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- Thermal stresses have attracted an Increasing attention during the
post war yearsy In this period of time numerous new papers on this sube
ject have been publishede The theory of thermal stresszes, which previousz-

ly was. regarced as a narrow branch of strength of materials and the
theory of elasticity, now became an independent subject conneciing the
theory of. elasticity and thermodynamics, There appear many new synthetic

works and monographs concerning the theory of thermal stresses,

The development of the theory of thermal stresses has been marked
by a great progress in many fields of technology, during the two last
decades, Thus, the numerous problems when the thermal stresses play an
important, sometimes the decisive role, cccur in the machine building,
particularly in steam and gas turbines, in aviation structures, chemical

engineering and especially in nuclear engineering,

Before the second world war the main interest in the investigation
was concentrated on stationary thermal stresses, now we are mainly faced
with the probtlems of non-stationary flow of heato, The unsteady thermal
stresses can be divided into two groups, concerning quasi-static and
dynamic thermal stresses respectively . In the case when the variation
of temperature iz slow in time then deformations as well as stresses may
regarded to be quasi-static, thus, the inertia terms appearing in the
fundamental equations of the theory of thermal stresses can be neglected.
The time variable occuring in the solutions is then regarded &s a para=-

meter. When the temperature change jg rapid / for example, a body is
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suddenly heated or cooled / the inertia terms cannot be omitteds The
body produces the elastic vibrations and the problem becomes a dynamic

onee

It is a known fact that a sudden heating of an elastic semi-space
produces an elastic wave inward the semi-space. This wave possesses a
finite Jjump of stresses on its front. Similarly, a sudden cdlpse of a
nuclear reactor produces a sudden decay of heat sources in the reactor
blanket, and consequently the vibrations of the blanketes

On the other hand, one can observe the trend toward a generaliza-
tion of the theory of thermal stresses on the bodies of macroscopic and
anisntropic structure, on the media of a non-homogeneous material, and
on the viscoelastic bodies. When more elevated temperatures are used
one must take into account that the properties of the material become
functions of temperature,

Finally, in the recent years, the g=neral theory connecting the
deformation field with the temperature field has been developed on the
basf$ of irreversible thermodynamic processes, This theory is termed
thermoelasticitya

The linear theory of thermal strasses takes the assumpifons of tha
classical, linear theory of elasticity and that the mechanical as well
as thermal material properties are constant, These assumptions restrict
the obtained solutions to definite ranges of temperatures Thus, the
fundamental equations of the theory of thermal stresses in elastic,
homogeneous and isotropic bodiss take the following form
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The first equation is the Duhamel-Neumann rslation, the second one
gives the relations between strains and displacements, The third equa=
tion is the equation of motion while the fourth, the equation of ther=
mal conductivitye Eliminating between these equations the stresses and
deformations we obtain the complete set of the equations of the theory
of thermal siresses [1]
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The Lame constants u , A appearing in the equations &re adiaba=
tice The procedure of solving the equations is the following, We deter-
mine from Eq. /6/ the temperature, them iknowing the temperature, we
find displacements from Eqe /5/. It is apparent that in order to deter-
mine the displacements one can use the "body forces" analogy, regarding
the terms }" 7; as fictitious body forces,

The gemeral structure of the displacement equations of the elastic
shells is analogous to Eqse /5/ o The influence of temperature is respon=
sible for the additional term which implies the non-homogeneity of the
equations, Therefore , sclving problems of thermal stresses in shells
we must, first of all, determine the particular solutions of the non=ho=
mogeneous equations of the shell theory o

In the case of the gensralized theory, ioeo in thermo=elasticity,
the conductivity equation are modified, The Lame constants 4,6 A are
determinad for iscthermal state /1/. Then we obtain the following system
of equations [2] ;
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The above equations are couplgd. It is apparent that the body and
surface forces produce a fiald of temperature which effects on the dam-
ping and dispersion of elastic waves. Equations /7/ and /8/ can be re-
garded as general equations of the classical elastokinetics coupling

two interacting fields : namely those of deformation and temperature,

Let us return to the equations of the theory of thermal stresses
and focus our attention on the un=coupled equation of thermal conducti=
vity /6/+ The solution of this ~quation for shells in the three=dimen=
sional case is difficult since the variables in this equation can be
separated only for very few systems of coordinatess Accordingly, there
exists a number of approximate methods of solution of this equation,
The most frequent method is due to Bolotin [ 3] and it comnsists in the
agsumption that the temperature distribution is linear within the shell
thickness:
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s Departing from the variational principle Bolotin splits the three=
=dimensional equation /6/ into a system of two mutually independent,
parabolic, two=dimensional eguations for the functions BN and BM ¢
In the particular case of a thin plate the Bolotin equations pass into
the known equations of Marguerre [4 ] o

