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TWO STEADY-STATE THERMOELASTIC PROBLEMS

WITOLD NOWACKI (WARSZAWA)

The object of this paper is to determine, in an elastic space and semi-
space, the state of stress due to a temperature field. Two problems will
be considered, the difference between them being that of thermal bound-
ary conditions in the z = 0 plane. The solution obtained for an elastic
space will serve for the construction of a more complex problem — that
of determining the state of stress in an elastic semi-space free from
stress in the z = 0 plane.

1. Consider an infinite elastic space in which heat is generated over
the surface of the circle of radius a in the z = 0 plane, the heat flow
being constant and equal to Q. As a result a temperature and stress field
is established. The temperature field is described by the differential
equation

| #T 1 0T , ®T

(1-1) _0_1'2 & '; —-T-'_ -+ _? == 0:
with the boundary conditions
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_2).[?2— z:a-——-Q for 0--,__1'%-__{1,
(1.2) :
lﬂ] =0, for r>a
0z .

and T = 0 at infinity; A denotes the coefficient of heat conduction.
The differential equation (1.1), and the boundary conditions, are
satisfied by the function, [1],
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(1.3) T=%fﬂ“l e=2 ], (aa)Jy(ar)da.

0
For z = 0 we have
oT d | @ for 0<<r<g,
(1.4) —-22[3-;zze—QafJ,(aa)Jn(ar}da—-{0 §

0
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To determine the state of siress (6y), we shall use the potential of
thermoelastic displacement @, [2]. It is related to the displacements u, v, w
by the equations

0 0o do
(15:' dl‘ TJv—'a—;, w—ﬁ

Introducing the Eqgs. (1.5) into the three displacement equations of the
theory of elasticity, we can reduce them to the unique equation, [2],

14-»
L
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(1.6) 72o=19,T, =i

where » is Poisson’s ratio and « is the coefficient of thermal
dilatation. The knowledge of the function @ enables the determination
of the stress components (gi) from the equations
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where d; is Kronecker's delta.
Bearing in mind that

S 2 i f cos yzdy

n a® 492’
0

(1.7) = ZG(

we represent the function (1.3) in the form
: __Qa | 2y 21
(1.8) T= o (® + 9" J, (aa)J,(aT)cosyzdady.

A particular integral of the Eq. (1.6) is

L9  o—— Q“”ﬂf[( * 92 ], (aa)J, (ar) cos yzdady,
0

or

1100 . o—— fo"] (1+“zle_“"2 Jo(ar)J, (aa)da.

]
Using the Eq. (1.7), we determine the components of the state of stress (o)
3
(Gr=2 G(% - -172@)

,(a‘rl

—AJ e “Flag 1] (aa)

-

(az— 1)Jy(ar) —(1+az)




Two Steady—state Thernwelasttc Pmblerm 53[
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where
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After integration, we obtain

_ I'(l+ 2m) —a”)”‘\
= 3, mra )

m=0

Toy = m’F{2+'m)

m=0
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is a Gaussian hypergeometric series.
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The solution of this fundamental problem enables us to solve the
more complicated case of stress in an elastic semi-space. The boundary
conditions in the z = 0 plane (bounding the semi-space) are (1.2), and
it is assumed in addition that there are no stresses in that plane.

In order to solve this problem such a state of stress (6;) should be
superposed over (oy), that the following conditions are satisfied in the
z==1_0 plane:

(1.13] Erz'l'ﬂ.rz:o, E'zz +Ezz=0-

To determine the state of stress (o), Love's function ¢, [3], will
be used. This function satisfies the biharmonic equation

(1.14) ripte=0.

The stress components (o;) are related to the function ¢ by the
equations

= _ 2G 0 " g _2G 0 5 1dg

o= é;a"z( i —W)’ “vw“lzz—vaz(”" ?"*?a)’
(3.18) 2G 0 i?el 2G @ 0°

P e = e el -_— 2 _._._E i — 2 ____...(P

RS T dz[{z "'y 02| o= 12y 0r [(1 N 0z*|"
The function ¢ will be assumed in the form
(1.16) o= [ Z(a,2) Jylar) d g,

0

where Z(a,z)=(C + azD)e 2,
In view of the first of the conditions (1.13), we have C = 2 » D. Intro-
ducing the function ¢ in the Egs. (1.15), we obtain

Orp= 13-62 vf D (a) a®e™ “’[( —a2)J(ar)+(2v—1-+az)

}‘

Jy {ar)]

0
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:&w=1-2:(—;-—fD(a)a” e [21@ (@) —(2r—1+a z)Jl(“”]d w

(1.17) <

= _2G
TS D(a)a*e=**(1 + az)J,(ar)d a,
0
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Orz== 1__2,sz(¢1) ate=**J (ar)da.
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From the second of the boundary conditions (1.13), we find that
A Ji(aa) (1—29).

a-l.

