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TWO STEADY-STATE THERMOELASTIC PROBLEMS

W I T O L D N O W A C K I (WARSZAWA)

The object of this paper is to determine, in an elastic space and semi-
space, the state of stress due to a temperature field. Two problems will
he considered, the difference between them being that of thermal bound-
ary conditions in the1 z = 0 plane. The solution obtained for an elastic
space -will serve for the •construction of a more complex problem — that
of determining the state of stress in an elastic semi-space free from
stress in the z = 0 plane.

i. Consider an infinite elastic space in which heat is generated over
the surface of #ie cdrcle of radius a in the z = 0 plane, the heat flow
being constant and equal to Q. As a result a temperature and stress field
is established. The temperature field is described by the differential
equation

(1.1)
u i

with the boundary conditions

(1.2)

for 0<r<a,

=o, for r>a

and T = 0 at infinity; X denotes the coefficient of heat conduction.
The differential equation (1.1), and the boundary conditions, are

satisfied by the function, [1],

(1.3) T = f}

For z = 0 we have

f d Tl C , x , v , I Q for 0 < r <: a,
U . 4 ) ~2X\Tz\ =Qa J ,(aa)J0(ar)da= ^ r > a
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To determine the state of stress (cry), we shall use the potential of
thermoelastic displacement 0, [2]. It is related to the displacements; u, v, w
by the equations

d@ d <J> 60
(1.5 u = -x—, v=^—, w=—.—.

dx dy ćz
Introducing the Eqs. (1.5) into the three displacement equations of the
theory of elasticity, we can reduce them to the unique equation, [2],

(1.6) P 9 « — 0 O T , #o=-j^a/,

where v is P o i s s o n ' s ratio and at is the coefficient of thermal
dilatation. The knowledge of the function (P enables the determination
of the stress components (cry)- from the equations

(1.7) ^ . = 2

where <5,y is K r o n e c k e r ' s delta.
Bearing in mind that

i., 2 C cos yzdy
• • • p—cc \z\ . ,. i ?. •_

, 71 J O. -\- y
Ó

we represent the function (1.3) in the form

(1.8) ' T = — - I (a2 + y2)-1 J( (a a) J o (a r) cos y z da dy.

o o
A particular integral of the Eq. (1.6) is

(1.9) (P = _ ^ 5 f f (a^ + / ) - 2 j , (a a) Jo (a r) cos ysda dy,
ó o

or

rt A

n im (t, Qad" f ( l + az)e»l- • :
(1.10) 0 = — - § J0(ar)Jt(aa)da.

rt A I d0

Using the Eq. (1.7), we determine the components of the state of stress (dy)

= ' 4 | e-«i^a- 1 .J 1 (aa)[(az—l)J 0 (ar) —(1 + 0 2 ) ^ ^ da,
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(1.11)
='A \ e-«W a-1 J,(aa) 1(1 + a z ) ~ r ~ 2 Jn(ar)da,

i(aa)Jn(ar)da,

=— Az

•where
ry — 0,

A =
GQadn

After integration, we obtain

(1.12)

. r(l + 2m) /— a \

f / A
x [(2m + 1) z + 1] .F, — m,— 1—m; 1; ^ —

I \ a / .

• - [ z ( l + 2 m ) + l ] 2F ](-
' ' 'a2

—a X

2m)z]2Ft(—m,—

2F, —m,—1

where

L
is a G a u s s i a n hypergeometric series.



582 W. Nowacki

The solution of this fundamental problem enables us. to solve the
more complicated case of stress in an elastic semi-space. The boundary-
conditions in the z — 0 plane (bounding the semi-space) are (1.2), and
it is assumed in addition that there are no stresses in that plane.

In order to solve this problem such a state of stress (ay) should be
superposed over (ay), that the following conditions' are satisfied in the
2 = 0 plane:
(1.13) On + OrZ = 0, Ozz + Ozz = 0.