Another way of an approximate solution is proposed by V.l. Danilove
skaja [ 5] . Assuming a parabolic distribution of temperature within
the shell thickness she satisfies the equation of thermal conductivity
in approximate way, while the boundary conditions are exactly satisfied
on the internal and external surfaces of the shell and approximately
satisfied on the remaining boundaries.

Finally, MeAs Brull and JesRe Vinson [6] introduce the approxima=
tions analogous to thosa assumed for the displacemsnts in thin shells.
Thus, an approximate form of the conductivity equation is obtained



vhich in the case of shells of revolution can be split into the set
of threse ordinary equaticnee In the result w2 cbitain the solution cone
sisting of two partse, The first part corresponds to the solution for a
thin plate while the second one gives an additional correcting solutinne

So far a number of problems referring to guasieztatic thermal stregeg-
e6 in shells has been solved, Thus, Ho Parkus [ 7] consziders thermal
stresses in shells of revolution subjected to the axially symmetric
field of temperature, Departing from the equaticns of Love and Meissnar
and generaliziéng them on the case of thermal effects he has shown the
method of determinaticn of the parlti ular scluticns for a spherical
shell and for Potationally symmetiric cylindrical and conical shellse

Another method of sclution cf the same problem has been given by
Ve Mo Maysel [8] . The point of departure of his considerations is
the generalization of the Be%ti reciprocal theorem t5 the nase of ther-
mal stresses., Assuming ir this theorem that the action of thrs tempera=
ture and the stresses and the displacement produ~ed by it are the first
state of loading and that (hs action of the unit concentrated force 11
applied at point (;:J and directed along the x, axis is the second sba-

te of loading, we obtain the follcwing. formula
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HeXs @:SJ(:T,;) denotes the sum ¢f the normal stresses at point

(X) produced in an elastic hody / in isothermal state / by the ¢one

centrated force 11 applied at the point (E) o The expression 5ﬁﬂ

is the Green function, By the application of the procadure desnribed

roughly above, Ve M, Maysel cbtained a number of particular sclutions

for the shells of revelution and axially symmetric state of strosses,

The advantages of this method permit 1o apply it also to the other ty-

pes of shells, particularly when the Green function is readily obiain =
2 bleo

Also the paper of R.P, Nordgren [9] is worth being menticnad, .
This author departing from the Bclotin equations dsrived the Greem fun;.
tions fo» temperature and afterwards for displacemenis and gtresses,.



Finally, & very interesting procedure has teen devised by JoAo Conrad
and Wo Flugge [10 ]o Preceeding from Le.He. Donnell’s equations and come
pleting them hy thermal terms they have arrived a! the sclutions of
these equations for the nucleous of temperature in the exact form. The
influsnce surfaces / Greem’s functions / +thus cbtained can be used for
the determination of tne stéﬁa of stresses produced by an arbitrary dise

tribution of the temperaturese.

Numerous papers have been published on the problem of the quasi-sta=
tic thermal stresses in elastic shells, on the contrary, very few cone
cern the dynamical problems of the thermal effects in shells, So far I
have come across three papers raferring to dynamic problems. The first
of these deals with the vibrations of a cylindrical viscoelastic shell
exerted by its sudden heating [41] , the second work concerns the fuze
ced harmonic vibrations of a thickwalled conical shell [42] ; while
the third paper refers to the propagavion of the alastic wave in a sphep-

ical shallow skell, The fourth paper [14] , presented on this Sympo-
sium, deals with the propagatlon of the elastic wave in an infinite
thin-walled conical shallow shelle

In my opinion, the development of this trend of investigatlon is
necessary bzcause of its practissl significance, A suaden heating or
cooling of a shell exerts the vibrations resulting in a rapid increase
of stresses considerably exceeding the valuea of the stresses in quasi-
=ztatic problems,

