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TRANSIENT THERMAL STRESSES IN VISCOELASTIC BODIES (I)

WITOLD NOWACKI (WARSZAWA)

- The problem of transient thermal stresses in viscoelastic bodies has
recently been the object of many investigations. Two method of solution
may be distiguished in theoretical papers. The first consists in a direct
solution of the displacement equations, [1], [2], or in a solution of such
-equations after the application of the Laplace transform, employing
the principle of correspondence, The second method is based on intro-
ducing the thermoelastic potential, [3], [4]. connected with the application
of the Laplace transform.

In the present paper, a different way of solution will be chosen,
constituting an extension of W. M. Maysel’s method, [5], (invented for
perfectly elastic bodies) for viscoelastic bodies. The essence of Maysel's
method is a generalization of E. Betti’s reciprocal theorem and a deriv-
ation of simple expressions for quasi-statical displacements. It will be
proved that this method is equivalent to replacing the differential
equations for displacements by appropriate integral equations.

We present a two-stage method of solution of dynamical problems due
to. non-stationary temperature fields in viscoelastic bodies. In the first
stage, the solution of the quasi-statical problem is obtained; in the second
stage, the influence of inertia forces is taken into account.

In the first part of the paper, an outline of the method is given and
quasi-statical problems are considered in detail. The second part is devoted
to dynamical problems.

1. Basic Equations and Relations

It is assumed that the deformations are small and physical constants
(both mechanical and thermal) are independent of position and tempera-
ture. We shall consider a homogeneous, isotropic viscoelastic medium of
linear characteristics, obeying the following stress-strain law, [6], [7]:

{1.1) P,(D)Py(D) oll)(x,, t) =P, (D) Py (D) s} (x,, t) +

1% % [P, (D) P, (D) — P,(D) P;(D)] e (z,, ) — P, (D) P,(D) &T (=, 1)},
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¢
(1.2) o’}f’ (x,,t)= 2fa (t— 1) (_)0;‘ ef,f,’ (., %) dr -+

oT (x,, 1)
dr

t [}
+6{f{bu——ﬂaﬁﬁfﬂf*—wsbu—na+zau—;ﬂlm i

The relations (1.1) follow from
(1.3) P,(D) s}}l = P,(D) ef.j.',
(1.4) P,(D)s=P,(D)(e—3aT).

Here o} denotes the stress tensor, s{j) its deviatoric part, ef.jl that of the
strain tensor, d; is the Kronecker’s symbol, a; — the coefficient of
thermal expansion, T' — the temperature.

The operators P; (D) (i=1, 2, 3,4) are defined by the formulae

Ni
(1.5) Py(D)= ) a/" D" a{¥ - 0,
n=0

where D" = 0"/0t" denotes the n-th derivative with nespect to the time ft.
The coefficients a!* are independent of position and temperature; they
are constant quantities. In the particular case of a perfectly elastic body,
the operators P; (D), reduce to the first terms of the sum (1.5): where y,
and 4, denote the L am é constants for a perfectly elastic body.

The relation (1.2) was derived by M. A. Biot, [8], and generalized to
three-dimensional problems of viscoelasticity by D.S. Berry, [9]. They
may be applied to bodies which are free of stresses at the initial momenit.
a(t) and b(t) are the relaxation functions which reduce to the Lamé
constants for a perfectly elastic body.

Let us insert the relations (1.1) and (1.2) into the equations of motion:

{)‘Eu,-

dow
1.6) 2 5 P

[8 denotes the density and ui(i=1, 2, 3) the components of displacement
vector], and let us express the stresses by the strains and the strains by
the displacements according to the relations:

A ou; duj
(L.7) %_ﬂﬁ+ﬁy

As a consequence of these operations, the displacement equations are
obtained:

(1)
(18)  Po(D) Py(D) P*ul!+ 5 [2 Py(D) P,(D)+ Py(D) Py(D)] 0 - =

d*ult T
=2P;(D)Py(D) g~ + 2 Py(D) Py(D) at g
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!

(2)
(1.9) {{a(t—z)— 72ulP +[b(t—7)ta(t— ]{? ge }d =
’ 02 0 or
=p_ atz + a,f[B b(t—17)+2a(t—1)] 97 Ox; 97
0
Both displacement equations may be represented in the following
operational form:

(1.10) 1)=& (d us)+M(6T)

da:;

The solution of (1.10) is the sum w; =i+ ui*, where u; corresponds
to the solution of the quasi-statical problem, i.e. it satisfies the equation

o — (T
(L) L) =M (g),
and u; " satisfies the operational equation
0*ul* 0*uf
il = =k
(112} L (u/™) ( o0t ) K( ot? )

Let us assume that the viscoelastic body was in its natural state at
the initial moment, i.e. it was free of stresses. Applying the Laplace
transform to (1.1) and (1.2) we obtain

(1.13) oy (xr, p) =|A(p) € (xr, p) — 7 (D) T (21, )] 8y + 2 2 (p) 2 (21, D),

where &

f (a0, ) = f e " f (xr, t)dt.
0

We have introduced the following notation

— - P,(p) P,(p)— Py(p) P, (p)
MO =" By

(1.14)
ngp}

2P, (p)’
for a viscoelastic body, the stress-strain law of which is given by (1.1),
and

(1.15) AP =pblp), wE=pi(@), 7@)=[31(p)+2upP)]a,

for a body obeying the stress-strain law (1.2).

