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TRANSIENT THERMAL STRESSES IN
VISCOELASTIC PLATES AND SHELLS

By W. Nowacki
Polish Academy of Sciences, Warsaw

1. INTRODUCTION: HYPOTHESES, GENERAL RELATIONS AND EQUATIONS

THE assumption of perfect elasticity in investigations on thermoelastic
behaviour of various solids limits the range of applicability of the solu-
tions to comparatively small range of temperature, Under higher tempera-
tures the solid exhibits properties of creep and the stresses calculated on
the basis of the theory of elasticity differ from the observed, the difference
depending on time, and for high temperatures also on the temperature.

In this paper we shall deal with discs, plates and shells made of a
viscoelastic material possessing a linear characteristic, which constitutes
a better approximation to the behaviour of solids subject to temperature
ficlds. We assume that the solid is homogeneous and isotropic. Moreover,
we confine ourselves to small deformations and we make the assumption
that all physical properties of the material are independent of temperature
and the yield limit is not reached. The assumption of independence of
the physical properties of temperature is a significant limitation, for it
contradicts the familiar influence of the temperature on the viscosity
modulus. Though taking into account the latter phenomenon is possible,
it leads to considerable mathematical difficulties.

In viscoelastic solids the transform properties of the stress and strain
tensors arc the same as in the case of perfectly elastic solids. The differ-
ences arise only in the siress-strain lawst%%

Py (D)Su = Pe(D)eu (1.1)
Py(D) oy = Py(D) (g34—3a,T) (1.2)
where
1 1
J'U — ﬂ'u—— —iﬂkk&u, EU = eij_ —3'3;-*6” (1.3)

are the deviators of the stress and strain tensors, respectively, and T de-
notes the temperature. The quantities P,(D), i = 1,2,3,4 appearing in the
relations (1.1) and (1.2) constitute linear differential operators

Ni
P(D)= M amDr, af"£0, i=1234 (1.4)

n=0
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am
time, and the coefficients a/™ are constants. In the case of a perfectly
elastic body the operators P,(D) contain only the first term of the series
(1.4). Namely we have

=1, aP=2p, aP=1, o=3K,

where D" =

denotes the derivative of order n with respect to

where y, is the shear modulus and X, the compression modulus.
The system of relations (I.1)-(1.2) can be written in a more explict
form

P(D)Py(D)oy; = Po(D) Py(DYey;t-
1
+5u{—3— [P, (D} Py(D)— Po{ D) Py (D] 00— P (D) Py (D) a, T} (L5)
Besides the model of the viscoelastic solid described by the relations (1.5)

frequently models of continuous spectrum are used, namely the Boltzmann
and Biot models!®4!

Fd
6, =2 f alt -r)-‘:-%‘i drt
a9

Oy

+ a,'ji!‘ {b{[“f) BT __[31}(! -—T)+2ﬂ(f '-—'F}]df %g‘} dT‘— (16)

This relation defines a viscoelastic solid free of stresses at the initial instant.
a(f), b(t) are here functions of time which for the perfectly elastic solid
reduce to the Lamé constants g, A

Let us perform in the relations (1.5) and (1.6) the Laplace transfor-
mation defined as follows:

fxp) = [ ePfix,, 0t

Thus we arrive at the relations

Gy = 208, +(Aexx— TP 8y =123 (1.7)
where "=
o I_}}I(_.E)_', Teon P p)Py(p) —Ps(p) P3(D) s T = [25aT)
i MO maeg 7 Gl (8

for the stress-strain relation expressed by (1.5), and

E = pa(p), A= pb{p) (1.9)
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for the Biot model of viscoelastic solid. The corresponding relations for
a perfectly clastic solid have the form

o = 2ueef {&]—é;}.}!}{_?ﬂf) By (1.10)
Consider first the quasi-static problem. In other words we assume
that the temperature changes are slow and therefore we neglect the influ-

ence of the inertia forces on strains and stresses. Substituling into the
equilibrium equations

Ty = 0 (lll)

the stresses in accordance with the relations (1.5) and expressing the
strains by the displacements by means of the formula

1
6y = oty (L12)

we arrive after simple transformations at the displacement equations
Ly (D)uy gx+ Lo (DYyug i = La(D)er, T,;  i=123 (1.13)
where
L(D) = PADIP(D),  L(D) =S 12PD)P, (D)1 Po(D)Po(D),
Ly(D) = 2P(D) P, (D)
The equations (1.13) are to be completed by boundary conditions