Also the investigaiion of the process of propagation of the elastic
wawva produced in shells by a thermal shock is important from the point
of view of theory as well as for practice. The structure of this wave is
entively different from that produced by mechanical disturbances. It
always consists of two termsy, the first one of diffusive character while
the second ons of the character of an elastic waveo

Also interesting and quantitatively new results can be expected in
examining the dynamic thermoslastic problems in shells when the coupling
of tha fislds of deformation and temperature is taksn into account,
According teo my knowladge, these problems have not been so far discussed,
Hithevto, the investigations have bean restricted to the propagetion of
waves in the bodies of siuple geometric forms / infinite space, semi=
=space, layer, infinite cylinder / , Recenily, the vibration problems
of plates and dises have been examined [4%5] , [14] o



The general theories accounting the effects of the external and
body forces have already been establighed also for anisotropic elastic
shells. The generalization of these theories to the case of thermal
stresses prosents no difficulty. The practice and the growing applica=
tion of the shells with properties of macroscopic anisotropy in many
types of structurss exert influence on the development of the theory
of thermal stresses in this kind of shells,

The further, anticipated trend of the investigations will presum =
ably be the study of thermal stresses in non-=homogeneous elastic shells.
The non=homogeneity can be discontinuous / the layers of various dene

sity / or ean vary continuouslye In this latter case the density as
well as the material mechanical and thermal properties are the functions
of positionu Hence, the equationa of the theory of shells and the equae
tion of the thermal conductivity remain linear but of variable coeffi-
ciantse

Let us observe that the homogeneous structure of a shell may become
non=homogeneous at elevated temperatures. In this instance the thermal
and mechanical coefficients become ths functions of temperature, For a
stationary flow of heat the equation of thermal conductivity becomes
nonlinear whereas the displacement equations remain linear but with the
position dependent coefficients In this branch there
exist a few works referred to one-dimensional cases [18] , [19 ]
applied to a2 thick-walled layer, a spherical shell and a cylindrical
shelle.

This trend of investigations can be extended, first of all, to the
shells of revolution which are kept in an axially-symmetric temperature
fieldo

At the elevated temperature many structural materials exhibit visco-
elastic properties / creep / . Experiments show that the materials
subjected to a constant load and temperature and kept in this state
exhibit an increase of deformations with time, The redistribution of
Internal forces and deformations developes in times The model of a
perfectly elastic body ceasa to be sufficient for the description of
the stress and strain state. Accordingly, designing the shells subjected
to the action of the elevated temperatures one must take into account
the rheological affects; Examining the creep of a material one also must
have in view the fact that the coefficients characterizing the viscosity



of the material are very sensitive to the increase of temperatures, The
dependence of the viscosity coefficient on the temperature is much more
pronounced than that of the elastic modulus or the coefficient of linear
expansions Consequently, the state of stresses in shells can be descri-
bed by the non=linear theory of viscoelasticity. Unfortunately, no works
have been published in this field; the known results are based on the
linear theory of elasticity under the assumption that the materiai co =
afficients are independent of the temperature, '

The investigations accounting for the effect of temperzture on the
stresses in the pnysically and geometrically nonlinear shells will cer=
tainly be interesting and of practical value., Here, under the notion
"physically nonlinear”" shells we understand the shells made of a mater=-
ial for which the relations between the stresses, strains and the tem=
perature are no longer linear, 'he assumption of "phjsical nonlinearity™

leads to the nonlinear displacement equationse

Under the notion of “geometrically nonlinear” theory of shells we
unierstand the theory for which the linecar assumptions of the Duhamel=-
=Neumann relations remain valid but finite displacements are taken into
account, It is apparent that one can imagine the shells which are simul=-

taneously physically and geometrically nonlinear,

Finally, let us observe that for an isotropic bedy subjected to the
action of temperature the deformation consists ef two parts

o '
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where '83 = oy 7’52; are the initial deformations while 3& are
trhe deformations connected with the stressas Gﬁ} for which the compa-~
tibility equations hold,

The thermal deformations 63' z Oy T}YJ ¢ however, are resiri=
cted only to the initial normal deformations, ''hese aeformations are on=-
ly a particular case of more general distorsions producing in the body
the state of initial stresses, The distorsion may develop in many ways
as shrinkage defurmavions, initial deformations which arise during the
process of forming the shells, and finaily initial stresses resulting

from the inaccuracies of the assemblage prucess.