To determine the state of stress (ay), L o v e ' s function cp, [3], will
be used. This function satisfies the biharmonic equation

(1.14) V2V2y=0-

The stress components (ay) are related to the function <p by the
equations

= = 2G d I _. d2w\ 2 G d I _o l d t

(1.15)

The function c> will be assumed in the form

(1.16) V

where Z(o,z) = (C + a z D ) e - M .
In view of the first of the conditions (1.13), we have C — 2 vD. Intro-

ducing the function ę in the Eqs. (1.15)., we obtain

(1.17)

= l Z ^ f D(a)ase-

D (a ) °3 e~a"(1 + a z ) J o ( a r ) d a'

= l Z ^ i 2 fDfaJ^
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From the second of the boundary conditions (1.13), we find that
11 io\ rw t A Jj(aa) .

(1.18) D ( a ) = _ _ 1 _ _ ( 1 _ 2 v ) .
Substituting D (a) in the Eqs. (1.17), and bearing in mind that the'

resultant stress is obtained by adding (ay) and (07/), we obtain finally

(1.19)

GQa
kr ( v)a/

r(H-2m)/— a!
2 \m

m,

GQa

r(i+2m)/-a»

X —m, — 1—m; 1; jpj — - 2 — m, —1—m; 2; ^J j „

Observe that in the case of an elastic semi-space the stresses azz and
vanish.

For z = 0 we have

. + v) at (r + (

(1.20)

r—a r—a|

r\ ' r+af [2i|/ra\ Kf2ij// r a

for 0 < r < a,

Oyy (r, UJ =

where

E (v) — J (1 —;

0

n/t

1 1

are complete elliptic integrals.
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It will (be shown below that the stresses aZz and oTz are equal to zero
also in the case in which the condition —2A(dT/dz) = Q is satisfied over
any region 71 in the 2 = 0 plane, and we have dT/dz — 0 outside this
region. • . . ; , ' .

For this purpose, let us solve the auxiliary problem of determining
the G r e e n ' s function for heart conduction, with the boundary
conditions

(1.21) — 2

and G = 0 at infinity; <5 is the symbol of the D i r a c function.
The solution of the heat equation

(1.22) P 2 G = 0 ,

with the boundary conditions (1.21) is

'*—~tT~t I | —;pcosa(x— f)cos(i{y — r))dadp,
(1.23) n J i

or
G = l

where

It can easily be verified that the particular integral of the equation
(1.24) |72 $* = ^0 G
is

(1.25) ®* = ~-^2 f f^-(1+dz) cos a (x-~$) cos P(y-r,) da dp.
0 0

Using the Eqs. (1.7), the stress components {ajj) will (be found:

(1.26) i

a%x = — Ko f f-~ l(l + -dz)p2+(l—tizW] cosą(x—?) cos P(y
o 'o

F Fe • • • !;
a*yy = — K o | j - ^ [(1 + fe) a2 + (1—0z) ^ 2 ] cos a (x - f) cos /3 (y—T?) da d/5,

0 0



Two Steady-State Thermoelastic Problems 585-

o*zz = — K o —-• (1 + tiz) cos a (re — f ) cos /S(y — J ? ) da d/3,

0 0

= — K o a0 sin a (z —

0 i)

cr** = - K o z ' a sin a (x — f) cos /3 (y — r/) da d/S,

o o

ff*z = — Ku z —r- /9cosa(x — £)sin/J(y— »j) dad/3,
0 0

Not all boundary conditions are satisfied by the state of stress (a!)),
however. It is true that for z= 0 we have a*z = 0, <x*z = 0, but a
A state of stress (a*j) should be superposed over (a*y) such that

(1.27) Gxz = 0, >̂z = 0 , OZz ~f" T « = 0

in the z = 0 pilane.
To determine the stress components (a*/), B. G. G a l e r k i n ' s dis-

placement function %, [4], will be used. It reduces the displacement
equations of the theory of elasticity (assuming an isothermal [state) to
a single biharmonic equation

(1.28) 172p2% = 0,

where the stress components (ajj) are expressed by the relations

ox v == -5—dz

T h e func t ion %. wi l l !be a s s u m e d in t'he fo rm of a F o u r i e r integral!