Let us now apply the Laplace transform to the displacement
equations (1.11) and (1 12). The first system of equations

ry aT ry
(1.16)  [A(p)+7(p)] ;;Z P) | o) 2t (s, ) =7 (D) ffx)

(i=1,2,3),

p(p) = 7 (p)=[3A(p)+27(p)| a,
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concerns the quasi-statical problem. The second system

de** (:cr,p T

(117)  [A() +u(p)] — (p) P2 ul* (xr, p) =

— pptut* (xr,p) + li(zrp) (i=1,2,3),
where
(1.18)  T'(zr, p) = f[p® uf (s, p) — pusf (xr, 0+) — tif (2, 0+) —

—pui* (7, 0 +) —u* (2, 0 4)],

takes into account the inertia terms. The final solution w;(x,,t) is the sum
of u} (x,t) and ui* (x, t).

We have still to consider the boundary conditions for the system (1.16)
and (1.17). If the boundary of the body is free of tractions, we have at
our disposal the following boundary conditions for the system (1.16):

a
(1.19) —7Tni+ D) thna=0 (i=1,2,3).
k=1

For the system (1.17), the boundary conditions have the form

(1.20) D=0,

the following notation being introduced

The=2¢"0n+2ueh, TH=2e"du+2uell;
ni denotes the cosine of the angle between the normal to the surface
of the body and the aj-axis.

If the boundary of the body is rigidly clamped, the boundary con-
ditions for the equations (1.16) are given by u; =0, and for (1.17) by
u*=0.

Let us consider a perfectly elastic body. The stress-strain law has the
form:

(1.21) of)(xr, t)=[Aq € (2, ) —7, T (21, )] 815+ 2 110 &) (s, 1), Yo =(32o+2 o) a:-
Here 4,, 1y and y, are independent of time Lamé constants for a per-
fectly elastic body.

The displacement equations for a perfectly elastlc body may be written

thus: .
2,,0
(1.22) (Ao 0T (xr, t) 0*uf(x/, 1)

de’ ,,t
e (I )+ ‘,'017 u! (xr;t)=?’n T + B dté”

The ccrresponding bou=ndary conditions

i

(1.23) —;v,,Tm—I— 2 i Mk, =},e" dij+ 2 ue?
=‘i
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for a body the surface of which is free of tractions, and

(1.24) ul=0,
for a body rigidly cLamped Eq. (1.22) may be split up into two systems:
't =
125 (o) T g g, o=y, T,
(:I: ’ ) aa “l (-rn t) "‘ (xr; t)
(1.26) (Zo"l-,un) T Al + 1o 72 ud** (2, 1) = B o +8 "__'a-i_
(i=1,2,3).

If the boundary of the body is free of tractions, the boundary con-
ditions for the equation (1.25) are the following:

s
(1.27) — po T +gr?}: me=0, %=1 e + 2 8.

For the system (1.26) they have the form:
3
(1.28) Daltn, =0, o0 =2el 4 2 sl
=1
In the case of a rigidly clamped body, we have: u?* = 0 for the system
(1.25), and u?** =10 for the system (1.26).
Let us apply the L a pla ce transform to the equations (1.25) and (1.26).
Then:

)GEU' (xr, p) af'(:t?r,p]

(1.25.1) (Aot Ho 0%, + o V2 Uf* (27, p) = yo 5" ox; !

0% i
(1.26.1)  (A+ yo){ka;:(:’ﬂal‘]'# 72 ul** (x,, p) = pp* u** (x, p) + I (1, P),

where
Ty (7, ) = B [0> U0* (axr, p) — pud* (@7, 0 +) — uf* (&r, 0 +) —
— p'u?" (xr, 0 ']') — ﬁ?*‘ (xr, 0 ‘I‘ )J .
The boundary conditions are given by

(1.27.1) —yoTri+ ), T e =0,
k=1
for the systen? (1.25.1), and the boundary free of tractions, and
3

(1.28.1) Dat =0,

k=1
for the system (1.26.1), and the boundary free of tractions.

For a rigidly clamped body: u?*=0 for the system (1.25.1), and

ul** =0 for (1.26.1).
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It follows, from the comparison of the transformed equations and
boundary conditions for a perfectly elastic and viscoelastic body, that for
the construction of equations for a viscoelastic body the constant quan-
tities uy, 4, in the equations (1.25.1), (1.26.1) and (1.27.1) should be re-
placed by the functions of the parameter p— p(p) and 4 (p).