Thus, there exists a possibility to extend the theory of shells to
the more general state of initial deformations, as compared with



thermal deformaticms.

Thougn the papers presentsd to this Symposium concern only some
of here roughiy described directlons, thay may sexve az ap illustration
of the contemporary trsnds in the theory of thermal stresses in shells,
The proncunced majority ¢f the papers refers to the lincar theory of
elastic shells subjected to the stationary or unsteady temperature fields.
Static and gquasi-static problems are prevailing, only one paper is devoe
ted to the propagation of strasses in a shallew shell, Yw> works cuncern
the nonlinear theory of shells,

Io STATIC AND GUASI=STATIC PRUBLEMS

1 Ko Apeland, Bending of orthogonally anisorropic and ssymetrica.ly
ribreinforced shallow shells subjscted to temperature changes and

surface loads,

In this paper the author generalizes the equations theory of the
large deformatiuns of isotroupic shells / Harguerraos equations / to
the case of shells compesed of orthotropic layers. The influence of teme
perature, the distribuition of which ls linsar within the thickness of
the layers, is taken into accounte.

After the linearization of the equaticns a uriform shell of orthes
gonal anizotropy is considered,

Making use of the Huber=-type approximation for tre shear modulus
and assuming that the ratic of the coafficients of the thermal expansion
in both directions of orthotropy are equal to the ratic of the appropria=-
te elastic moduli the anthor obtains the model of a shell the deformation
of which is described hy the equations analogous te those for isctropic
sh&lls; Singular solutions for trapnslational sheils are¢ discussed with
raference to local normal Joads and hot spots, This latter problem is
exarined in details far a cylinarical sheli, Yor an almest cylindriecal
shell, and for a shell of the form of elliptical paraboloid, The appro=
ximate solutions for these shells are given in a closed forme
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2o EB.M, Barrowman, RoM, Kenedi, The use of the influencz technique
in the analysis of thermal effects in shell

Simalarly as in case of plates where by means of the influence sur=
faces deflection and internal forces can be determined, tne analogous
method ¢an be applied %o shells, The authwyrs extend: the method of the
infiuence line valid for the external loadings of shells, devised by
RoM. Ksnedi, to the case of thermal effects, The use is made of the
@reen functions, cbtained by N, Flllgge &nd DoA, Conrad for & nulecus
of vemperature acting in & shallow sheli, The application of the influ-
ence iine tachnique iz explelinad on an example of a spherisel shell,

The results are compatible with those obtained from the experiment,

3o CoEo Calliari, Effets thermigues et phenovmenes d adaptation dans
les voiles cylindriques minces

The paper iz an extsnsion and application of the previous author’s
works vo the problems of thermal streszes and distorsional stressea pro-
duced by the excess of the elastic limit in cylindrical shells, The aute
hor gives a variant of an approximation method assuming that the shell
may be represented by an arch in the transversal direction ard by a beaa
in the longitudinai direction, The zceuracy of iha method ¢an be wstima=
ted by comparison of the obtained resulis with the exaet solutions / for
example, on the bazis of tha Doanzll theory / o

4o Fo Essenourg, Thermal elastic cylindrical shells with surface
constraints

The autnor considers a thirn axially symmeiric cylindrical shell
subjected to the action of tamp&rature; A part of the surface is cone-
strained from deflection by » contact with a rigid concentriec cylindrie-
cal surface; In order to determine the contact forces the wore accurate
theory than the elementary ons, namely, the theory which account& for
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the effect of transverse shear deformation, is taken into conmsideration,

Thn solution to ths problem presents serious difficulties since the
width of the contact is unknown and has to be determined from a transe

cendental equation,

5¢ JoEo Goldberg, JoL, Bogdanoff, and D.W, Alspaugh, Stresses in
spherical domes under arbitrary loading including thermal and
shrinkage effectis

