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A DYNAMICAL PROBLEM OF THERMOELASTICITY

WITOLD NOWACKI (WARSZAWA)

1. An Instantaneous Source of Heat

Let an instantaneous source of heat act in an infinite elastic space of
initial temperature T = 0. The action of this source will result in a tem-
perature and stress field in the elastic space. We assume that thermal and
elastic properties of the medium are constants, independent of the coor-
dinates and the temperature. The action of the instantaneous source will
provoke dynamical effects. In the displacement equations of the theory
of elasticity the inertia terms will therefore be taken into consideration.
The problem thus stated is characterized by spherical symmetry, the
temperature and stress being dependent on the distance R from the source
and time t.

The heat equation has, in the case under consideration, the form
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where 4 denotes the Dirac function; k = 4i,/oc, where 4, is the
coefficient of heat conduction, ¢ density and ¢ specific heat. W=@Q/pc,
where @ denotes the heat quantity emitted by the heat source per unit
time. The solution of the equation is, [1],
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where
R=(x*+y*+2%)'* and J =4kt
The displacement equations of the theory of elasticity have the
form, [2]:
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where u, v, w are the displacement components and

0v
dx+6y+dz

the dilatation. The quantities u=G,A=2G»/1—2» are Lamé’s constants,
where v is Poisson’s ratio and G the shear modulus. Finally, g
denotes the mass per unit volume and «; the coefficient of thermal
expansion. :

Introducing the potential of thermoelastic displacements @, where
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which is equivalent to the assumption of an irrotational stress field, we
reduce the system of equations (1.3) to the unique equation
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being the velocity of the dilatation wave, and
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The knowledge of the function @ enables us to determine the stress
components from the Egs., [3]:
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or, bearing in mind the Eq. (1.5),
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where 6;; is Kronecker's delta.

In the present case of an instantaneous concentrated source of heat,
the system of equations (1.3) is reduced, in view of the spherical
symmetry of the temperature and stress field, to the unique equation
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with the initial conditions
Uup=20, —— = for t=0.

In the Eq. (1.7), up denotes the displacement in the direction of the
radius R. Introducing the potential of thermoelastic displacement ¢, where

0o
(1.8) Up = d_R

the Eq. (1.7) can be expressed in the form
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Applying to the Eqgs. (1.1) and (1.9) the Laplace transformation,
(130} L@M=T"= [‘rf’fT(R,z}dt, L(®)=@*= e’ Q (R, t)dt,
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and taking the initial conditions into consideration, we have
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The transform
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may be expressed by means of the Fourier-Hankel integral as
follows:
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we obtain from the second equation of the group (1.11)
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Performing the inverse transformation, we obtain:
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The knowledge of the function @ enables us to determine the stress
components (o) from the Eq. (1.6).
In spherical coordinates, we have
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Introducing the notations
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we oblain therefore the following equations for stresses:
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2. A Continuous Source of Heat

Let a continuous source of heat of constant intensity W act in an
infinite elastic space of initial temperature T =0 starting from the
time t = 0.

Applying the Laplace transformation to the heat equation, we
obtain
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Performing the inverse transformation, we find
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The solution of the second of the Egs. (1.11) is
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Performing the inverse transformation, we have
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From the Egs. (1.17) we obtain
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3. A Heat Source Varying Harmonically in Function of Time

Let a concentrated source of heat varying harmonically in function
of time act in an infinite elastic space:

W(t) =W, e«

Assuming T (R,t)=e/*'U(R), we reduce the heat equation to the form

2 _w.i :__Wt:
(3.1) pru A U i d(R).

Assuming in an analogous way that @ (R,t)=e/“! F(R), we reduce the
Eq. (1.9) to the form

(3.2) PrE+o* o F=49,U.