(1.30) x= Jz («. ft z) cos a ( z — f)cos/3.(y — ?]) d,c(d/S.,

where
Z = (A + B # 2)

Area. Mech. Stos. — 6
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and A and B are functions of the parameters a and /?. The first two of
the boundary conditions (1.27) lead to the relation A=2vB. From the
third, we obtain B = K0/fl4.

Using the Eqs. (1.29) we determine the stress components (a,*). Adding
these to the stress components (ajj), we obtain finally the stress com-
ponents (a*j).

We find thait

(1.31)

7L = -2K0(l-v) f f-^a 2

0(l — v) f f
0 0

CT.V.V •• — 2 K O ( 1 —».) I - ^ 5 - a / S s i n a

o o
(x — £){y —

R(Kz-\-zf '

.xz = 0, Oj/z = 0,

where
r=[(x — £)2 + (x — n)2}"2, E = 2G(l + v)

If the following conditions are valid for a region F in the z ~ 0 plane:

\dT~\
— 2 i k - = Q(x,y) over the region F,

LOZ]z=0(1.32)

dz z=0
0 outside the region F,

then tihe temperaturę field is determined by the integral

(1.33) T(x1y,z)

and the stress components are

(1.34) Oij(x,y,z)=fjQ{£,r))o*j(x,y,z;(,ri,0)d£dri, i,j = x,y,z.
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It is seen that dn view of the Eqs. (1.31), the stresses axz, ayz and azz

vanish at every point of the elastic semi-space.
2. Let the temperature V over a circle of radius a in the z = 0 plane

be 'Constant. The temperature field is described by the differential
equation

(21) +

with the boundary conditions

T = V for z = 0 and 0 < r > a,

(2.2)
dT

= 0 for z = 0 and r > o,

at infinity.

The differential equation (2.1) together with the conditions (2.2) is
satisfied by the function

so

(2.3) T = — f e-«W a~x sina a JQ(ar) da.
n J

o

For z = 0, we find that

(2.4)

T(r,0) = I a"1 sinaa J0(ar) da = | V for 0 < r < a .
27 . a . _arc sin— for r > a ,n r

2V

J {„ te r>0.
0

From the Eq. (1.6), we find (the particular integral

. VJ90 f f sinaaJ0(ar)cosy2:dady _

(2.5) 0—^-jJ-
o o

Vd0 F
_ _ — Q

•n, J

smaaJ0(ar)da.
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The knowledge of the function 0 enables us to determine the stress
components (atj). Using the Eqs. (1.7) we find that

(2.6)

arr = ar l s inaa | (az— 1)J0(ar) —(1 +

OyV = N I e a\z'a~x sin aa

o

orz = — Nz e~a | z i sin aa J, (a r) da,

o

-2Ja(ar)\ da,

a^a~i (1 -f az)sinaa J0(ar) da,

where IV = 2 GVdJn.
These equations determine the stress components due to the action

of a teimperature field in an infinite elastic space.
Consider now an elastic semi-space, for which the thermal boundary

conditions (2.2) are satisfied in the z = 0 plane, and for which it is
assumed that azz = 0 and arz = 0 in that plane. The state of stress (af)
will be obtained by suiperposing over the state {ay), the components of
which are expressed by the Eqs. (2.6), the state of stress (ay) so chosen
that the following boundary conditions are satisfied in the z = 0 plane:

(2.7) [ff«]*-0=6, [ff«+1r«]*=o=O.

Using the Eqs. (1.17) we find, from the second of the conditions (2.7), the
quantity D (a)

(2.8) rw \ Yl±(^ o N s i n a . a

D (a) = (1 — 2 v) j - - .
n a1

Substituting this in the Eqs. (1.17), we obtain the stress components
(Sij) and — adding the stress components (cry) from the Eqs. (2.6) —
the stress components (cry). We if ind that, [5],

Orr — (1 + v) at
nr

^—- (1 -\-v) at i ł]1 / a arc sin -
o

2 a

nr" »j)



Two Steady-State Thermoelastic Problems 589

(2.9)
a r

4VG.1 . . | I 2a
— — .... (l+v)at(arcsm\—== r)2+j/zs+(a—r)2

2a

T

dT
dz

T

= V(x,

= 0

= 0

V) for

for

z = 0

z = 0

over any region F,

outside the region F,

at infinity.

i/2if' arc sin

or<f = 0 .