2. Solution of the Displacement Equations

We shall solve the displacement equations of a viscoelastic body with
the help of the Green’s function U¥(x,,é&,1), (i, k=1,2,3). By
U™ (s, &,,1) we denote the displacement of the point (x.) (in the direction
of the x;-axis) due to the action of a concentrated force in the viscoelastic
body at the point (&;), the direction of which is parallel to the x,-axis.

The functions I?}"" (xr, &, 1) ought to satisfy the following system of
equations

de (Ir, E!’j p]

(2.1)  |A(p)+u(p)| =

+ ,fffp)V U“‘] (x/, ‘En ) + 6 (xr— &) du=10

(i, k=1, 2, 3),
with the boundary conditions
3
@21) D, =0(,r=1,2,3), f=/1e® |25,
r=l1

¢

for a body free of tractions, and

(2.2.2) UM =0 (i, k=1,2,3),

for a body rigidly clamped.

", g¥ denote the dilatation and the components of the strain tensor
correspondmg to the displacement oM.

From the solution of the three systems of equations (each contains
three equations) with appropriate boundary conditions, nine functions
U”‘}{ k=1, 2, 3), will be obtained. They will serve for the represent-
ation of the solution of the equation (1.16) with the boundary conditions
(1.19) in the following integral form:

(2.3)  ui(xr,p)=—p( p)J Z o ( r,Er,p)dT(E”p)dV-lr

L.k

i
7 (p) f T(p) D, U @, érp)md?  (=1,2,9)
0 k=1

Let us denote by ffg;‘? (&, x;, p)  the transform of the displacement of
the point (&) in the direction of the x,-axis due to the action of a umit
concentrated force at the point (x,) in the direction x:.
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Making use of Maxwell's reciprocal theorem for displacements
(24) IH (33_-, ér: p) U;k] (Eh x!s 'P):

and taking into account the Green’s formula

= 3
(25) J 2 Ui (Enmnp)gréii“"p} v = f T (&, p)Z'r}};"-(g,, 1, p) n dQ —
k= 2

UI
_fmn )Z Ul er.a:,,p) o

we can transform the integral expression, so that:
— 0 ) T, .
(26) (@, p)=7(p) f T () Z W enmnp) gy, ay—ad.

The function U (&, x,, p) entering (2.6) is a solution of the system of
equations:

q - d ry dery -
27 [A(P) + 2 ()] —3—-(—5—“’--?’ + 1 (p) P2 UK (&, 21, )+ Bik B (6 — ) =0,

all the operations being performed with respect to the variable &.
Let us observe that the sum

B _—y 3
ouy (&, iy
{28) Z bl (E xﬂ'P'l: Z Sﬂ':Mt(én xnp]:
k=1 0x h=1
may be regarded as a transform of a dilatation at the point (¢4;) due to the
action of a concentrated force at (x,) in the direction of the x;-axis.
On the other hand, on account of

aUl” (Er, ;ch p) at—I-{‘k} (xﬂ Ef, p}
: 08, Oxp '

(2.9)
we obtain:

5 UM (2, bryp)
=1 Lre

(2.10) U.f (xr, &, D).

The function U (x, &,p) should be regarded as the transform of the
displacement at the point (x,) in the direction x; due to a centre of pressure
situated at the point (£). Thus the transform of the displacement uf can
be represented in two forms similar to Maysel's representations for
perfectly elastic bodies !

(2.11) at (@, p) =7 (p) | T (&r p) Mi(Er, 0, p)dV,
v

t These formulae are also valid for the boundary conditions (2.2.2). In (2.3)
and (2.5), the surface integrals vanish and (2.6) holds.

Arch, Mech, stos. — 10
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or
(2.12) ul(x,p) =y (P}J T (¢, P) EF}',-[I,, ér,p)dv, M; (&, xr, p) = Ex (xr, &, p).

By making use of the generalized E. Betti s theorem (for thermoelastic
problems), W. M. M aysel obtained the following relations for a per-
fectly elastic body:

(2.13) W* (27, p) = 0 | T(&,p) M (&r,2,) AV,
v

or

(2.14) @* (@, p) =y, | T (&, p) U (&7, ) dV.
v

Comparing the formulae for the transforms of the displacements in
perfectly elastic and viscoelastic bodies, the possibility of application of
Maysel's formulae becomes evident. The formulae (2.11) and (2.12)
can be obtained from (2.13) and (2.14) replacing in the latter y, by ¥ (p)
and replacing the quantities p,, 4,, appearing in the functions M?, U? by

#(p), A(p).
Since 3 3
o L (0l ouf
(215) B="3 (6:::,: am;)'

we can obtain from (2.11) and (2.12) expressions for strains and dilatation:

(2.16.1) e (ar, ) =7 (o) [ T (&, p) My (ér, ar, p) AV (i # 4),
v

(2.16.2) & (r, D) =7 (0) [ T (1) Miy (&7, 21, p) AV,
v

(2.16.3) & (2, p) =7 (p) | T (&,p) M(&, 2, p) AV.
v

M;; denotes the transform of the dilatation at the point (&,) due to the
action of a cross of shear forces at the point (), its vector being perpen-
dicular to the plane x;x; and intensity equal to 1/2. Further, M;; denotes
the transform of the dilatation at the point (&) due to the action of a double
concentrated force at the point (x,) in the direction ;. Finally M denotes
the transform of the dilatation at the point (&) due to the action of
a centre of pressure situated at the point ().