Gy = p; (1.14)
in the case of loading of the boundary, and
ty = 85y, 1) (1.15)

in the case of kinematic boundary conditions. We perform the Laplace
transform on the displacement equations (1.13) and on the boundary
conditions, assuming that for ¢ < 0 the viscoelastic solid is in natural
state, i.c. the displacement and stresses vanish. In other words we assume
that w;(x.,0) = &;(x,,0) = 0, and the higher derivatives defined by the
order of the operator #,(D). also vanish. Thus we arrive at the system
of equations

Byt (At @ig g =¥, =123 (1.16)
the corresponding equations for a perfectly elastic solid having the form
F"uﬁf,?j:‘nl (ﬁu’*’!‘n)igkl = Ly (L.17)

A comparison of the equations (1.16) and (1.17) indicates that the equa-
tions for the viscoelastic solid are derived by replacing the constants i,
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7y in the displacement equations of the perfectly elastic solid, by the quan-
tities 7, 7 which depend on the parameter of the Laplace transformation p.
This analogy is called the elastic-viscoelastic analogy, The following
procedure for solving the displacement equations is evident, We solve
the quasi-static equations for the perfectly elastic solid and in the sclution
thus obtained we replace the constants u,, 4, by 4, A and apply the inverse
Laplace transformation; this completes the soluticn of the corresponding
viscoelastic problem, in the quasi-static case.

Owing to the elastic-viscoelastic analogy we can use numerous solutions
of thermoelasticity to obtain the solutions of the corresponding visco-
‘elastic problems. This analogy was announced by Alfrey'® who employed
it in determining the stresses in a viscoelastic solid, produced by external
loading. The analogy was extended by Lee!® to the viscoelastic bodies
in which the condition of incompressibility is not valid. Alfrey’s analogy
was first made use of in thermoelasticity by Hilton!”, and Sternberg who
disregarded the condition of incompressibility®),

The solution of the system of equations (1.16) can be represented in
the form®

a:(x,,p)ﬂ({?@., VWil %AV i=123  (L1Y)

Here 0,(3,, x,, p) denotes the Laplace transformation of the dilatation at a
point (&), produced by an instantaneous concentrated force acting at
a point (x,) in the direction of the x;-axis, in a viscoclastic solid of the
same shape as the solid under consideration, under the assumption
that 7= 0. _

The corresponding solution of the system of equations (1.17) for the
perfectly elastic solid has the form

W%, 0) =p0 [ TE,PDOPEx)AV  i=123  (L19)
(L]

Here @{®(£,,x,) is the sum of normal stresses at a poiat (£,) of the per-
fectly clastic body, produced by a concentrated independent of time force
acting in the direction of the x;-axis at the point (x,).

Differentiating (1.18) we obtain

T p) = 3 G 47 ) = 7 [ TnDOyE x.pdV  (L19)

Here, for i +# j the function ©); denotes the dilatation at the point (&),
due to the action of an instantaneous cross of shear situated at the point
(x,) of the plane x;x;,, When i = j the function 6, is the dilatation at
the point (£,), due to the action of an instantaneous double force applied
to the point (x,) in the direction of the x;-axis.
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The transformation of the dilatation e(x,, f) at the point (x,)of a viscoelastic
body, due to the action of a temperature field, is given by the formula

e(x,p) =u ;= 7_’.’. f{{-’,,p)g(&,, X, PYAV (1.20)
= Q f T(Eu!p)"i_( r xr’p}d 4

Here &(£,, x,, t) denotes the dilatation at the point (£,), due to the action
of an instantaneous centre of pressure at the point (x,); A(£,,x,,?) is the
sum of the normal stresses at the point (&), due to the action of an in-
stantaneous centre of pressure at the point (x,).

By means of the above method of solution certain general results may
be obtained.

First, we shall prove that the change of volume of a viscoelastic body
free of tractions on its surface, due to the existence of a temperature field,
is independent of the rheological properties of the body.

The change of volume is given by the integral

:’1? = f E(x,,p)d V]_ =, f }_(‘Er ;P) dVJ. J(Err xr!p) d VI’ (1‘21)

L1

dVl — dx.l! dxm d.xs

The second integral constitutes the sum of stresses at the point (£,), due
to the action of centres of pressure distributed uniformly over the volume
of the body, and is egual to 3. Hence

AV =3q, [ T, Hdv (1.22)

Taking into account that

g

= +30.T, F=o0 1.23
312 % g (1.23)

ol

and making use of the relations (1.21) and {1.22) we have
[sax,ndr, =0 (1.24)

The change of volume due to the thermal stresses vanishes:; there remains
only the change due to the temperature. It is easy to verify the validity
of the relations

f &j(x, 1) dVy = a6y f T(x, 1)dv; (1.25)
L | LS
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Let us next consider a viscoelastic body with vanishing displacements
on the surface. Assuming that the temperature 7, is constant inside the
body we arrive at the following formulae for the deformations:

Ty r
Bivop) = = [ 6,dv (1.26)

These deformations vanish, since the integral on the right-hand side
denotes the increment of the volume of the body, due to the action of the
uniformly distributed crosses of shear (i %) or double forces {i = j).
It follows from the formula (1.7) that

_ T o —
Gy = — _pg 8,7 (127

The determination of stresses in an infinite viscoelastic space is especially
simple.