Also in this complicated case with discontinuous thermal boundary con-
ditions, in the 2 = 0 plane, the stresses arz and azz vanish.

Consider finally a case with the following (boundary conditions in
the z — 0 plane bounding the elastic semi-space considered:

(2.10)

The solution of the heat equation (2.1) with the boundary conditions
(2.10) will be sought in the form of an integral equation, [6],

(2.11) T(x,y,z)= — 2XfJ>P($,ri)G(x,y,z;§,ri,0)d£dri,

where the G r e e n ' s function G is expressed by the Eq. (1.23). W (£, rj)
denotes 'the temperature gradient d T/d z in the region F. The function
W {i, rj) will be assumed .as unknown, and will be found by using the
first of the conditions (2.10). For z = 0, we obtain from the Eq. (2.11)

(2.12) V(X, y) 2 X JJ y(£, rj) G (x, y, 0; ft r,, 0) df djj,
IT)

or

— 2nV(x,y)=JJ'P(£,ri)\(x — f)B + (l/ —Jj^J-^df dfl.
(-T)

Solving the integral equation (2.12), which is F r e d h o l m ' s equa-
tion of the first type, we find the unknown function *P(£,rj). The knowl-
edge of this function enables us to determine, on the basis of the Eq.
(2.11), the temperature field T. The stress components (ay) will be
found from the equations

(2.13) oiJ{x,y,z) = — 2
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where the G r e e n' s function for the stresses atj will be taken from
the Eqs, (1.31). The stress components o$z, a% and a*yz being equal to
zero, 'the stress .components azz, axz ane ayz will also Ibe equal to zero.

It has been proved in both of the above problems of. thermoelasticity
concerning the state of stress in an elastic semi-space, that for given
thermal boundary conditions, (1.32) and (2.10), the stresses azz, azx and
azy vanish.

This is also valid in the case of an elastic plate, of thickness h, ex-
tending to infinity both in the x- and y-directions, with the boundary
conditions (1.32) or (2.10) in one or both faces of the plate.
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S t r e s z c z e n i e

O DWU USTALONYCH ZAGADNIENIACH TBBMQSlPiREZYSTOSCI

PierWiSze zagadnienie dotyczy wyznaczenia stanu naprężenia wywo-
łanego w przestrzeni nieograniczonej oraz w półprzestrzeni sprężystej
działaniem pola temperatury określonego równaniem (1.1) wraz z wa-
runkami brzegowymi (1.2).

Rozwiązanie zagadnienia następuje przy użyciu funkcji potencjału
sprężystego (Z>. Całka szczególna (1.10) równania spełnia warunki brze-
gowe dla nieograniczonej przestrzeni sprężystej, tak że składowe stanu
naprężenia (a,y) otrzymuje się ze wzorów i(1.7).

Dla półprzestrzeni sprężystej należy do stanu naprężenia {aij) dodać
stan naprężenia (oy) tak dobrany, aby spełnił równania L o v e ' a (1-14)
wraz z warunkami brzegowymi (1.13), charakteryzującymi brak naprę-
żeń w płaszczyźnie z = 0. Okazuje się, że w przypadku półprzestrzeni
sprężystej równe zeru są naprężenia ozz,arz. Przy użyciu funkcji G r e e -
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n a wykazano, że nap>rążenia axz, ayz, azz są równe zeru również w przy-
padku ogólniejszym, mianowicie gdy warunki (1.32) odnoszą się do do-
wolnego obszaru V leżącego w płaszczyźnie z = 0.

W drugiej części pracy wyznaczono stan naprężenia w przestrzeni
i półprzestrzeni sprężystej, wywołany działaniem pola temperatury, okreś-
lonego równaniem przewodnictwa cieplnego (2.1) oraz riieciągłymi warun^
kami brzegowymi termicznymi (2.2) w płaszczyźnie z = 0. W przyipadku
szczególnym półprzestrzeni wykazano dla warunków brzegowych (2.2)
oraz ogólniej sformułowanych (2.10), że naprężenia azz, axz, ayz są rów-
ne zeru.