In view of the second form of the displacement (2.14) we have

(2.17) ey (xr, p) =17 (p) f T (&, p) Kij (1, &, p) AV,
v ‘

(2.18) & (xcr,0) =7 (p) | T(&,p) K (xr, &,p) dV.
v
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By K; we denote the transform of the shear strain (its vector being
perpendicular to the plane x:aj) at the point (x;) due to the action of
a centre of pressure at the point (). K is the transform of the dilatation
at the point (x,) due to the action of a centre of pressure situated at the
POint (& r)-

In the particular case i=7j, the function K represents the axial strain
at the point (x.) (its vector being parallel to the x;-axis) due to the action
of a centre of pressure situated at the point (£,). Let us observe that:

(219} ﬁ(frs Lry P) == I_f_(?rr; Er, P}; Mij (Er, £Lry P) — Rl'f (xn 'En P),

Iﬁ“ (Eh ‘rf: p) — -’-_“:i.l1 (x!) Ef‘r p)'
Further, let us consider the solution of the system of equations (1.17).
Making use of the Green’s function, it can be represented in the form:

3

(2.20)  a@*(@np)=—pp" | D @*(&,p) U (2r, & p) AV —

V k=1
3

— [ D) Tl ) UP (v, &, D) AV,

V k=1

3 |
(2.21) @ (@ p)=—pp" [ D W* (&) U (&, @, p) AV —
V k=1

]
— [ D Tuténp) UY &, 2, p) V.
V. Re=l

We have obtained a system of three Fredholm’s integral equations of
the second order for the determination of the function @;**. The strain
tensor and the dilatation can be represented in the dual form:

(2.22) & (zrp)=— J Z‘ (62 p2at* (&7, p) + T (&, P Wi (6, 21, p) AV,

]

(2.23) &*(x,p) =— j 2 [Bp2@k* (&, ) + Tk (&7, p)) WRE, /, p) AV,

V k=1
or
3 —
(2.24.} E?j‘ (Ir, 'p} J Z‘ [ﬁ‘p HE‘ (Eﬂ P) +PR (EI’: ] Ei'f (In 'Ers p) dV’
1

V k=
[Bp*at* (&, p) + Tk (ér, P)] EW)ay, &7, p) AV

(2.25)  &* (2r,p) = f
V k=l
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W‘{,.’” (i =~ j) denotes the transform of the displacement of the point (&)
in the direction of the x.-axis due to the action of a cross of shear forces
at the point (x,), the vector of which is perpendicular to the plane x; x;.
In the case i=—j a double force will act at the point (x,) in place of the
cross, its direction being parallel to the x;-axis. W® is the transform of
the displacement of the point (&) in the direction of the xy-axis due to the
action of a centre of pressure situated at the point (x;). By E}),"' we denote
the shear strain at the point (z,) due to the action of a concentrated force
applied at the point (¢). E{Y and E® denote the normal strain in the
direction of the x;~axis and the dilatation at the point (x,) due to the
action of a concentrated force situated at the point (&), We have:

(2.26) M}klffr, Lry p} = E'[{;‘](-'rn &r, ‘p), W(ﬂ (Er, Lr, p) == E'[’”(.:c,-, Er, p)

If the displacements and strains are known, the stresses oy (x,, t)
can be determined from the formula (1.13). For the quasi-statical problem
we obtain:

(2.29) oY (xr, p) = [A(p) e* (xr, p) — ¥ (D) T (xr, P)] 81y + 2 ju (p) &) (1, ).

The additional stresses due to the inertia forces can be found from the
formula:

(2.28) alf (xr, p) = A(p)e** (xr, p) 0ij + 2 u(p) €1 (x+, P).

By performing the inverse Laplace transform, the stresses o} (xr,t)
and o} (xr, t) may be calculated and their sum yields oy (x/, t).

3. .Qunsi-Statica] Problems

If the variation of temperature in time is sufficiently slow, the inertia
forces may be neglected and the problem considered as a quasi-statical
one, The determination of the displacements can be greatly simplified
in this case, since the function uf*, which requires the solution of a system
of Fredholm integral equations of the second kind, drops out. '

For the determination of the displacement wuf, the relation (2.11)
or (2.12) may be employed.