We now prove that the following simple relations occur between the
displacements u(x,, t) and the displacements #{(x., ) of the viscoelastic
body®:

= - 7(A+2
u(x,,p) = AP pu{(x,,p).,  f(p) = ﬂ'“j—”f)- (1.28)
YoP (A+24)

and

A 2
6 1) = f St=) 5 40 (x,, 1) de (1.29)

where the function f{r) describes the rheological propertics of the visco-
elastic body.

Let us observe that the relations (1.18) and (1.19) can be represented
in the form®

U(x,p) = —7 [ T, p)Ti(x Eup) AV (1.130)
HO0np) = —y0 [ TEDUP,E) AV (.31

Here Uy(x,, £,, 1) denotes the displacement of the point (x,) in the direction
of the xpaxis, due to the action of an instantaneous centre of pressure
situated at the point (£,). If is known from the theory of elasticity that

Ulm)()‘_‘n‘fr) = _TJ:T&;_ (%)”
ﬁo T ':-n‘a"zﬁ‘ﬂ

where

R = [(x— &P+ (xa—EP+ (Xg—Eo)?



Transient Thermal Stresses in Viscoelastic Plates and Shells 953

In accordance with the viscoelastic analogy we have

— 1 1
U, (x,, k)= ———-+5
E(‘l’ ‘5 P) 4"13 (R)n‘.
B =i4+2a.

The relations (1.28) will be called the correspendence relations principle.
They enable us to determine the displacements after carrying out the
convolution 1.29, if the displacements u{® and the function f(r) describing
viscoelastic properties of the solid are known. Making use of the cor-
respondence relations (1.28) and the equations (1.7) we represent the
thermal stresses in a viscoelastic solid by the relation

¢
~

04 (xr, 1} = J {Zﬁ(t—r) %

P defP aT )
] —) B gy o2
< +6,,[k(r Y M=) 5 ]lar (1.32)

where
h(t)y=a @), k() =a@f), I=a'F/)

The validity of the relations {1.28) follows from the comparison of the
formulae (1.30) and (1.31). Moreover, this comparison indicates that the
transform of the function #; can be expressed in terms of the function
¢ as follows:

u=0, (1.33)
where

¢=.__% f&fr_}zﬂ)ﬂ’, ﬁ=é (1.34)

v

On the other hand we find that (1.34) is a solution of the Poisson equation

bou=mT. (1.35)
In fact, introducing (1.33) into the displacement equations (1.16) and
integrating with respect to x; we atrive at the equation (1.35). The function

@ is the so-called thermoelastic deformation potential. In terms of this
function the stresses o;; can be expressed as follows:

Erj = 2?1(‘};’ ij—ﬁij Go), Li=1, 2,3 (1.36)

Comparing the equation (1.35) with the corresponding equation for the

viscoelastic body find that
]

Pl(x,. ) = fg{t—r) ;r— —gtdz, - (1.37)

(1]
where

_ m
.g(p) = m
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The stresses oy; in the viscoelastic body are given in terms of the function
¢ for the linear-clastic body by the relation

(0)
¥ dr,

i
{J'U(x,., l) = Z[dlaj—éuv:‘]fr(t—r)—aa,—r— (1.38}
0
where
gy — BT
r(p) g

If the changes in time of the temperature field are not sufficiently slow
the incrtia forces cannot be neglected. In this case the equations of motion
have the form

7 gui ’,] = 1! 2: 3 (1.39)

Introducing into these equations the relations (1.5) we obtain the dy-
namical equations

Ly (D)u; gx+Lo(D)ttg gy = Ly(D)ey Ty +Ly (D)o, i=1,2,3 (1.40)

where
L(D) = 2P, (D) P4(D)

Applying the Laplace transformation to the equations (1.40) and comparing
it with the appropriate equation for a perfectly clastic solid we discover
that in this case also the elastic-viscoelastic analogy holds. It is however
impossible to establish any correspondence relations as it was done in
quasi-static problems.