(1.18) D (a) = 3G
Substituting D () in the Egs. (1.17), and bearing in mind that the
o i), we obtain finally

]

resultant stress is obtained by adding (o) and (oy)

Grp—— C_;Z—Qr_(l +1!)wfe*“zu_z'fifaa)-ﬂ(“")d“:
0
_ GQa 5 P(1+2ml(_—as)” (_ S 1)
f— = zomlr(2+m) 423 2F1 m) 1 m, 2) aﬁ >

Opp=— — GQa(l_]_.],) ay f e—(lza——l J|{ﬂﬂ.} lJn(ﬂT __J]'E::‘r)‘l da

21

r 1 r
; §) — - oF (—‘m, —1—m;2; §)] ’

(1.19)
(14+2m)

m!I'2+m)

(m

m
4z* ) X

X IEFI (_'m, '_-l_m; 1

Tzz — 0, Oprz — 0.
Observe that in the case of an elastic semi-space the stresses .. and o,

vanish,
For z = 0 we have
G 2i)ra 2iy/ra
or1,0)=— S04t + B - (_|r—;—a!)]
___2GQa T r—l—a[ (2i|/?&)_ (21‘1/5)]}
20O =70 (1+”)“’tE(a) ar |P\fr—a]) — X\Tr—g]
for 0<r<a,
i 2
cnvr=— 25850 (8]
s rta (2”/"'“) (2_1@)” for r>a
27 |r—al |r—al| :
where
Fi v 1 1
E(n}=f{1—nzsin“¢)mdfb=§-3F1( E’E;l'ng)’
% 7 11
K(n)= (l—q’smggb)—ia’zd@:?z-zf‘l(E,E;1,';}3)

0
are complete elliptic integrals.
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It will be shown below that the stresses o:: and o,; are equal to zero
also in the case in which the condition —2A(0T/0z)=@Q is satisfied over
any region I' in the z=20 plane, and we have aT/Bz*O outside this
region.

For this purpose, let us solve the auxiliary problem of determining
the Green's function for heat conduction, with the boundary
conditions '

0G|
(1.21) —21[6 J =dx—¢d(y—mn)
2 lz=0
and G =0 at infinity; ¢ is the symbol of the Dirac function.
The solution of the heat equation

(1.22) 72G =0,
with the boundary conditions (1.21) is

» -y
G=§-§1£3- jf—e—'-j ~cosalr—E&cosf(y—mn)dadp,
(1.23) 00
=(a* + ",
or
1
" 47R’
where

R=[(x— &* 4 (y—n)* + 2%,

It can easily be verified that the particular integral of the equation

(1.24) 72 o* =49, G
is
—q?z
(1.25) @*=— ﬂ" ——(1 4+ ﬂz)cosa{:c—f) cosfi(y —mn)dadp.

Using the Egs. (1.7), the stress components (of;) will be found:
(1.26)

l o =—K, fj B |(1 -+ 92) 2+ (1—92) 9?] cos g (x—¢) cos f (y—n) da df,

oy =—K fj e—"’ [(1+¥2)a +t1—ﬁé)z5;21cﬁsa(x;é)cosb(y~ay)dadﬁ,
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oo O

iz

a:z=—K‘.ffe - (14 02) cos a (& — &) cos f (y —n) dadp,
—6‘2‘

oy =—K, [f (1+92)afsina (x—E&)sinff (y—n) dadp,

—Z
. ox: =—K, J f asina(x—é&cosf(y—n)dadp,

v oz
E;zzh-——K[,zf {——ﬂ-- feosalr —é&)sinfl(y—nldadp,
00
_ G,

Not all houndary conditions are satisfied by the state of stress (E?}},l
however. It is true that for z=0 we have ¢} =0, a;. =0, but o7 #0.
A state of stress (of;) should be superposed over (ofj) such that

(1.27) oty =0, 0y: =0, 0n+0n=0

in the z= 0 plane.