Before presenting a few simple examples of the application of the
foregoing formulae for displacements and stresses in viscoelastic bodies,
a few general conclusions will be considered.

Let us consider the dilatation for a free viscoelastic body:

(3.1) e* (zr,p) =7 (p) J T (¢, p) M (&7, %7, p) AV,
or
(3.2) e* (zr,p) = at [ T (&, p) S (&, 2/, p)dV,

v
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where _ -
S (xr, xr, p) = [3 1 (p) + 2 u(p)| M (&, 2, p) AV.

The function S§(¢&, xr, p) may be regarded as the sum of normal stresses
at the point (&;) due to the action of a centre of pressure situated at the
point (x.).

Observe that:

(3.3) S, (&r,p) = fs (& xr,p)dV, =3,  dV,=dx, dzx,dz,.

This integration can be interpreted as follows. Let us fill the volume of
the body by centres of pressure and let us seek the sum of the normal
stresses o, at the point (&). If the domain under consideration is single-
-connected, the state of stress is identical with homogeneous tension of
the body and S, (&,p) =3.

The transform of the increment of volume of the viscoelastic body can
be expressed by the integral:

(3.4) AV =Vj Pl A= J T (é,,p) AV J S (&, 27, ) dV,.
In view of (3.3) v:re arrive at: |

(3.5) AV =3a; [ T (&,p)av.

Hence: ’

(3.6) AV =3a;"_fj‘ T (&, ) dV.

It is evident that the change in the volume of the body is independent
of the rheological properties of the material.

Making use of the formula (1.13), and computing the sum of the normal
si;resses, we have:

(3-7) s* (3:-': P) = (3 I‘l‘ 2 1"-_’-) [e' ('rh ‘P} —3ar :_I‘-{Ih P)l

Integrating s* over the volume of the body, and taking into account
the relations (3.4) and (3.5), we obtain:

(3.8) [ (@, p)av,=0.
v,
The change of the volume of the body due to the stresses vanishes, the
only change existing being that caused directly by the temperature.
The determination of the state of displacement and stress is greatly
simplified in the case of an infinite viscoelastic space. For, the following
relation takes place

(3.9) @t (2r,p) = h () " (2, D),
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since for a perfectly elastic body the following is true
(3.10) a* (@, p) =y, | T (&, p) U (21, &) AV,
v

where U?(x, &) is the displacement at the point (x;) in the direction
of the x;-axis due to a centre of pressure at the point (&). It is known
from the theory of elasticity that

T _ 1 91
(3.11) O (xr, &) = ~Enl, 2 a) dx;(R)'

where
R=[(®, — &) + (x, —&)* + (my — &)*'2
For a viscoelastic body:

: 1 Jd (1
3.12) Ui (x, ‘Er. )=— = = ’—“(‘—)—
; i £ 47 [2(p) + u(p)] 0x: \R

Comparing (2.12) and (2.14), and taking into account (3.11) and (3.12), we
have:

(3.13) uf (zr, p) = %pjﬁ?*(wn p),
0
where
3A4+2u 3 Ao+ 2 uy
)= —"ay - = .
(p) T+2 at 20+ 2 g at

It was shown by E. Sternberg that the relation (3.9) occurs also in
the problem of a cavity in an infinite space, the temperature field being
quasi-statical and spherically symmetrical. The relation (3.9) is also valid
for an infinite space containing a cylindrical cavity of circular cross-
section; similarly, for the particular cases of a uniaxial state of stress
in rods. ;

The following cases are distinguished by a special simplicity: the
symmetry of the temperature field with respect to a point, a line and
a plane, and simple shapes of the body (sphere, cylinder, layer). In these
cases, only one unknown displacement exists. Some of the problems of
this type will be considered below in greater detail.

3.1. Layer in the plane x =+ a/2 heated suddenly to the temperature T,.
Let the origin of the coordinate system be situated in the plane of
symmetry. The temperature field is symmetrical with respect to the plane
=0, and the surfaces x= = a/2 are free of tractions. The Laplace
transform of the temperature field has the form:

(3.14) R R

) q = p/x.
P enlyg
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The displacement iy is given by the integral (2.11):

(3.15) wl(z, p) =7 (p) [ T (& p) M (& x,p) dt,
Vv
or
(3.16) @ (&,p) =7 (0 | T (x, p) Mx(x, &, p) dz.
v

Here M. (x, &, p) denotes the transform of the dilatation due to the action
of unit forces uniformly distributed in the planes x=* & of the visco-
elastic layer. In order to determine the function M, (x, & p), the following
differential equation has to be solved:

= AT,
(3.17) (A+20) 5+ @—H—d(z+8=0,

with the boundary conditions

(3.18) Ex(a:,p)—-—*ﬂ for x=-+a/2

We have denoted by 2. (x,p) the stress corresponding to U.. Further,
— o,

{319) M,= 7 B

Since
= —— i
2 (@, p)=@A+2p1) 5",

the condition (3.18) assumes the form: 0U,/0x =0 for x =+ a/2.
From the solution of the equation (3.17) with the conditions (3.18) we
obtain:

— 2 1 nm

3.20 Upy=——— — sin a,,Esin an X, ap=—,
( ) X E(1+2F‘)n=1‘§,...a§ a
— 2 .
(3.21) = —sin ax § cos an 2,
a [+ I
n=1,38,.
or
= X
Ug=-—— for 0<z<§,
(3'22) 1-1—2#
Up== ¢ —  for ¢<x<a/2,
A+2u
and

y.—1 for 0<z<§&,
(3.23) lz_:" b

=0 for é<x<a.
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Taking into account that

1
= for 0<<ax<<§,
(3.24) T A+2m et

M. =0 for é<<ax<<a/2,

the formula (3.16) may be written in the form:

§ A
i (&,p) =9 (p) [ = SA LA E
(3.25) @ (£,p) =9 (p) nJ Tapldz, Olp)="" .
or
| ] I
BED=T.o@iEp, @="0, fep= _DEVPH
F V/plxch 5Vl
Thus:
(3.26) we(6,0) =T, [ g(t—1)f (& D dr.
(1]

For the Kelvin body:
P1(PJ E= 1’ Pz('P) = 2#0(1+£p)s Pu(p) :P; Pd(p) == ﬂup» o= 3 20+2;qu}?
¢ being the time of retardation. Therefore:

- 1 1 N\ 3A,+2u 3 w+24
) —2Atals S BT Ehy
9(p) D(P P+"|)} ! Aot+2u, ’ i 4 o €

Performing the reverse Laplace transform, we find that:
{3-2?) glit)=49,(1— e*'),

_ x [ & [4xint % 'S : S L Sl
ﬂ"t’t)“#ﬁg‘(i/ ) Zot, 2 1)te _

a!

where g, is the theta function, [10].
Having found the transform of the displacement u} (&, p), the transform
of the stress can easily be determined. Namely, we have:

- aU o R | _ =
Uf, (3; yT=0, oh= :5:\:2‘d_g_?T=—2F(P}'ﬁ(p}T(xsp)~
Hence: h
(3.28) o =Ty sty Dy (%#_p-ft‘x) chfl/P_/_ﬁ .
; Ch 2 l/p}”‘
Finally:

{
3.29) ot (@, ) =Topo B, [ 9 (t—) f, (£, 7 dv,
0
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where
gi{t)=1—e *!
2% 0 E [dxint
) =—F g e (5] 2559,

3.2. Infinite hollow cylinder of circular cross-section. Let the temperature
field depend on time and radius. We assume that the sides of the cylinder
are free of tractmns The transform of the radial displacement can be
found from:

b
(3.30) @ (e0) = "2 [ 0, p) M, (1, 0, )1

By M, (r, 0,p), we have denoted the transform of the dilatation on the
surface of the cylinder of the radius r, due to the action of unit forces
uniformly distributed on the surface r==g. The displacement belonging
to this state we denote by U,. It can be obtained by solving the equation

(U, 1 dU, ﬁr)
(3.31) (A+2 )( o — |+ dr—p)=
with the boundary conditions:
(3.32) Zr(r,p)=0 for r=a and r=b.
Here f, denotes the transform of the stress:
(3'33) r-'ZMr'l‘z'}IaUr, Er=%i+gj

From the solution of the equation (3.31) we have:
[_.:';,r=A1f+A2T_I, ﬂ_l,-zzA‘, a<r<-.’.g,
(3.34) _ .
Ur=BJT+Bﬂ'f—l, Mr=2B_‘, Q(r‘-':b,

and

b pe’ )
A == ————/ i} S ,
Y abi—ad) (A4 zﬁ)( u b%(A+ )

o a’ po’ )
B, = = — 114 =],
(3.35) 2(b*— a?) (;t.;_g#)( a®(A+p)

a? - _ b2 -
A2=T(1+‘U)A1, B2=:(2‘+P‘)Bl'
M H
Inserting M, from (3.34) into (3.30), we obtain'

(3.36) ur (g, p) = ?ép) [AlfT (r,p)rdr+ B, J T(r, p)fdr‘-
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The transform of the displacement for a cylindrical cavity in an infinite
space is of particular simplicity (a £ 0, b == oo). For, in this case B; =10
and hence:

32+2p :
A+2pu
Observe that for p =a is @7 (¢, p) = 0, and therefore also uf(a, t)==0. It is
evident that in this particular case the formula (3.13) is true, namely

te

g
630 @ lep =30 [T 0=

(3.38) ur (0, p) = %@ 4 (0, P)s
(i}

where @%* (g, p) is the radial displacement on the surface of the cylinder
of the radius g, in a perfectly elastic body.
For the Kelvin material:
| ) _ 3 mt2i
] Ay = -I i i

== P
ﬁ{p)—ﬂu(l s

The displacement is expressed by the formula:
! _
(3.39) ur (g, t) “—_f (l—e “'""}%u“* (0, 7) dr.