In an infinite viscoelastic solid, introducing the potential ¢ we reduce
the system of equations (1.40) to the equation (10)

$xx—1*F(p)¢ = AT (1.41)
where
= g
0'2 =
@) A4-2p
The itransformations of the stresses assume in this case the form
Gy = 20(3,0,— 8, VA +-p'ed (1.42)

The corresponding equation for the function ¢ in the case of a per-
fectly elastic body is the following:

ke —p} ¢ = n T (1.43)

=2
‘ Jot240
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The transformations of the stresses have a similar form
T = 2,310, 6, V%) $O 4o (1.44)

It follows from a comparison of the equations (1.41) and (1.43) that no
correspondence relations are valid in the case of the dynamical problem,
for the functions ¢ and ¢©.

2. THERMAL STRESSES IN DISCS

Consider a disc of constant thickness /' situated in a non-stationary
temperature field 7(x,, x,, #) satisfying the heat conduction equation®*

V2 r— -_':—3""——.5(1"—0) = —Q/x .1

oT
BT
Here » = A/pc where A is the conductivity coefficient, ¢ the specific heat
and p is the density. Furthermore, Q = W/pc where W is the amount
of heat generated per unit time and volume by the heat source.

? denctes the temperature of the surrounding medium and & = 24,/A%
where 4, is the external conductivity coefficient. The equation 2.1 concerns
the case of heat exchange on the planes x; = + A/2 bounding the disc.
If the disc is thermally insulated on these planes it should be assumed
that ¢ = 0 in the equation (2.1).

Consider first a disc of perfectly elastic material. Expressing the stresses
aj due to the temperature field by means of the derivatives of the Airy
function F

Vi=03p0k, T

:P T (Vgafj“ 'aiaj)F i,j=1.2 (2‘2)

and introducing these expressions into the compatibility conditions we
obtain the following differential equation for the function F,%2:

VAF+a, E, V3T =0 2.3)

E, denotes here the elasticity modulus and g, the coefficient of linear
thermal expansion. If the boundary of the disc is free of tractions the
boundary conditions for the equation (2.3) have the form F= F, =10
where F, denotes the normal derivative of the function F.

Let us observe that solution of the equation (2.3) can be represented
in the form

F(oy, %0, 1) = 0B, [ [ T(6, 8, OVIF*(xy, %, £, £ 061 48 (25)

(48]
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where the Green function F* satisfies the differential equation
VIF*+30a—§) 0(xs~—E) = 0 (26)

and the same boundary conditions as the function F. For a multiple-con-
nected disc with the contours sy, 5, ... §,, it is convenient to use the equa-
tion (2.5) in the form

F=oE | [[ PPTds dit [ (TF2,—F*T.)ds}  @7)
(F o) (-'..,,j’nl

For a simply-connected disc which is free of tractions on the boundary
the curvilinear integral vanishes

F=ukE, | [ F*ViTdt, d¢, (2.8)
i
Thus, if the temperature field is stationary and no heat sources are present
inside the disc, and morcover no heat exchange occurs on the planes
Xy = + A2, then V3T =0 and hence also F=0 at 2ll points of the
plate. In this casc therefore the disc is free of stresses. This statement
constitutes the celebrated theorem of N, I. Muskhelishvili?®,
We proceed to the determination of the thermal stresses a;; due to
the action of a temperature ficld T in a viscoelastic disc, by means of the
Airy function y. Namely we have

oy = (V18,~0,0)y i,j=12 2.9

Making use of the elastic-viscoelastic analogy we represent the differential
equation for the Airy function in the form

Vi +a, EViT =0 (2.10)
wherc
7 = fe Ply(x,, Xa,0)dt, E = fe—f"E(t) dt
0 0
and
B(p) = E°HA.
At

Comparing equations {2.10) and (2.3) in which the Laplace trans-
formation has been cartied out, and assuming that the boundary
conditions are homogeneous we obtain the relations

7 =KpoF; &;=fppof (2.11)
where
E(p)

f(P)=m
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Thus, we have arrived at the correspondence relation. Inverting the Laplace
transformation in the relations (2.11) we have

i 2
X030, 1) = [ S0=1) 5 Fs, %0, 2) de @12

e‘u(xl,xz,t)=ff(!—t);—ro‘ﬁ’(xl,xz,r)d: =12 @13
0

The problem of determination of the function y is therefore reduced to
carrying out the convolution (2.12) which contains the known function
F of the corresponding perfectly clastic problem, and the function f(r)
describing the viscoclastic properties of the disc under consideration.

There is no difficulty in finding the function f{t). Thus, for the Maxwell
solid where

1
Pi(p) = ngp, Po(p) = 2uop, Py(p) =1, P(p)=3K,

we have

f(p)= x'_:—ji%) f(f}.—_e‘lﬂ!

