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A DYNAMICAL PROBLEM OF THERMOELASTICITY

W I T O L D N O W A C K I (WARSZAWA)

1. An Instantaneous Source of Heat

Let an instantaneous source of heat act in an infinite elastic space of
initial temperature T = 0. The action of this source will result in a tem-
perature and stress field in the elastic space. We assume that thermal and
elastic properties of the medium are constants, independent of the coor-
dinates and the temperature. The action of the instantaneous source will
provoke dynamical effects. In the displacement equations of the theory
of elasticity the inertia terms will therefore Ibe taken into consideration.
The problem thus stated is characterized by spherical symmetry, the
temperature and stress being dependent on the distance R from the source
and time t.

The heat equation has, in the case under consideration, the form

-|f=-
[T(R,t)],=0 = 0,

where 6 denotes the D i r a c function; fc = XJQ C , where Ao is the
coefficient of heat conduction, Q density .and c specific heat. W = Q/Q C ,
where Q denotes the heat quantity emitted by the heat source per unit
time. The solution of the equation is, [1],

W

where
z2)12 and tf

The displacement equations of the theory of elasticity have the
form, [2]:

(1.3)
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where u, v, w are the displacement components and

__ du dv dw
&-'dx+J^+ dz

the dilatation. The quantities /J.—G,A=2Gv/l — lv are Lame ' s constants,
where v is P o i s s o n ' s ratio .and G the shear modulus. Finally, /?
denotes the mass per unit volume and at the coefficient of thermal
expansion.

Introducing the potential of thermoelastic displacements 0, where

which ds equivalent to the assumption of an irrotational stress field, we
reduce the system of equations (1.3) to the unique equation

(1.5) V2 0 — o2 -^-g- = #o T,

where

/ 1 — v 2GY'2

:==(T^27T)

being the velocity of the dilatation wave, and

tr~ c2 ' C \ 1 — 2v

v 0 = ^ a t •
1— v

The knowledge of the function 0 enables us to determine the stress
components from the Eqs., [3]:

or, bearing in mind the Eq. (1.5),

(1.6.2) a^z

where <5y is K r o n e c k e r ' s delta.

In the present case of an instantaneous concentrated source of heat,
the system of equiatipins (1.3) is reduced, in viieiw of the spherical
symmetry of the .temperature aind sitress field, to the undlque equation

ar
°dR'
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with the initial conditions

U/? = 0, ^ = = 0 f o r t = = 0 -

In the Eq. (1.7), uR denotes the displacement in the direction of the
radius R. Introducing the potential of thermoelastic displacement 0, where

the Eq. (1.7) can be expressed in the form

(1.9) p ^ - ^ ^ T , where F'= d ^ +-J /„•

A p p l y i n g to 'the Eqs . (1.1) a n d (1.9) t h e L a p l a c e t r ans fo rma t ion ,

(1.10) L(T) = T± = fe-"1T(R,t)dt, L{0) = (p*= je-"'(p(Rtt)dtt

ó • u

and taking the initial conditions into consideration, we have

n W

(1.11) \7-T*—f~T* = —-f <5(R), F2^*~cr"-p2(P* = ^ T * .

The transform

w 1
(1 12̂  T* == —— — e'^P * ' ' '

may be expressed by means of the F o u r i e r - H a n k e l integral as
follows:

W F . , J . . P\~12 f / ., , - ; 1 2

exp \~z\a-+-

= 2l?lc I a Jo(ar)(a2 + y2+-^ cosyzdady,
0. 0

Assuming the function 0* in the form

(1.14) ** = f \ C(a,y,p)Ja(ar)cosyzdady,
o b
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we obtain from the second equation of the group (1.11)

0 0

X cos yzdady =
4nka2

Performing the inverse transformation, we obtain:

(1.16.1) 0 =
2k

-1+Erfcl-iL)-

for 0 < t < Ra or

(1.16.2) 0 = 1

_i_
2

for »9>4Rfc(T, where

The knowledge of the function 0 enables us to determine the stress
components (ay) from the Eq. (1.6).