The purpose of the paper is to present a convenient method of ana=
lysis of spherical domes, appropriate for application to electronic com-
puters, The authors use the Love and Reissnevr forms =f the equations cf
shells., In contrast to the common redvction of the general equaticns to
the system of three displacement equations, here, the equations are transe
formed into a system of gight first order ordinary differential equa-
tions in the eight intrinsic dependent variables, These variables are
the three components of displacement of the middle surface, the rotation
of the tangent to the generatrix, the normal force and the bending mo~
ments in the direction of the generatrix, and shear stresses in both di-
rections, The advantages of this method aret a simple form of the boun=
dary conaitions and the possibility of the shell thickness variation in
the meridional direction. ' ' '

Th» intrinsie dependent variables are represented in the form of
singla trigoncmetric series, and consequently eight ordinary differential
equations for the eight harmonics are obtained, These equations can be
integrated by means of the Runge=Ku:ta fourth order process,

6e M. Gradowczyk, On thermal stresses in thin shallow shells

The poiﬁt of departure of the considerations are the non-=linear
equatidns of Margusrre for shallow shellsu The terms corresponding to
thermal efferts are included., These equations are linearized and adopted
to translational shells, simply supported on the bouadary, The author
gives the sclution of these equations in the form of a double trigono=-
metric- "series for parabolic shells with rectangular boundary, under the



assumption that the temperature in’the direction of the thickness varies
linearlye The author shows that in the case when the temperature is
linear only along the thickness then the problem can be reduced to homo=-
geneous equations with non-homogeneous boundary conditions.

In the second part of the paper the author examines a spherical
gshallow shell in axially symmetric state of stresses., The general solu=
tion of the problem is represented by the Thomson functions while the -
particular solution in the form of an infinite power series. Finally,
the approximate asymptotic solution to the problaem is given,

Interesting and extensive nuderical work allows to estimate the
solutions based on approximate models, on the membrane theory, and on
the inextensional theory of flexu-'e of shells.

7+ 0o Matsuoka, Approximation theory of thin shells

In the first part of the paper the author derives, in the tensorisl
form, the fundamental geometric and static equations and the relations
between the stresses and deformations as well as the compatihtility equa-
tionss The Love-Kirchhoff asaumptiong are employed.

In the second part of the paper, the general approximate equations
of the theory cf shells are specialized to the case of spherical shells,

3: Z, Mazurkiewicz, Shallow shells with variable curvatures subjected
to non-homogeneous temperature field

The author employes the equations of the technical theory of shells
due to Ve.Z. Vlasove The VeZ, Vlasov assumption that the curvature is
constant, is relaxed and now the curvature is assumed to be variable,
The bending of the shell is produced by the temperzture 7¥=x3
2“p$,xb) linearly varying in the direction of the shell thickness,

The finite double Fourier transform is performed upon the equations
of the technical theory of shells., The author assumes that the moments
and normal deflections are prescribed on the rectangular boundary of
the =shell.
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After performing the transform the system of two differential equa-
tions for the {unction of deflection w and the function of stresses
f is reduced to an infinite system of algebraic non-homogeneocus equa-
tions, Here, besides the quantities Wom ¢«  Yom / the transforms of

functions w and Y / occur the coefficients Bn’m,Bn‘?m)H”m which
are dependent on the boundary conditions, In the case when the shell is
simply supported the coefficients &) B2 ~ H = vanish. In the other

cases / e.g. the clamped boundary / the coefficients must be elimina-
ted from the boundary conditions.

The method presented is very general and was successfully applied
to preblems of the plates theory.

It would be desirable to verify the convergence of the solution,
at least in the simplest case of the shell simply supported, in spite
of the serious difficulties which may be encountered.

II. DYNAMIC PROBLEMS OF THE THEORY OF THERMAL STRESSES

1. C.S. Hsu and P.M. Naghdi; Propagation of thermoelastic waves in

a shallow conical shell

The authors depart from the linearized Marguerre equations in the
special case of a conical shell. The dynamic problem of the theory of
stresses is considered. The field of temperature is assumed to be axial-

ly symmetric. The considered shell is shallow and infinite. If a plane
T, perpendicular to the axis of the cone; passes through the avex
then the distance from a point z on the generatrix of the cone to plane
¥ is equal Z=-£r , where & is small as compared with uni-
ty. This assumption permits to anply the perturbation method to the
/ Bolotin’s / equations of thermal conductivity and to the displacement
equations. The dependent functions may be represented by the series

w=u,+ gu, * E2u, *. . . 71/

For £— (0 ‘the equations of the conical shell degenerate to equations



14

valid for an infinite plate., The authors restrict their considerations
to two terms of the series /1/ o