1
22
Here § =nfu, is the time of relaxation and » is the viscosity of the
material. Taking into account (2.13) and integrating by parts we obtain

r

1 o

o =aff) — ;l—e”“-tfé'nrcﬁ.?’(xl, xp,0)dr, i,j=1,2 (2.14)
1]

For the Kelvin solid
PI(P) = l; Pz(p) = 2#"(1 +l9'*[)). P:i(p} =1 11 P‘(p} = 3KD

whence
¢ _ 2{1-») ) 3

- 1
f(p)=3+P+xs, C——m: Hy = {l:-m_*_.

#* denoting the rctardation time; the equation (2.15) assumes the form

r

oy =o' (14¢)— -g-e‘”-f f escaf) (x;, X, 1) dT (2.15)
]

If the temperature field is stationary the equation (2.10) takes the form

Vii+a, %V*T =0 (2.16)
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Comparing the latter cquation with equation (2.3) we find

%=1 F .17
Hence
x(xl,xa,r) =f(’]F(xl.nx2}: U'fj(xuxa»f) =f(t]0'ic:fn(xla xs) (217')

For the Maxwell solid

al'_f('xl » X235 1) =g aﬂ?}(x.h xi) (2'18)
while for the Kelvin solid
ﬂ'ij(xh xs ] t) = (l _I 'ced"’:)dit}, (xl L] x&) (219)

The determination of stresses is especially simple in the case of an in-
finite disc, In the disc of perfectly clastic material

o = 2u(0:0;—0,; VP i, j=1.2 (2.20)
where ¢® js the thermoclectric displacement potential yielding the displace-

ments according to the formula u; = ¢{’. The function ¢©® satisfies
the Poisson equation

AP =m, T, my= (1-+r)at (2.21)

Making use of the elastic-viscoelastic analogy we express the Laplace
transformations of the stresses o;; in the viscoelastic disc by means of the
refations

Gy = 20, —6,VD¢ i,j=12 (2.22)
the function ¢ being the particular solution of the equation
Vi = ml, m=(l4¥)a, (2.23)

A comparison of the equations (2.20) and (2.21) after applying the Laplace
transform, with the equations (2.22) and (2.23) yields

where

1
PG 30 = [ 2G—0) o0 (53, 30, ) (225
0
and

_e%) =R
g =a’g(p) g(p)ﬁpm.

Consider the action of an instantaneous heat source situated at the
origin of the coordinate system in the viscoelastic disc. Assuming that
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the disc is thermally insulated on the planes xy; = + A/2 we have the
following solution of the equation (2.1):

2
T(r,H= %M-CXP [— ———] r = (xj+-xve (2.25)
Solving (2.21) we have ¢'@

o=l ful 2]

where

(=]

—Ei(—7) =f f_u du

L]

Equation (2.25) yields the function

—Qf(x s@r+Lexp(—-)e
'P—'?n"ug —7)| 4(r) lnr oy P heew T
It is found for the Maxwell solid that

2
Cxp (—"“-_‘}
o _Qine_ S f ST W .7 S PP

T

where
~ 304,
while for the Kelvin solid

QF'« __1 ‘__ -rg R 1
w(r, Inr 7 Ei . W} +ee ™ Inr--

exp (—— ~——)
+ = f —Ho{t—1) dz (2.27)

3 e 204w
(1=2v)d*" T 1=2%,

ng

The function ¢ being known we determine the stresses in accordance
with the formulae
O=—2"39,,, Gop=—29,, (2.28)
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In the case of a stationary tempcrature field

¢ = S(I)Q”.w) , i =f(r)a}f’ (2.29)

where
1 m = q~1 E
s(f) = a (pmo) F) = a (;@;)

Let us observe that the plate analogy may be employed in the deter-
mination of the function ¥ from the equation (2.10). Consider a perfectly
elastic plate of the same shape as the disc under consideration. Let the
plate be clamped W = W, =0 on the boundary and the loading vary-
ing in time. The differential equation for the plate deflection assumes
the form after carrving out the Laplace transformation

i = 2.3
V4 N, 0 (2.30)
where N, is the bending rigidity of the plate. Comparing the equations
(2.10) and (2.30) and assuming that the boundary of the viscoelastic disc
is free of tractions (y = y, n = 0) we discover that when ¥ = w

G(x1, x5, ) = — 0, Ny E(p) Vi (1, s, P) (2.31)

In view of the analogy between the differential equations and the bound-
ary conditions a solution of the equation (2.10) may be replaced by the
solution of the problem of bending of a clamped plate loaded by the load
(2.31). This analogy is successfully being applied in thermoelasticity prob-
[ems 418,

