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THERMAL, EXCITATIONS IN COUPLED FIELDS
S.Kaliski, W.Nowacki /Warsaw/

Introdvetion

The problems of thermal excitations in the theory of coupled
fields belong o the subject called briefly the thermoelec-
tromegnetoelasticity and constitute an extension of the
classical thermoelasticity to the phenomena of coupling with
the electromsgnetic field, Evidently we may also speak more
generally about thermoelectromsgnetoplasticity, at present
however we lack serious papers in this field and consequently
we confine ¢urselves to the memeloctmmGtooluticiw.

The richness of the equations and hence the variety of solu-
tions and physical phenomena create a wide field of practi-
cal applications for various particular forms of the theory
which is now in the initial stage of its development and has
so far comperatively few effective solutions of the fundamen-
tal problems § the same concerns to an even greater degree
the practical problems,

Approximately in the beginning of the sixties we observed a
rather rapid and intensive development-or the theory of coup-
led fields containing the problems of magnetoelasticity of
media without and with spin. We witnessed also a bii-th of
electroelasticity /plezoelectricity/ in comnection with the
development of the nonlinear mechanics of continuous media
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on one hand and on the other hand in connectiomn with the
discovery of new practical possibilities in the theory of

ultrasonics and hypersonics in the application of semi-
conductors.

At the same time there began a rether slower development
of the thermoelectromagnetoelasticity, both in the field
of thermomagnetoelasticity and electroelasticity.

The contribution of the Polish school to the development
of the theory of coupled fields is considerable and some-
times pioneering, in particular to the thermoelectromag-
netoelasticity. The purpose of the present paper is a
brief outline of the gx:l.sting achievements and an indica~
tion of the possible trends and new problems.

The thermoelectric, magnetoelectric effects end the funda-
mental physical relations of these ?rfocts to the elastic
field have been known ih physics for a long time /see
e.8. / 17 , we shall not therefore deal with them here.

On the other hamd, from the point of view of the thermal,
elastic eleotroma@etic fields the problem was elaboré.tad.,
as mentioned before in the beginning of the sixties. A
systematic account of the equations of thermomagnetoelas—
ticity was presented in papers [ 2 7 and [ 3 /.

The thermodynamic foundations of the thermoelectromagnetic
processes on the basis of the thermodynamics of irreversibke
processes were systematized in the monograph [/ 4 7 while

the complete system of equations of thermoelectromagneto-
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elasticity based on a thermodynamic analysis was given in
[ 5 J -

In /57 we also deduced new equations of the so-called
"wave" theory of thermoelectromagnetoelasticity, in which
on the basis of a modification of the Fourier law we con~
structed approximate phnomenological equations of thermo-
electromagnetoel asticity characterized by a finite veloci-
ty of propagation of thermal electromagneiic aad elastic
excitations,

The equations of thermopiezoelectricity includiug a thermo-
dynamic enalysis were presented systemetically in tha pa~
per /6 J . Further, in /7 7 Eringen Geduced the equa -
tions on the nonlinear theory of <the thermecelsrciromagneto-
elastic field describing finite deformebions.

Parallelly to the fundsmentsl pspers concerming the con-
struction of the equations of the coupled thermcelectroma~
gnetoelastic f£ields, there begen to sppesr perticular pa -
pers concerning either certaein definite solutions of gene-
ral theorems.

Thus, the fundamental one-dimensionsl probiem for the elas-
tic semispace subject Lo e thermel shock on ite surface, in
the casecf a perfect and real conductor in the magnetic
field, was solved in ths papere [ 7 7 wnd /8, . In [ 97,
{10 7 and / 11 J particular problems woers solved for the
one~dimensionsl periodic plane waves iu chermo agnetoelasti-

city, for perfect and real conductors, whereas in / 18 Jtha
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same problems were exsmined for thermopiezoelectricity. In
the papers / 19 7 and /20 7 variational theorems were dedu-
ced Pfor the perfect and real elastic conductors, while in

[ 21 7 and /22 ] the reciprocity theorems for the wave
equations of the thermomasgnetoelastlcity and thermoplezo-
electriclity were :I.nvas?isatad.. In the paper [/ 23 J the prob-
lem of acceleraticn iafea in the nonlinear thermomagneto-
elasticity was examined.

Besides papers of the fleld-mathematical nature a number of
papers appeared of practical character, .../ 24 7/ , where
the problem of conversion of the energy of laser radiation
into the heat snd elastic energles was considered, and
other papers of this type. Further some papers were publi-
shed of physical nature concernming the character of the
physical relations between the flelds, for instamce [/ 25 7
and /[ 26 J where the comstruction of the equations of ther-
momagnetoelasticlty was presented, for media without and
with spin, and further papers /27 J, /28 /7 in which it
was proved that under the influence of the temperature
gradient at sufficlently low tempgratures there may exist
new types of thermomsgnetic waves with specific stability
properties, These problems Inre included into the scope of
plasme dynemice /elso in solids/.

For obvious reasons it is difficult in this lecture to em-—
brace thia wide field of problems. Thus, we confine cur -

selves first of all to the papers on thermoelectromagneto-
elasticity developed on the basis of the mechaBics of con-
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tipuous media, in ite epecific language and methods. In the
last section we mention qualitatively some wider aspects of
the problem and further trends.