To determine the stress components (¢i;), B.G. Galerk in's dis-
placement function x, [4], will be used. It reduces the disp;lacement
equations of the theory of elasticity (assuming an isothermal jstate) to
a single biharmonic equation

(1.28) Vepty =0,
where the stress components (¢fj) are expressed by the relations o
2 0%y v 0oty Py
iﬂ‘ i ( v ax'ﬂ). O’xr-—-—a;(ax.z ks ay2 r x),
2, %% = 0 [d'y Oy )
(1-29{l0v ( ?.’_a“;.i)n aﬂ_dy(am“‘hdi"‘ ")
L e ] i
*::——— —_— 2 -t - » *.,:——-
[ o I(l NPy 0x? a‘ya_’ =T 0 0y 07
The function y will/be assumed in the form of a Fourier integral,
(1.30) x=fZ{a, B,z)cosa(x—&)cosfly—mn dadp,
0
where

=(A+ Bdzle ™
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and A and B are functions of the parameters a and #. The first two of
the boundary conditions (1.27) lead to the relation A=2»B. From the

third, we obtain B = K,/{".

Using the Eqgs. (1.29) we determine the stress components (o). Adding
these to the stress components (o1;), we obtain finally the stress com-
ponents (ofy).

We find that

(1.31)

where

r=[xz—¢+

P
a§'r=—2Kn(l—v)ff eﬂs acosa(x—&) cosf(y—mn)dadpf=
00

Eﬂf a
T 2mAr (R—i—z) |(:c —&+ 5 (y '?)]

Oy = — ZKn(l—ﬂ)ff E;B pieosa(x— &) cosf(y —n)dadp=
0

_ Ea B g
—— s |- e

i mme—ﬂz )
crxy-*—‘—2Ku(1—‘1')ff giopsina(@—E)sinf(y —n) dadp=
00

Ea; (x—&)(y—n)
274 R(R:+27 °

0.\1:0, U;zzo,

(@ —n)?]'7, E=2G(1+7)

If the following conditions are valid for a region I" in the z = 0 plane:

(1.32)

—ZZ[GT

dz
[6T

] =@ (x,y) over the region I,
={)

a—] =0 outside the region I
g 2 z2=0

then the temperature field is determined by the integral

T (29,2 = [ [ Q (&G (x, 9,28 7,0 dédy,
()

(1.33)

and the stress components are

(1.34)

aij (.’I:, Y, Z)

()

=J-J.Q('§J??}aa(x:ysz;ss"?:o)dédnl Lji=x,Y.2
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It is seen that in view of the Eqgs. (1.31), the stresses oy, 0y: and o,
vanish at every point of the elastic semi-space. ‘

2. Let the temperature V over a circle of radius a in the z = 0 plane
be constant. The temperature field is described by the differential
equation

(2.1 o410, 0%,
with the boundary conditions

T=V for z=0 and 0<r>aq,
or |

—— =0 for z=10 and r>a,
dz

(2.2)

T=0 at infinity.

The differential equation (2.1) together with the conditions (2.2) is
satisfied by the function :

(2.3) r=2V f el a~1gin ad Js (o) da.

For z = 0, we find that

- for 0<<r<Za.
T(r,0)=—2—zfa"sinanu(ar)daz{ZV . or U=
¥ ——arcsin— for r=a,
T T
(2.4)
- 5V op —‘Ez(a'z—r"')“’-'“* for 0<<r<q,
77 (= (sinaa.}"(ar)dazi =
2 |0 o 0 for r>a.
0

From the Eq. (1.6), we find the particular integral

_21_93 : sinaaJy(ar)cosyzdady
(2.5) &= f f @17

~ —e|z|
—_ V9 %—smaah(ar)da.
T

0
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The knowledge of the function @ enables us to determine the stress
components (o). Using the Egs. (1.7) we find that

grr=N fe—nﬂzla—l sin aa[(az——l) Jylar) —(1 + az}‘_{%ld
0 :

ogp=N J e “ g~'sinaa (az—l—l) (iﬂ

°J0{ar) da,

0
(2.6)

Orz=— sz e~ “Fisinaal,(ar)da,
0

Gz=—N fe““”'a“(1+ az)sinaalJ,(ar)da,

where N=2GVd,/n.

These equations determine the stress components due to the action
of a temperature field in an infinite elastic space.

Consider now an elastic semi-space, for which the thermal boundary
conditions (2.2) are satisfied in the z= 0 plane, and for which it is
assumed that ;=0 and ¢,,=0 in that plane. The state of stress (o)
will be obtained by superposing over the state (o), the components of
which are expressed by the Egs. (2.6), the state of stress (i) so chosen
that the following boundary conditions are satisfied in the z= 0 plane:

(2-7) [O’rz]z:ﬂ = 0, [Ezz +‘t':1'zz] z=0= 0.
Using the Egs. (1.17) we find, from the second of the conditions (2.7), the
quantity D («)

2.8) D(@)— Vﬂn (1, By S0 0l sin aa

Substituting this in the Egs. (1.17), we obtain the stress components
(0i) and — adding the stress components (o) from the Egs. (2.6) —
the stress components (o). We £ind that, [5],

oo

orr=—2YC (11 5)a fﬁﬂu ar)da=
T Cl.