We now proceed te the investigation of the dynamical problem of prop-
agation of stresses in a semi-infinite disc, produced by a sudden heating
of the disc boundary. We assume that the disc is thermally insulated on
the planes x; = # k/2. The boundary condition for the temperature
being T(0, ) = T,H({#) (H(r) is the Heaviside function) and the initial
condition 7(x;,0) = 0 the temperature ficld is given by the expression

T(x,, £) = Tyerfe - e, 3%, >0 (2.32)

o

Performing the Laplace transformation in (2.32) we have

(s T .
Ti{x,,p) = ;“—exp (—xV pl=), x>0 (2.33)

or

27, ( asinax, da (23%)

T_ 4
(xl?p) np . a’+pf:~:
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In the preblem under investigation the equation (1.31) for the thermo-
clastic displacement potential is reduced to the form

¢, u—p*atp =mT, m=(1+Vat (2.34)

for we are dealing with a one-dimensional plane problem. The solution
of the latter equation is representable in the form

ZTDm J‘ asinax,; do
@ PP o
or after integration
e Tym —~xV ol __~mpe =
== ey T @39

For x; = 0 we have ¢ = 0 and since 7,, = p*$ also 6;,(0, p) = 0, which
was to be expected.

Consider now the viscoelastic solid of M. A. Biot. We assume that a(¢)
and b(f) have the same relaxation time #~! and are expressed by the simple
exponential formulae

a(t) = pee™™  b(1) = e

Since
m = —2{—21_3_-%—- o, = nty; == const o2 = 0'3-P+£ Bo= - ¥ .
20-+7) pte
where oy = Tmlgﬁ-ﬁ: , let us represent the function ¢ in the form
- Tomep?  —xV ik —poi Kot
ip = — - (gmF P __gmpme ) ————a>0.8>0
M) b :
.37

Inverting the Laplace transformation in the equation (2.37) and intro-
ducing the notations

;
l
i

we obtain

2
%!f’:: Tnmn Vi 7 0)—g (€, 75 0)],

where

fi€,z;0) = e““"[e—"/_:erfc(zj__c_

Y ~a)) |-
e Vime erfc(—{—-_ +- ]r"r(l——a))]
pATE 1

6l
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giE, 7ia) = 7Y e_:(l_ HH(T—&H

il

+52 f T H(n—&)dn

2

%-;f is described for 7 << £ by the

function f;, and for 7 > & by the functions f; and g,. The function f; is
ofdiffusional nature, while gy is of nature of a longitudinal wave the front
of which moves with the velocity ¢ = l/a;. For T = £ the following jump
in stresses occurs:

The change in time of the stress o)y =

T, _ o
d..ll(‘ats T3 a}—gu(g_-" Tyl (I) — 0”:0@ e

It depends on ¢ and varies with the distance x;.
On the boundary of the disc we have
on =0, oy =0y =—2umToe™

As a =0, te. for a perfectly elastic body the above solution reduces
to that derived by V.I. Danilovskaya®,
3. THERMAL STRESSES IN PLATES

Let there exist a temperature field 7' = x37(x;, x,, ) in a plate, where
the function ¢ satisfies the equation

Ver— .i_i,__ Be—p) — —alx (3.1)

2_ﬁ 5 0, —0,
Hcreﬁ_-M, =6 7

medium below the plate and @, that above the plate. The equation for
the deflection of the perfectly elastic plate, due to the action of the
temperature field T = x;7{x,, Xa, {) has the form®#

ViW4m Vit =0, my=(1+v)a 3.2)
The bending and torsional moments are given by the formulae
M; = —N, {(1— vt.)w,,-j—.—ﬁ--[vndzw—l—(] Ly} i,j=12 (3.3)
The solution of the equation (3.2) can be represented in the form

, 0, is the temperature of the surrounding

w(xlx Ky f) = moff 7(615 Eg, f}\?gw*(xl, Xa s 61:- Ez) d£] d§2 (34)

r)
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or else

wixy, Xp, 1) = mu{j_r w*Viz d& d&,+ [ (tw,:—w*r,,')ds}
)
(Sh sany -"'n)
in the case of a muliple-connected plate with contouts s;,...,s,. The
Green function appearing in the equations (3.4) and (3.5) satisfies the
equation

Vw18 —E) 005 —E) = 0 (3.6)

and the same boundary conditions as the function w. In the case of a
simplyconnected clamped plate (w* = w* = 0) the curvilinear integral in
the expression (3.5) drops out. In the case of a stationary temperature
field and absence of heat sources and heat exchange on the planes

Xy = i%(ﬁ = () we have w = 0 at all points of the plate; then

M].l = Mgg = _Nﬂmnf
Making use of the elastic-viscoelastic analogy we represent the equation
for deflection W of the viscoelastic plate in the form