0
For the Maxwell model of a viscoelastic body
(3.40) Py(p)=p+e', Pysp)=2u,p, Pip)=p, Pi(p)=(82+2u)p,

where £;! is the time of relaxation. We have in this case:

pte’ 320+ 2 py 3 A+ 2 py
=ﬂ —_—— § = ——
I == T - TP Ty
In view of (3.38):
3.41 . f 1y g=witt =979 108
B4 wle=]N—ba—et) et 1] 5l (o,7)dr
Finally, for the Biot model of a viscoelastic body, in which
e p i p =3
(342) '”'P) Aﬂp + el #{P) P'{!p + al ﬂ(P)_!‘?O!
we arrive at the relation:
(3.43) u; (g, t)=u" (g, ).

The stresses can be determined from the formulae:

I
I
(= 7]
21
it 2
|
*

oS
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For the Biot model:

! o A o, 0%
orr (p,1) = f e et [Zuae (0,7) L 0*u’* (p, r)_yn 6T((3.ci,r]] d,
0

(0 dt 0o
(3.44) ’
a;¢(g,t}=fe—z{:—ra ge™ (9.t)+2yn 0u’(g,7) dT(g, 7) 4
0 e d?f oz

The functions e, u* correspond to a perfectly elastic body. It remains
to determine the function u"*(p,t) from

wg__
(3.45) u* (o, p) =19, | T(r,p)rdr.
0

Let the surface r=a be heated suddenly from the zero temperature to
Tp. In this case the transform of the function T has the form [11]:

T, K, (/@) B
P Kaya)’ 1P

T (r,p)=

Substituting (3.46) in (3.45) and integrating, we obtain:

_ TV % - ——
0% = 0 Yo I )
@46) W (e,p) = p g o (9K VPR — oK, %)
Performing the reverse transform we arrive at the relation
(3.47) W (@)= Tu /7| 5000 — 0],
where

I s
1 1
e e S dr @ e == . d,
d){a.t)-—!'/n(t t)fp(a,r) ; (Q't}_afl/ﬂ_—(f T}w(e 7)dr

and the function ¢(a,t), @(p,t) are given by:
2 [ e di @O Y, (@8) — Y, (ad) Iy (@8) dE

0

oo

( t) = .,2_ v—::é’fJ'l {9&) Yﬂ ((IE) _ Y‘l (es) JQ (QE) dE
Pt T T2 (aé) + Y3 (ad) e

0

5.3. Hollow sphere. Let there be a spherically symmetrical temperature
field in a hollow sphere of inner radius a and the outer radius b. Denoting
by Mz (R, o;p) the dilatation on the surface of the sphere of the radius R
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due to the action of radial unit forces uniformly distributed on the sphere
of the diameter p, we obtain the formula for wk:

b
3.49) it o,0) =" [T (R, ) M (R, 0,p) K* aF

The displacement Ug(R, 0, p) is determined by solving the differential
equation

1 2
(3.49) G427 [Rd L UR)]*% Sl
with the boundary conditions
(3.50) 2er(R,p)=0 for R=0 and R=b.
The equation (3.50) may be replaced by two homogeneous equations
difr @ e
dR Ra dR(R UR)I_'O a‘“R“‘-Q,
(3.51) < :
g — -
dR[R*dRRU ] 0, o<<R<b,
possessing the solutions:
(3.52) { E’R=A,R+A2R*“, a<<R<p,
Uk=B,R+ B,R™?, o<<R<b.

The constants Ay, A,, By, By can be determined from the following bound-

ary conditions:

(3.53) { Ukle,0,p) =U%(0,0,0)  ~ Skla,0,p)=0,  I%(b e p)=0,
EJ'?(QJQ P) ’ (9:9:13)‘”1

Taking into account that

dU;e dU;@

(3.54) Ir=AMp+2ppt,  Mp="3F+- UR,
the constants from (3.53) are given by:
A= O =1+, 2p g%\
3B —ad)(A+2 )\ di.—i—ub"
3 3
B] = _"_l]' sa g T e (l+ 2'”_ g—) y
(3.55) 3 —a®)(A+2p\  3A4pa

a® = .
Agzﬁ(:iﬂ.—}—p)éll,

b :
Bz = '2'(_-; (3 A4 {I} Bl‘



Transient Thermal Stresses 867

Since
(3.56) | ilf!e (R,e,p)=38A4A, for a<<R<y,
\ # (R,0,p)=3B, for ¢-<R<b,

we have:

7]
(357 uh(e,p)= l fT(R p) R“dR—[—BfT(R,p)R”dRI,

e
Or

b
(3.58) (o, p) = gf’ o ,,JT{R p)Rng-{_b, T (R, p) R*dR +

P
3

—2 _ E [T(R,p)R*dR
+31+ b*f{ p) }

In the particular case b — oo (i.e. in an infinite space with a spherical
cavity) considered by E, Sternberg, [6], we have:

(3.59) u (0, p) = g(p) T(R p)R*dR.

a

‘Only in this particular case @%=0for R=qa. For a solid sphere (a==0),
«considered by a different method by M, Sokolowski, [12], we obtain:

. * =19_(_1U} 2 21”' f R 2 ]
360 uj(e,p) =" UT(R PRAR Tty T (R,p) R*dR

In the case of the Biot model of a viscoelastic body:
28 _ 2
34 +u 32+ u

Therefore the displacements @k(p,p) for the Biot model are identical
with the displacements @°* (p,p) for a perfectly elastic body:

9 (p) =9, == const, = const.

(3.61) g (0, p) =uf (0,p).
This result is true for a spherical cavity as well as for a hollow or solid
sphere.
The stresses are determined from the formulae
(3.62) T =AC - 21iehy O, =Op =48+ 26y,
where
L« _ omh . iR «__O0fh 2 _,
ERR = g tpp = , 8=dg +'Q— R
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Since for the Biot model

B =t A=kt
we obtain: ;

el = [ et g oty B, o)
(3.63) o

oy, (0,1 = f et C% Gg,; (R, 7)dr,

1]

where a‘}?*R, og;, 035 denote stresses due to the action of the temperature
field in a perfectly elastic body.
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Streszczenie

NIEUSTALONE NAPREZENIA TERMICZNE
W OSRODKU LEPKO-SPREZYSTYM (I)

Naprezenia wystepujace w cialach doskonale sprezystych wywolane:
dzialaniem pola temperatury wyznaczy¢ mozna na dwu drogach; badZ
przez bezposrednie rozwigzanie réwnan rézniczkowych, badZz tez przez
rozwigzanie réwnowaznego mu ukladu réwnan caltkowych.
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Druga z tych metod, opierajgca si¢ na wykorzystaniu twierdzenia
o wzajemno$ci przemieszczer, obmyslona zostala i z powodzeniem stoso-
wana przez W. M. Majziela.

Przedmiotem niniejszej pracy jest rozszerzenie metody W. M. Ma j-
ziela na ciala lepko-sprezyste. W pracy przedstawiono dwuetapowy spo-
s6b rozwigzywania zagadnienn dynamicznych, wywolanych nieustalonym
polem temperatury w cialach lepko-sprezystych. W pierwszym etapie
uzyskuje sig rozwiazanie zagadnienia quasi-statycznego, w drugim uwzgled-
nia sie wplyw sil inercyjnych. W niniejszej pierwszej czeéci pracy omawia
sie w sposéb szczegdlowy zagadnienie quasi-statyczne. Sposéb postepowania
ilustruja trzy proste przyklady.

Peswowme

HECTAIMOHAPHBIE TEPMWYECKHWE HAIIPAXKEHWUSA
B BA3KO-YIIPYTOM CPEIE (I)

HanpsxkeHMa B MAEANbHO yIPYyIMX TEJaxX, BBI3BAHHBIE [ECTBUEM
TEMIIEPATYPHOTO TI0JIA MOTYT OBITH ONpPEeNeNeHkl NByMA METOJamMm — W
HETIOCPECTBEHHEIM perrenyeM udepeHIualbHbIX YPaBHEHMIT, MIIM-3Ke
peLIeHreM SKBMBAJIEHTHOM CUCTEMBI MHTETPANbHBIX YpaBHEHMI,

Bropoii MeTroj, MCHONB3YIOLMi CYLIECTBEHHBLIM 00pasom Teopemy
0 B3aMMHOCTM mepemernienmii, Oprr paspaboTan 1 ycHeliHo IIpUMEHEH
B.M. Mainzemem.

Ienbro HacTosei paboTsl ABJIAeTCA paciuuperne MeToma Maijizen s
Ha BA3KO-ynpyrue resaa. B pabore gaH ABYyX9TanHbli MeTOH PeLUeHUA M-
HaMUYECKHUX ITPOOJIEM ITOTPEIHOCTH 1 IIePEeMellleHN)i, BhI3BAHHBIX B BA3KO-
YOPYIMX TejaX HecTalMOHApPHBIM TEMIIEPATYPHBIM IoseM. B nepsom sramne
pelaercsa KBasu-craTideckad Ipobiema, BO BTOPOM y4IUTBIBAETCA BIMAHME
MHEPLMOHHBEIX CUJ, B mepBoit wacti paboTel paccMarpyuBaercs nopobHo
KBasy-craTndeckan mnpobsema. Meron MILIIOCTPUPYETCA TPEMA ITPOCTHIMM
npuMepamin,
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