0

r

4HVG (1-4») a f % are sin l 2a ] n,

J V22 + (a+n)+V 22+ (a—n)?
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(2.9) aqnq.-——-‘ilg(l-ha} J _«zg“'sinaal.}{,(ar)——'}—‘(ia?r—)]da:

0

= 4Y£(1+v}a; {arcsm [—— &q j
% VZ+ (@t 1)+ Y2+ a—n?

o fo}'-’z arcsin{ Ao _.__ld }
r VE+@tnt+VEF @t )’

0

Orp = 0.

Also in this complicated case with discontinuous thermal boundary con-
ditions in the z=10 plane, the stresses o,; and ¢., vanish.

Consider finally a case with the following boundary conditions in
the z = 0 plane bounding the elastic semi-space considered:

I T=V(x,y) for z=0 over any region I

0T ' .
(2.10) e =0 for z2=0 outside the region I
T=0 at infinity.

The solution of the heat equation (2.1) with the boundary conditions
(2.10) will be sought in the form of an integral equation, [6],

(211)  T(z,y,2) =—24[ [ ¥(&n) G (x,v,2&7,0) dédy,

(r)
where the Green's function G is expressed by the Eq. (1.23). ¥ (¢, »)
denotes the temperature gradient 0 T/dz in the region I. The function
Y& n) will be assumed as unknown, and will be found by using the
first of the conditions (2.10). For z=20, we obtain from the Eq. (2.11)

212)  V(z,y)=—24[[ ®(&nG(xy,0;&n,0dEdn,
)y
or

—2aV (@y)=[ [ Y [@—8 + y—n?lFdsdy,
()

Solving the integral equation (2.12), which is Fredholm’s equa-
tion of the first type, we find the unknown function ¥(£,7). The knowl-
edge of this function enables us to determine, on the basis of the Eq.
(2.11), the temperature field T. The stress components (gy) will be
found from the equations

(2.13) au(x,y,z)=—22” V(&) ol (x, Y, 2, 6,m,0)dE d,
()
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where the Green’s function for the stresses of will be taken from
the Egs. (1.31). The stress components ozz, oy and oj; being equal to
zero, the stress components o.;, o ane ¢y, will also bbe equal to zero.

It has been proved in both of the above problems of. thermoelasticity
concerning the state of stress in an elastic semi-space, that for given
thermal boundary conditions, (1.32) and (2.10), the stresses o:,, o:x and
azy vanish.

This is also valid in the case of an elastic plate, of thickness h, ex-
tending to infinity both in the x- and y-directions, with the boundary
conditions (1.32) or (2.10) in one or both faces of the plate.
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Streszczenie

O DWU USTALONYCH ZAGADNIENIACH TERMOSPREZYSTOSCI

Pierwsze zagadnienie dotyczy wyznaczenia stanu naprezenia wywo-
tanego w przestrzeni nieograniczonej oraz w poélprzestrzeni sprezystej
dzialaniem pola temperatury okre§lonego réwnaniem (1.1) wraz z wa-
runkami brzegowymi (1.2). '

Rozwiazanie zagadnienia nastepuje przy uzyciu funkcji potencjatu
sprezystego @. Calka szczegbélna (1.10) réwnania spelnia warunki brze-
gowe dla nieograniczonej przestrzeni sprezystej, tak ze sktadowe stanu
naprezenia (oy) otrzymuje sie ze wzorow (1.7).

Dla pélprzestrzeni sprezystej nalezy do stanu naprezenia (g;) dodaé
stan naprezenia (o) tak dobrany, aby speinil réwnania Love’a (1.14)
wraz z warunkami brzegowymi (1.13), charakteryzujacymi brak napre-
zen w plaszezyfnie z = 0. Okazuje sig, ze w przypadku pélprzestrzeni
sprezystej réwne zeru sa naprezenia oz, o.:. Przy uzyciu funkeji Gree-
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na wykazano, Ze naprezenia 0.z, oy, 0z: s roOwne zeru réwniez w przy-
padku ogélniejszym, mianowicie gdy warunki (1.32) odnosza sie do do-
wolnego obszaru [I' lezacego w plaszczyznie z = 0.