VW+AVIT=0, W= [emwadr (3.7)
o

The transformations of the bending and torsional moments are given by
the formula ;
G, = —N[Q=D W, -pVEW+mT]d,} i,j=12 (3.8)

Comparing the equations (3.2) and (3.7) we can establish the corre-
spondence relation

e
W=t (3.9)
whence jt follows that
: o
W5, 33 0) = [ A1) 5w, 33, m) iy (3.10)
Q
n

Here (7} is the inverse Laplace transformation of the function k(p) — P—m-
)
Introducing the notations

E == -E P E l+"0

» lp)= —-4 7(p) =

k(p) = oz
() PE, pEy 1— " pE, 1—»
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the inverse transformation of the moments takes the form
' a
My = —No(1— ) {'{k(f'—ﬂ}'a—u"”,irfb
0

tlie-n vt ij=12 a

If the temperature field is stationary then T = x37(x;, X3)

W (s s 1) = BO WO, 2, h(r)=rl(§:) 3.12)

and the bending and torsional moment take the form
My = —No(1—v} {k@w,HU@OVPwHr()7] 6y}, i,7=12 (3.13)

Consider vibrations of plate due to the temperature {ield T= x37(x;, Xa, 1).
The influence of the inertia forces will be especially great if the plate be
suddenly heated. For the elastic solid the equation for the deflection has
the form

V{w+—§(£ wtmgViz =0 (3.14)
0

The solution of this equation may be represented as a sum of two parts,
the quasi-static w, and w, accounting for the influence of the inertia
forcesti;

Vowy+n,Vie =0
et P 5y 0 (3.15)
1We No- Wot W} = .

After applying the Laplace transform to the above equations, assuming
that wy, = (x;, X3, 0) = wy(x;, x,, 0) = 0 we obtain

Viw,+mViT =0
_ h _ "
Vet 2 [(Wop®+ 1y pP—pws (X, %o, O)— (61, X2, 0] = 0 (3.16)
N,
1]

Making use of the elastic-viscoelastic analogy we obtain for the deflection
W = W,+4 W, of the viscoelastic plale the system of equations

VAW, mV3T =0
_ ho — :
Vi W, + % [P WP, —pW, (1, Xz, 0= Wilx, X2, O] = 0 (3.17)

To solve the system of equations (3.17), we may employ orthogonal and
normalized system of eigenfunctions W,,(x,,x;) of the elastic plate of
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the same shape and the same boundary conditions. The eigenfunctions
satisfy the cquation

VAt — ‘?; ohny, =0 (3.18)
o

Assuming that the solution of the first equation (3.17) may be represented
by the series

W]_(Il,.rg, I) = E Am(ﬂ wﬂm(xh xﬁ) (3'[9)
and expanding the function Wa(x,,Xs,p) into a similar series
Wa (X1, X0, ) = 2 Bom0)W (%1 %) (3.20)

we arrive at the following form of the solution of the system of cquations
(3.17)
\1 y& ‘4 +pdnm(0)+‘4um(0}

"‘ 2_{_},&, Wy (X15 X3) (3.21)

W(x 1 x2! P )
N(p)

Here 37 = N Inversion of the Laplace transformation encounters

L
considerably difficulties, even for simple medels, in view of the complicated
structure of the function v. A great simplification results if we treat the
solid as incompressible (yﬂ = %, Kp = o),

4. THERMAL STRESSES IN SHELLS

We shall confine curselves to shallow shells of double curvature, basing
the theory on the equations of the engineering theory of shells of
V. Z. Viasov(®, and making use of the elastic-viscoelastic analogy

N —— SR
V"w—w?ﬁtp = —mV*T (4.1)

Ve w—— VG = a, V7T 4.2)
k Eﬁ ' t [1]

We have assumed here that the temperature may be expressed by the
approximate relation

T(al’ g, ﬂa, !) e tﬂ(als Og, f)+aaf(ﬂ-h g, T) (43)
which means that the temperature distribution in the direction of the
as-axis of the curvilinear coordinate system is linear. The differential
operators appearing in the equations (4.1) and (4.2) have the form

Vif= Al‘ - [al( ')+a2 (k, o azf)]

= 0
sz“‘ A A [’ai( dlf)+02( : a'af}:la & = E» a'a = ﬂ_ﬂ!g
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Here A,(a,0), Af0,,0;) are the coefficients of the first fundamental
1 ko 1
Rll ' i E
denote the curvatures of the middle surface in the directions a, and re-
spectively, of the curvilinear orthogonal coordinate system. Let us observe
_ E

that N = O and m = (14+v)a, depend only on the parameter
p of the Laplace transformation.