Two particular cases are discussed, The first case deals with an
axially symmetric nucleous of temperature on the surface of the conicail
shell, the second with a source of heat concentratet at the apex. It is

assumed that the temperature varies harmonically in time,

The solution obtainad in the naver consists of two parts. The fivst
paxrt, given in a closed form, rafers to an infinite plate, the second
part gives the complementary term in the form of an improper integral,
which, for large values of the argument, <an be replaced by the asym-
ptotic expression. The paper is very interasting from the standpoint of
theory and gives a significant contribution to the development of the
dynami@, problems of the theory of theory of thermal stresses.

1, Cze Wozniak, Momentless thermal states in the nonlinear theory
of thin shells

The auther envisages the thin shells which, as a result of heating,
suffer daflections whesa nagnitude 15 comparable with the dimensions of
the shell, Among the numercus states of deformation of the shell / sim=
ply supported on the boundaries / the author selscts these states,
which in the effect of heating, develop the momentless gtate of stress,
It turns out that the momentless states may be simultaneously the stresse
less states, it may so occur when the temperature of the medium is con=
stant, Two conditions of the momentless siate are given, The tirst one
determines the shape of the undeformed shell and gives the rclation bete
ween the difference of temperature and the wvaluas of the mesan curvature.
The second condition gives the relation betwssn the dsformed shapa of
the shell and its initial form, The discussion of these conditions and
their dependense on the sign of the Gaussian curvaturs concludes the

pPapers
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1V, BUCKLING OF SEELLS

10 Mo Kozarov, Thermal stability of structurally orthotropic cylin-
drical shells

The author considars the diffevential equations of cylindrical
shells in the case of the static buckling, The affect of heating is in-
cluded in terms 7" , 7,° and 5, which exprass the influence of longi=-
tidinal and shear forces, In the case when the temperature T varies in
the directions x, y and the normal. to the surface the author gets a
system of linear homogeneous differential equations with variable coeffi=
ciants, These equations ara solved for a simply supported shell by means
of the double Fourier series. The problem hag been reduced to the infi-=
nite system of linear homogeneous equations with the unknown pavameter,
namely, the critical force of the system, Equating the determinant of
the system to zerc the author obtaing the condition of buckling of the
structure, Two special cases and the possihility of simplification of
the rasults are examined.

Vo MISCELLANEQUS PROBLEMS

1 So Kaliski, Magneto=elastic vibratione of perfectly conductive
¢ylindrical shells in a constant magnetic field

This papar obviously does not fall within the framework of the
considered thermal stresses. It is discussed only because of the formal

analogy existing between this problem and thermoelasticity.

If a strong initial and constant magnetic field F; arises in &an
elastic body then the leading, varying in time, produces an electromagne-
tic field.in the body as well as in the surrounding vacuum, The additic=-
nal terms, the Lerentz body forces, must te added in the displacement
equations of the Qlasticity theory o Also, additional terms must be
taken into account in the Maxwell equations of the elactrédynamics.

These terms take the form of the time derivatives of the displacementis,
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In the case of a perfect electrical conductor the displacement equa-
tions have the following form

M V2T (A ) grad d:‘r&'*f-yf}“ +;;c [mfmf(ﬁx!’;]]xf;

It is apparent from these equations that the introduction of the con-
stant initial magnetic field H developes the anisotropy of the ma-

terial which vanishes when the magnetic field is removed.

Departing from the linear theory of shells; S. Kaliski adds to the
right side of the equations the terms coupling the deformation and elec--
tromagnetic fields. The author makes use of these equation solving an
example of the forced radial vibrations of an infinite cylindrical
shell, The vibrations are sxerted by external tractions varying harmo-
nically in time, It is apparent that the deformation is accompanied by
the radiation of electromagnetic waves into the vacuum,

The auther claims that the problems of the magnetoelastic cylin-
drical shells may have the applications in the asromagneto-flutter of
the tubess conducting a ionized liquid, and in plasmatrons and plasma-
guides.,
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