The analogy between the Egs. (3.1), (3.2) and (1.11) is evident. We see
that p should be replaced by iw, the function T* by U, and the function @*
by F. Assuming the same initial conditions as in the Art. 1, we obtain
the solution of the Eq. (3.1) and (3.2) in the form
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In the particular case W (t)=W,cos ot, we should take the real part
of the functions (3.3) and (3.4), and for W (t) =W, sin o t, the imaginary
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parts of the functions @ and T. The case of W (t)=W, cos wt alone will
be considered in this paper. We have
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The stress components will be found from the Egs. (1.17). We have
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The solution for a harmonically variable heat source thus obtained
can be used for constructing solutions for sources varying with time

in a periodic manner. Expanding the function W(t) in a Fourier
series

(3.8) W (t) = Z Ajcos(not—ey),

n=>0

we obtain the temperature and stress field by superposing their harmonic
components.
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Streszczenie
O PEWNYM DYNAMICZNYM ZAGADNIENIU TERMOSPREZYSTOSCI

Celem pracy jest wyznaczenie stanu naprezenia wywolanego w nie-
ograniczonej przestrzeni sprezystej dzialaniem zmiennego w czasie sku-
pionego Zrodia ciepla. Dziatanie to wywoluje efekty dynamiczne. Uwzgled-
niono zatem w réwnaniach przemieszezeniowych teorii sprezystosci czlo-
ny inercyjne. Rozpatrywane zagadnienie charakteryzuje sie symetria
sferyezng; zaréwno temperatura jak i naprezenia sa funkcjami odleglo-
$ci R od zrodia ciepla i czasu t. Dlatego tez réwnania przemieszcezeniowe
(1.3) sprowadzaja sie do jednego réwnania (1.7), lub tez po wprowadze-
niu potencjalu termosprezystego przemieszczenia @ do réwnania (1.9).
Znajomo$é funkeji @ zezwala juz przy uzyciu wzoréw (1.6) wyznaczyc
skladowe stanu naprezenia ;. Rozwiazanie réwnan (1.1) i (1.9) opisu-
jacych pole temperatury i stan naprezenia dokonano przy uzyciu trans-
formacji Laplace’a i Fourier-Hankela. Szczegélowo rozpa-
trzono dziatanie chwilowego zZrédla ciepla, ciaglego zrédia ciepla o stale]
intensywnosci oraz dzialanie zrédla zmieniajgcego sie¢ w czasie w sposéb
harmoniczny.

Pecaowve
O HEHOT&POI"T JUUTAMHYECKOH 3AMAYE TEPMOYIIPYTOCTH

Ilensio paboThI ABJIAETCA ONIpeJeTeHNe HAIPAXKEHHOT0 COCTOAHMUA, BBI-
2BANHOTO B HEOTPAHMYEHHOM YNPYIOM IPOCTPAHCTRE JIEMCTBMEM M3MEHHAIO-
1[erocs BO BPEMEHM, COCPEZOTOYEHHOTO MCTOUHMKA TerJia. OTO HAeiCTBHME
BeI3BIBaeT AuHamuueckme scpdexrst. Takum obpazom, B ypaBHeHMAX JJIA
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nepeMelleHnit yuUTEIBAIOTCA MHEPIMOHHBIe wWiIeHEl PaccmarpuBaemas 3a-
Jaya XapaxTepu3yercA CchepudecKoil CHMMETpMEil: TeMIleparypa, pPaBHO
KaK M HaIpAXKEeHMA, ABJIAITCA (MYHKUMAMM PAcCTOAHMA R OT MCTOYHMEKA

Tema ¥ Bpemeny t. ITosTomy ypaBHeHma 1A nepementenuii (1.3) ceogaresn

K ogHomy ypasHeHuio (1.7) uir ke, BBOAA TEPMOYIPYTMIL TIOTEHIMAJ IIe-

pemernennit @, x ypaBHemmio (1.9). SHanme dyHxUMu P maeT BOZMOK-

HOCTBE OIPEeNeNyTh, 1pu ucroab3oBamm cdopmys (1.6), xomroHeHTs! Ha-

DPAMEHHOTO COCTOAHKA ¢ Pemenme ypasHenmit (1.1) u (1.9), onpege-

JIAKIMUX TIOJNE TEMIIEPATYPHOE M HAIIPAXKEeHHOe COCTOAHNMEe, BBIIOJHEHO opn

nomoiuu npeobpazoBamusi Jlanmaca m Pypere-Tamkexnsa Ilo-

npobHO paccMaTpuBaeTCA AEHCTBHE BPEMEHHOTO MCTOYHMKA TEIJIa, HElpe-

PBIBHOTO MCTOYHMKA TeIla [OCTOAHHON WMHTEHCMBHOCTM, a TakxKe Heii—
CTBME MCTOYHMKA TAaPMOHMYECKM M3MEHSIOIEerocsa BO BpPEMEHH.
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