Powyższe twierdzenia są słuszne w przypadku słoja sprężystego (pły-
ty o grubości h rozciągającej się nieograniczenie w kierunku osi x i y)
o warunkach brzegowych (1.32) lub (2.10) występujących w jednej lub
w obu płaszczyznach ograniczających słój.

P e a IO M e

O flBYX CTAIJHiOHAPHblX 3AflAHAX TEPiMOWIPYrOCTH

K a c a e r c a onpe/jejieHMa HanpniKeHHoro COCTOHHMH,
Bbi3Bai-iHoro B BecKOHeiHOM npocTpaHCTBe, a TaKste B ynpyroM noj iynpo-
CTpaHCTBe, HeMCTBweM TeMnepaTypnoro noj in onpeflejieHMoro
(1.1) M KpaeBbIMM yCJIOBMHMM (1.2).

^ia peinaeTCH npM Mcrrojib3OBaHMM dpymcBCHPi y n p y r o r o
. HacTHbrii MirrerpaJi (1.10) ypaBKeima y^os j ierBopneT

,n;jiH 6ecKOHeHHoro y n p y r o r o npocTpaHCTsa Tax, HTO
HarrpajKeMHoro cocToaHMa (otj) noJiynaioTCH M3 dpopMyji (1.7).

y n p y r o r o rrpocTpaHCTsa c j re^yer CJTOSCMTB HanpasceaHoe COCTO-
(ay) c TaK rroflo6paHHBiM Hanpa^KeHHŁiM cocToaHMeM (5tj), HTo6bi

OHM yflOBJieTBopfljiM ypaBHe'HMio J l a s a (1.14), BMecTe c KpaeBbIMM ycjio-
BHHMM (1.13), xapaKTepw3yiomMMJi OTcyTCTBHe HanpaaceHHM B njiocKOCTH
z = 0. OKa3BiBaerca, HTO B c j iy^ae y n p y r o r o nojiynpocTpaHCTsa azz M on

paBHHiOTca Hyjno. ,BtoKa3biBaeTca, H T O npw Mcnojib3OBaHMM dpyHKu;MM
T p M H a , HanpajKeHMH axz, oyz u azz paBHaioTca Hyjno Tansce B 6ojiee
o6ru;eM cj iynae, a MMemio K o r ^ a ycjiOBwa (1.32) KacaiOTca npoM3BOJTbHoii
06jiaCTM F nJTOCKOCTM Z = 0.

B o BTopon nacTH pa6oTbi onpeflej ineTca Hanpa?KeHHoe
B ynpyroM'npocTpaHCTBe M y n p y r o M noj iynpocTpancTBe, BbiaBaHHoe
CTBMeM T e M n e p a T y p n o r o nojra, BbipaHceraHoro ypaBHeimeM
HOCTM (2.1), a TaKJKe pa3pbrBHŁIMM TepMMHeCKKMM KpaeBbIMM yCJIOBMHMM
(2.2) B njiocKOCTM z = 0. B nacTHOM c j i y n a e nojiynpocTpaHCTBa,
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xpaeBBix ycnoBMM (2.2), a TaKJKe ccpopMyjiMpoBaHHBix Sojiee
o6pa30M ycjiOBMM (2.10), HTO HanpJEKeHHH azz, axz w. ayz paBHHKiTCH Hyjiio.

IIpHBefleHHbie BBime yTBepjKfleHHH cnpaBefljruBBi B cjiynae ynpyroro
cjiofl (njiacTHHKa TOJIIUMHOM h, pacnpocTpaHHioinaHCH HeorpaHMHeHHo no>
HanpaBJieHMio oceii x u y), c KpaeBBiMM ycjioBHHMM (1.32) MJTM (2.10) Ha

MJIM B o6enx njiocROCTHx, orpaHH^MBaromiix CJIOM.
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