W drugiej czeSci pracy wyznaczono stan naprezenia w przestrzeni
i polprzestrzeni sprezystej, wywolany dziataniem pola temperatury, okres-
lonego réwnaniem przewodnictwa cieplnego (2.1) oraz nieciagtymi warun-
kami brzegowymi termicznymi (2.2) w plaszezyznie z = 0. W przypadku
szczegolnym polprzestrzeni wykazano dla warunkéw brzegowych (2.2)
oraz ogdlniej sformulowanych (2.10), ze naprezenia o::, oyz, 0y: S3 réw-
ne zeru. *

Powyzsze twierdzenia sa stuszne w przypadku stoja sprezystego (ply-
ty o grubosci h rozciggajgcej sie nieograniczenie w kierunku osi x i y)
o warunkach brzegowych (1.32) lub (2.10) wystepujacych w jednej lub
w obu plaszezyznach ograniczajgcych stéj.

Pesome
O OBYX CTALMOHAPHBIX BAJIAYAX TEPMOYIIPYIOCTH

Ileprasa 3ajaya KacaeTcA ONPENEJEHMA HaIpPAMKEHHOTO COCTOAHMI,
BBIZBAHHOrO B DECKOHEYWHOM IPOCTPAHCTBE, a TaKiKe B YNPYIOM IOJNYIIPO-
CTPAHCTBE, [IeICTBMEM TEMIIEPATYPHOTO IIOJIA ONMPEeNIeHHOTO ypPaBHeHMeM
(1.1) u xpaeBsMu yenosusamu (1.2).

Bapaua pelraercda TPy MCIONB30BaHMM (YHKUMM YIPYroro IIOTEH-
muana @. Yacrueni warerpas (1.10) ypaBHeHua yIoBJIETBOPSAET KpaeBbIM
YCIOBUAM I 6ECKOHEYHOTO YIIPYToro IPoCTPaHeTBa TaK, YTO COCTABJIIAN-
e HaTpSAXKeHHOro cocrosuma (o) mosydarorea uz dopmyar (1.7).

Jna ynpyroro mpoCTpaHCTBa CIEAYeT CJOXKNThL HATPAMKEHHOe COCTO-
aEue (0y) ¢ Tak TOJOBPAHHBIM HANPANKEHHBIM CcOCTOSHuMeM (0), 4TOOBI
OHM yOBJeTBOPAINM ypaBHeHmio Jl ABa (1.14), BMecTe ¢ KpaeEbMu yCio-
Busamyu (1.13), XapaKTepu3yOIMMI OTCYTCTBME HANPAMNKEHNIT B IJIOCKOCTH
z=10. OxassIBaercs, 4T0 B CJIy4yae yIPYTOTO MOJYNPOCTPAHCTEA Ozz U Orz
paBHAIOTCA HyJw. JlOKas3bIBaeTcd, YTO ITIPM MCIOAL30BaHMM (PYHKLMK
T'puHa, HAPSAKEHUA Oxz, Oyz M 0zz PABHAIOTCA HyJI0 Takxe B Bosee
obuiem ciydae, a MMEHHO Korpa ycuxosua (1.32) xacaroTcA NpOM3BONLHON
obsractu I' tutockoeTn 2 =0.

Bo Bropoit wact paborTel onpemenseTcd HanpAMXKeHHOE COCTOAHME
B yOPYroM IPOCTPAHCTBE M YIPYTOM IIOJYIIPOCTPAHCTBE, BhI3BAHHOE eii-
CTBMEM TeMIIepaTypHOro IT0Jif, BBIPAXKEHHOI0 ypaBHEHMeM TeIJIONpOBOL-
HoctH (2.1), a TakzKe Pa3pBIBHBIMM TEPMMYECKMMM KPAEBBIMM YCJIOBMAMM
(2.2) B murockoery 2z = 0. B wacrHOM Cciydae IOJIyIPOCTPAHCTBA, /I0Ka3aHO
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JA KpaeBBIX ycnoBuil (2.2), a TakzKe chopMymMpoBaHHLIX Gosee obLmMm
obpazom yeaoBmit (2.10), 9ro HATIPAMKEHUA Oz, Oxz W Oy PABHAIOTCA HYJIO.

IlpuBenennbple BhINE yTBEPIKAEHMA CHPABEJIMBEI B Clydae yIIPyroro
CJI0A (ITacTMHKA TOJIIMHOM h, PacmpocTpaHAIONIAACA HEOTPAHMYEHHO IO
HalpaBJIeHMIO OCeil & M Y), ¢ KpaeBbimu ycrmoBuamy (1.32) mmm (2.10) Ha
OZHOM MM B 06€MX TIIOCKOCTAX, OTPAHMIMBAIOILMX CJION.
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