equation, [3],

(1.6) P2 <P = - J i - at T,

where at is the coefficient of thermal dilatation and v—Poisaon's ratio.
Differentiating (1.6) with respect to x and using the Eq. (12), we obtain

(i 1) v* (d0\- 1+y 'q> d T - - X ± '

Hence,

and tf„{±»««rTda!(
', 1—r 2(i j
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The particular integral oT the Eq. (1.6) will therefore be
.V

(1,9) 0 = — IŻ1 £iK I R-> e Xp I — (i (x + R)\ dx =
1 — v o/.in/. I

b

where

.Ei(— S) =

The function 0 can also be expressed by an in.tegxal

(i.io) * — J $ f - ^
1—r if X

J J J - + j;a) (a- + }-
o o o

The stress components due la the action oil the heat source will be obtained
from, [3],

(1.11) c// — — 2[

where ót/ is Kronecker's delta.
We obtain successively

(1.12) ~

.,, == KGy ^5 (1 + ,u R), cr« == KG

e-/«A-+fl) / R \
ay, = KGzy =-,,„• --r 1 -I- /.i R 4

where

1—v 8 ^/(/.
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The displacement components will 'be obtained from Eq.s. (1.5)

e-/i[.vi-/?) e-M*'A') e~ntx+/{)

( L 1 3 ) u ^ K — ^ , » — K y ^ - ^ , w - - - K z K ( x - - K R ) -

In the particular case of u -> 0 (/< -*- 0) we obtain from (1.11) and (1.12)
the known relation for the stationary problem, [3].

Consider a heat dipole at the origin of a co-ordinate .system connected
with the elastic space. In the plane z = 0 we obtain T = 0 (except for the
origin). We have also T = 0 at infinity. Thus, we have realised the tem-
perature field in an elastic space, due to the action of a heat source in the
plane 2 = 0 bounding the .semi-space.

According to (1.3) and (1.4) we have

(1.14) T---^^*^**)-^ |e->- *(!+„«),
or

(1.15) T - - £ I' 1 1av S i n aajC°S PpŹZlda d/? dy,
0 0 0 , , ' .

In an analogous manner the funption <P is o!b1ained in the form

d , • . ... 1 + v a, W 2c-«(v:A'l., 1 f i , rh 1 + )
( U 6 ) ( 2 , = = _ _ _ n m f t [ x + R ) ) ] = - - R ( — ,

or in the form of the Fourier integral

xcos^sm^ d a

i The knowledge of the function <P erlables us to determine the stress
components (ay) from the Eqs. (1.11).
We have

3 3ys

a: + R ii- (x+R)

2B
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' f) x- 0 y- R-

_1 2 y8 3 z" \ z" -|- a:3

" K + x "'" R (xi- R J " 2 " R 2 ' ( x + R ) / " " F 2 "

— K-Gyze>
Ox, •- O -d ^ f ) - - — £

K G e ""'"

/r + 3 (~ + /i

1\

R

3za

3z-

Let us observe that the state of stress (a,y) does not satisfy all the
boundary conditions in the plane z — 0. The stress CT« vanishes in that
plane, tout the shear stress a.«, ~oyi does not vanish. The state of stress
(cry) should be supenposed on (cry). This state constitutes the solution of
the following isothermal space problem: determine the stresses (~a/j) in an
elastic semi-space due to shear stresses —~axz and — csyi acting in the
plane z — 0. The stress components "cr/j, can be found by using B. G. Ga-
lerkin's displacement function qi. They are expressed in terms of ę by the
following relations:

(1.1.9)

dz

J " - ' d*

7 A ' : " d x

WV — 3T3 , ^ =

d-"-)^+£S + S5l. -,-

The function ip Should satisfy t'he biharmonic equation

(1.20) I,"3l7> = 0,

with the boundary conditions

and i p = 0 at infinity.
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The function </> is assumed in the form

(1.22) <r— I } Z{a, B,z) sin ax cos fiy ttudfl,
ó ii

where

The functions a.u, ~óyz appearing in the boundary conditions will also
be expressed by means of a Fourier integral

ffv:U=2G-,4- = — 2GK I I a2P(o,fi)cosaxcasBydadB,

(1-23)

ayt\tm<j*=> 2 G y - ^ - = 2 GK / / aft P (a, /?! sin ax sin /J^ d« dfl,

where

y- dyJ
0

The third boundary condition (1.21) leads to the relation A — — B (1 — 2 v).
The first two conditions of the group (1.21) lead to the same relation:

(1.24) 2 ^

Then,

(1.25), ?) = -

Ó Ó

Hence, from the Eqs. (1.19) we determine the stress components (ai

0 0 — <r (9sj e" 'K* sin ax cos (3y dadB,
CO CO

(Jyy ^^^ ,i JV (j[ I I ; • 1 2i ( u " ~\ V O." )

0 0 — /?2 dz\ e""1'1"' sin ax cos fjy dadp,

IJZZ = — 2KGz | ) aP(u,B)d'ie-"'sinaxcosBydadB,
a ó

(1-26)

' f c = - 2 K G | ) P(a,j3)a3(l — {lz)e~!t: cosaxc.ORpydad@,
ó 6

"CTJ.Z = — 2 KG / / P (a, (5) a/i (1 — i5z) e"*1 sin ax cos By dadB,
ó ó

—/p(a,/3)(2 —2i—7
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Superposing the stress components (aij) and (ay), we obtain our
stresses (<r/j). Note (hat J'oi- v ~> 0 (/i -> ()) wo (pass to a steady-stale
pro'bloni. In this case, it was shown in the |4 | that the stresses aXI, ayziaZ2

vanish, and the stresses axx, ayy, a.,,, can toe represented in a closed form.
Consider the particular case of a linear 'heat source moving with

a constant velocity v in an infinite elastic space. Let this source be distri-
buted with a uniform intensity W along the £-axis.

Then the temperature field is determined by

e-.MiA'-o"-:^1)'" w , -

r0 = (x- + y 2 ) 1 ••"-,

-where Ko (/.<ra) = jri/2 H^ (i[trn) and H|,''(i/ir,,) is Hankel's function of
the first kind and zero order.

In a similar manner the function 0 takes the following form, accord-
ing to the Eq. (1.8):

1(1.28) 0 «. - N f e-«-< Ko \M (X" + !/8)1'] d«, W = ~ ~ %,

•which is in agreement with the result obtained :by E. Melan [5].
Now let a linear heat source uniformly distributed along the z-axis

move in t'he x-direction with constant velocity v in the pjame y = 0
•bounding the elastic semi-space. Tihe temperature field is determined by

(1.29) T = — ^ e-"* fj \K0 (ft Vx* + y*)] = ^

•or

{.1.30) T = --g-T — 1 i '»" flad|8, where
ye / J j a -|- ))0

o o

We find in an analogous way that

X

or
l + i' Wa( C C ap sin ax sin fly(1.32) ^ra____^J l _ _ _ _ _

ó o

The knowledge of the function 0 enalbles us to determine the stress
•components (cy).
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Thus,

«.v.v = — 2G ,-- 3 — 2 GNir- .fxyK..(/a-n),
vy ii

(1.33)

a,y = - 2 G £ ~ = - 2 G W ,/ --— I K, (/., r(1) + f- K., (/< r0)

a,, =

a.vz = 0, "Óy? == 0.

For y = 0 we have ~ayy = 0 and "CT.̂  =/̂  0.
Over the state (ay) the state (a,/) is superposed, being chosen in such

a way that all boundary conditions are satisfied at the edge y — 0. In
order to determine the state (a/j) we use the Airy function. The bihar-
monic equation, . ,

(1.34) |/a(/aF = 0l

should be satisfied with the following boundary conditions for y = 0:

d"F d'zF
(1.35) ' CT,7 r-r—0, ->--„ = 0.v ' Ox ay dx-

The function F will be assumed in the form

(1.36) F= ( [A + B a y) e~ttl> sin ax da.
ó

r

From the second condition of the group (1.35) it follows that A — 0.
From the first condition, (1.35), and bearing in mind (1-32), we obtain

(1.37) F =
71

o

where
O.1p ( a ) = = /V

a

The knowledge of the function F enables us to determine the stress
components (ay). - . . . : . .
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We obtain

ff,v.f = -r -•. =•- ~" I P{u) «a c""-l'(2 — o y)sin ax da,

d 2 F . 8 / ( G i V f _ , . , „ . , .
Oy,, = y—.j = -r y P (a) a c'""-1 sin w d a ,

b

(1.38) azz •-=•• —v p*F = - ' - I P (a) a3 e""-" sin a x da,

d- F 8 u G j P (a) a2 e-"J'(l — a y ) cos ax da,

The stresses are obtained finally from the equations at/ ==• ay + cry. For
•i;—5- 0 (/(-> 0), in other words, lor affixed, steady heat source the stresses
•O\M, O-;O'J y.i-.v vanish, the only non-vanishing stress being a2z.
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