In spherical coordinates, we have

(1.17)

, = 0,

Introducing the notations

ORR

and

= 0 , ?# = 0 .

i O'RR

for

for

for 0<d<Z4Rko,
for tf^
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we obtain therefore the following equations for stresses:

a'RR = 4 GKR* JErf c I ~J\ -

(1.18)

5
2k<x

i+A-

itf-y- - a I<Erfc \~
\ \ytil kaV

2k(T

1

R2

2 fc «r

. ?9 2kt r

mm O jib 2 G K.R''('I
R
ka

4- ^ n — 9
r 7,2 2 v

) — 1 \ + a '

Ty# = 0 ,

where 17 = /5. 4 G<r.

= 0 , rf — 0 ,

2. A Continuous Source of Heat

Let a continuous sQur.oe of heiat of constant intensity W act in an
infinite elastic space of initial temperature T = 0 starting from the
time t = 0.

Applying the L a p l a c e transformation to the heat equation, we
obtain
(2.1) p2T*—-£-T* = j -

The solution of this equation is
.. W ,,

^ r p - 1 I iaJM^ia'+y'+pk^cosyzdady.
,n k J J

o o
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Performing the inverse transformation, we find

(2.3) T = = W_
4nk

The solution of the second of the Eqs. (1.11) is

Performing the inverse transformation, we have

0 = —• KR-1 Ik o~ 11 — -prVl (^+2R2)1 Erf c ^L —

/A_JL1\1

(2.5)
f 1

* - — KR- ' ~ (fl —

2 fc |/w I
i

4 Rfc ar) + fc a [eU " - 1] + k a2 1 —

From the Eqs. (1.17) we obtain

aw = - 4 KGR-* Ik <rB [l + 4 - ~ , (tf — 2 R2) I Erf c A

(2.6)

]'<9 2 k a
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+ — ~ (4 Rfc <r — tf) — k<r3

2 k |/ nd

aZ, = 2 GKR-S fc ff21 (l + ,R- + ; T-o (1 + 2 »)\ e4*'"1'

Erfc R= ,

?•- 1
4W2

Ów m •

3. A Heat Source Varying Harmonically in Function of Time

Let a concentrated source of heat varying harmonically in function
of time act in an infinite elastic space:

Assuming T (R, t) = e'"'' U (R), we reduce the heat equation to the form

(3.1) V2U — ^ 1 7 = - ^ " , 5 (ft).

Assuming in an analogous way that @{R, t) = e"ot F(R), we reduce the
Eq. (1.9) to the form

(3.2) V

The analogy between the Eqs. (3.1), (3.2) and (1.11) is evident. We see
that p should be replaced by i w, the function T* by U, and the function <!>*
by F. Assuming the same initial conditions as in the Art. 1, we obtain
the solution of the Eq. (3.1) and (3.2) in the form

(3.3) T«=75E-=e""-*>"»*l

I \ —1

(3 .4) & = ^ ^ r R - i ( o > i ) - 1 [ m i —
4 n k a2 \

In the particular case W (t) — Wo cos <o t, we should take the real part
of the functions (3.3) and (3.4), and for W(t) = Wn sin cot, ttie imaginary
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parts of the functions 0 and T. The case of W (t) = W,, cos to t alone will
be considered in this paper. We have

cos r o t - R l / ^ | ) ~ s i n Oi it — Ra)~

The stress components will be found from the Eqs. (1.17). We have

ORR = — 2 AGRr3 La 2 k 11 + ^ — R2 %j cos w (t — J? CT) +

+ (1 — R or c3 k — i?" ?;,,) sin a (t — R a)

(3.7)

k )/2 7c w o2

•i?2J70 cosco t 7==) + \1 + R1/ —,- — Rwo*kl/-
I \ I 2k oj \ V 2k |/ 5]'2kc,)/ ' I ' ' 2k ' 'VK 2k

R
-2?sj?o)sinco(t—-===

I 2 k

= - i G R - 3 r ' ' V » » „jff-'fc'wTft' tya-'

= = , - „ + , S-t - 2 R> rk\] cos W (t J L )
2?cwfc(T- 2fcV- '7J \ |/2

cos co (t — R a) —ucr k 11 -) R2 co2o"2-|-2 Riiin

ak '"