The knowledge of the functions w, @ is sufficient for determining the

transformations of the forces N and the moments M, ;- Thus

quadratic form of the middle surface of the shell &, =

Nll fl,, fp ‘31142 al@
z Al 1
ﬁ——la S LI la‘ (44
28— I]_ 1 A]_ 19’) A A 1) 2 d & '}
A P 'aAa——iaAa‘
12 = 1‘[114 10290 — l 24101 P AR 142029
and
ﬂ?u == _ﬁ{x‘ll_l_aiﬂ_ﬁa
My, = —N(yy |-Vt —7) 4.5
11?13 — '_N(I _'_];)EIS
where
_ | 1 |
Ifll e A al(A] alw) A A-g () AI. Aaa
B dldamt oy a.lig (4.6)
L _AI Ag A A2. e A .
_ 1 s 1 -
= A1 4, (d aﬂ A!_ dzl{lal v T‘a ai Agazw)

The differential equations for the perfectly elastic shell have the form

Vi, — N% ViF, = —m,ViE @4.7)
— I . —
Viwo+ T Vig, = a, Vo7, (4.8)
=0

Comparing the equations (4.1) and (4.2) with the equations (1.7} and
(4.8) we observe that no simple correspondence relations occur for the
functions w, ¢ and w,, @. In the general case we have to solve the system
of equations (4.1) and (4.2) completed by the appropriate boundary
conditions, applying to the solution thus derived ‘the inverse Laplace
transformation.
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Consider a shallow shell of double curvature, of positive Gaussian
curvature, supported on the rectangle with sides a4, b. In this case we may
assume that the first fundamental quadratic form is identical with that
for the plane, ie.

ds? = dxd+dxd

Moreover, we assume that the curvatures k,, k, are constant and positive
in the region of the shell. Thus
Vi=ottel, Vi=klthd}

Eliminating from the equations (4.1) and (4.2) first the function ¢ and
then the function W we arrive at the system of aquations

VEW4-AAViw = 22, VEVig,—mVoT (4.9)
VgL Vi = Eha,Viv,+ EhmViveT (4.10)
= _ 120—9?)
B=0

Introduce the auxiliary functions @* and w* which satisfy the differential
equation

(VHAVH @*, %) = 8(x;—&,) 8(xa—E) 4.1}
and the same boundary conditions as the functions ¢ and w, respectively.

The solution of the equations (4.9), (4.10) may be represented with the
help of the appropriate Green functions in the form

Wiy, xz, 2) = [ [ B TyEr, b, P)VEVER® (15 X3 brs E0sp) —
)
— (€, &g, ) VW (x,; Xo3 &1, £2, P)) A&y dE, “4.12)
P(x1, Xz, p) = Ehif [ %o (&1, £, PYVEG™ (205 Xp5 &1, §2, )+
)

+F’ﬁ:(f|_, EmP)VEV’@‘(Xp X5 &1, E:,P)] d‘El dé, 4.13)

Consider the particular case 7, = 0, 7 == 7(¢) in the whole region of the
shell, assuming that the shell is simply supported. In this case the solution
of equation (4.11) is farnished by the functions

4y sinabysingnéy

Sk Tk
TV TH L T g,

sina, x, sinf3,,x, “4.14)

na mw

W=7 P

where
om = (@2 +FL+ T8 (gl +k, Bo)
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Inserting (4.14) into equations (4.12) and (4.13) and integrating we
obtain
(aa+82)°

w{x,, X2, p) = — l%:;w Z " sina, X, sin 3, x5 (4.15)

U0,

Il

_ 16ERMT X1 (a2 BL) (@@ka+BL k)
@[xls Xoy P) ab § anﬁml_)m

nm=135...

sing, x, sinf,, x, (4.16)

It can easily be verified that the boundary conditions

=i

=W=M,;=Ny;=0 forx;, =0,
- _11 11 1 (4.17)

|

1=E= sg:A_rgz=0 fOfx2=0,b

have been satisfied. Expressing for the given model of the viscoelastic
solid the quantities 72, E, A* in an explicit form and inverting the Laplace
transformation we arrive at the required functions w and ¢.

A considerable simplification results in the case of an incompressible

body (K—»oo or » =;) In this particular case A*:%,ﬁ:-;_a,,
= 3P 2 (p) B il ;
E=- and D, is independent of the paramecter p. We find from
2P(p)
equations (4.9) and (4.10)
- - — 3P (p)
w=Ww B oncw 4.18
[1] ' ) Eo Pl (p) Po ( )

where w,, ¢, denote the solution for the corresponding shell of perfectly

. . . 1
elastic material, under the assumption »,= 5

Analogous relations (4.18) are also deduced for a shallow cylindrical
or spherical shell,
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