[1 — Rto- a6 k~Kiora1 + 2 R2 r/a] sin OJ (t — R cr)|,

where

> A =
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The solution for a harmonically variable heat source thus obtained
can toe used for constructing solutions for sources varying with time
in a periodic manner. Expanding the function W(t) in a F o u r i e r
series

(3.8) W(t) = ^ A,,cos(n cot —£„), , .
,i=0

we obtain the temperature and stress field by superposing their harmonic
components.
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S t r e s z c z e n i e

O PEWNYM DYNAMICZNYM ZAGADNIENIU TEBlMOSPRĘŻYSTOSCI

Celem pracy jest wyznaczenie stanu naprężenia wywołanego w nie-
ograniczonej przestrzeni sprężystej działaniem zmiennego w czasie sku-
pionego źródła ciepła. Działanie to wywołuje efekty dynamiczne. Uwzględ-
niono zatem w równaniach przemieszczeniowych teorii sprężystości czło-
ny inercyjne. Rozpatrywane zagadnienie charakteryzuje się symetrią
sferyczną; zarówno temperatura jak i naprężenia są funkcjami odległo-
ści R od źródła ciepła i czasu t. Dlatego też równania przemieszczeniowe
(1.3) sprowadzają się do jednego równania (1.7), lub też po -wprowadze-
niu potencjału termosprężystego przemieszczenia 0 do równania (1.9).
Znajomość funkcji €> zezwala już przy użyciu wzorów (1.6) wyznaczyć
składowe stanu naprężenia aij. Rozwiązanie równań (1.1) i (1.9) opisu-
jących pole temperatury i stan naprężenia dokonano przy użyciu trans-
formacji L a p l a c e ' a i F o u r i e r - H a n k e l a . Szczegółowo rozpa-
trzono działanie chwilowego źródła ciepła, ciągłego źródła ciepła o stałej
intensywności oraz działanie źródła zmieniającego się w czasie w sposób
harmoniczny.

P c 3 io M e

O HEKOTOPOM flHHAMHHECKOH 3AflAHE TEPMOynpyrOCTH

I[ejiBio pa6oTbi HBjMeTCH onpeflejieHHe HanpajKeHHoro cocTOHHMfl, BBI-
B HeorpaHMHeHHOM ynpyroM npocTpaHCTBe ^eMCTBMeM M3MeHHio-

BO BpeMeHM, cocpeflOToneHHoro jicroHHMKa Tenjia. 3 T O
BBI3BIBaeT flMHaMMHeCKMe SCpcbeKTBT. TaKMM 06pa30M, B ypaBHeHMHX
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yHMTbiBaioTCH MHepuKOHHBie HJieHBi. PaccMaTpHBaeMan s a -
gana xapaKTepn3yeTca ccpepiraecKOPi CHMMeTpiieH: TewrnepaTypą,

M HanpHJKeHMH, HBJIHIOTCH CpyHKipfflMH paCCTOilHMH R OT
M BpeMeHM t. ITosTOMy ypaBHeHMH ^JIH nepeMeniieHMM (1.3) CBO^HTCH

K oflHOMy ypaBHeHHK) (1.7) KJIM x e , BBO^H TepwroynpyrHM noTeHt(iiajr ne-
peMenieHMM 0, K ypaBHeHHK) (1.9). 3HaHJie cpyHKąMM 0 ^aeT BO3MOIK-
HOCTB onpe^ejiHTB, npw: wcnojib3OBaHMH dpopMyji (1.6), KOMnoHeHTBi Ha-
npaateHHoro COCTOHHKH ery. PeuieHMe ypaBHeHMM i(l.l) M (1.9), onpe^e-

nojie TeMnepaTypHoe u HaupiiaceHHoe cocToaHMe, BBinojraeHO npn
npeo6pa3OBaHMH J l a n j i a c a u t & y p b e - F a H K e j i f l . I I o -

3PO6HO paccMaTpHBaeTCH fleiłcTBMe BpeMeHHoro MCTOHHHKa Tenjra, Henpe-
pBiBHoro KCTOH:HMKa Tenjia IIOCTOHHHOM MHTeHCMBHOCTPi, a Taicace iź

CTBHe MCTOHHMKa TapMOHMHeCKM M3MeHHK)IE(erOCH BO
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