The structure of the present lecture is the following.

After a general introduction in § 2. we present the general
linear system of equations of thermoelectromagnetoelasticity
including the thermodynamic foundations, i1,e, the system of
equations of thermomagnetoelasticity, thermopiezoelectri-
city, thermomagnetomicroelasticity and the wave equation of
the thermoelectromagnetoelasticity.

In § 3. we deal with the generalization to the nonlinear
case of the equations of thermomagnetoelasticity.

In § 4. we review the fundamental solutions of the thermo-
electromagnetoelasticity and finally ir § 5. we briefly con-
sider further problems in thermoelectromagnetoelasticity.

2, General systems of equations of thermoelectromsgneto-
elasticity
Thermodynamic foundations

In this section we briefly present the equations and the re-
levant thermodynamic discussion of the linear theories of
thermomagnetoelasticity, thermopiezoelectricity, extensions
of these equations to wave phenomena and the equations of
thermomagnetomicroelasticity, Ve do not examins the assum—

ptions, referring the reader to the papers /5 7 and / 26 /.
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The equat the toelastici of co ctors

According to /27, £ 37 and / 5 the equations of thermo-
magnetoelasticity of real amisotropic conductors in a magne-—
tic field have the form in the RMEKS system

roth -T-i» E , rat E= —-g-. divb = 0, div D= Pe

/2.1/
pii = Oikk + (jxBo)i * Peki + P;

BT+ Aijéij = (kij Tj)i *+ (i ji )i =F

Here

bi=uikhk ;  Di=eik [Ex+(GxBo)k— 3 (G xH,

i = Uik hi i= ik [Ex+ (0% Bo)— 2 (U xHo)] /2.2/

t
ik = Eikmn€mn =%k T~ Rikmn (t=T) [emn (t) — oty T(t)JdT
u .
Ji=NikEx =2k T+ ik (UxBo)k + Pe Ui
where
gz
ik = Eikmn ®omn , "-’ik'f(“:.k +ug,i)

The system of equations /2.l/ consitutes the system of the
Maxwell equations, elasticity equations and the heat con-
duction, respectively, with the appropriate couplings,
while Eqs /2.2/ are the equations of state end the rela~
tions between the generalized forces and fluxes, respecti-
vely. The expressions foE;, pol; are to be neglected in
accordance with the linearization. The notations for the
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temperature, displacements snd the field components are the

usual ones.

The tensors have the following meaning:

Gjk ~stress tensos

Eikmn,Rikmn—tonsors of elwstic amd relaxation moduli

Uik, Eik —tonsors of magnetic and electric permeabilities

Dik —~tensor of electric condictivity

Qg , ik —tensors of thermal expansion

Kik —tensors of thermal conduction

Aik ~tensor describ. the influence of the strain on
the temperature field

Tike — tensor describing the influence of the current
intensity on the heat flux

x; —tensor connecting the temperature gradient with

i the electric current ®
P -~ vector of body forces

- density of thermal sources

F
B, -vecbors of the initial magnetic field and th ”
ﬂ" 2 =9 netic induction. ke

In the isotropic case the systems of equations /2,1/ and
/2.2/ after certain transformations take the form

Mh-r+sf+£?-(tfoo)
*
- yth
rot E=-p : /2.3/
pli=6V*T+(A,+6) grad div U+peE+ Ff jx-é:,) +P - 300, Kgrad T '
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BT+Adivii + o divj~kV2T=F
T=p[E+(GxB,)] -2 gradT+p, 0
where K’-‘?‘n-*%G

In the coordinate system connected with the medium the con~
stitutive equations /2.2/ teke the form

o -0 0 0
bf = ik hi ; DP=€ikEk s  Ji=nikEk —%ik Tk
To derive the symmetry and energy relations we briefly dis-

cuss the first and second laws of thermodynamics,

The energy equation for the thamomagnétoelastic field is
the following:

—!g;'dAE ‘[NfdAi‘AfPWl}i dA; +AfdfdgafAj— /24)

1
—gf-Jpde—o% fvf(n,-s,- +ED;)dV=0
where

2
Hi=Hoi+hi,  Bi=Boi+bi,  w=7if+w,

w  —internal energy mechanical per uuit mass |
N; - Umov-Pointing vector , ;- heat flux.

Malking use of the Gamss formula, the expression for the

Lorentz force and the Fourier law we have

Qi == hij Ti *+ ik ji /2.5/
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Bearing in mind that the energy equation of the electramsg-
netic field independently of the contribution of the mecha-
nical and thermal flelds has the form

{NgdA;+-;—a%—!(HEBﬁE,'Df}dVEfEUjgdV-O /246/

and talkdng into account the complete linearization we can
represent the first law of thermodynamics for the thermomag-—
netoelasticity in the form

pWo =Eiji +oijeij —(Fi+P;) di +(hij T, )i — (Mikji )i / 2.7/
where '
Fi=peEi+(jxB);
We now proceed to the second law:
Q. D . -
<3 vf psdv+ [ psuj dA; /2.8/

Here s- 1s the entropy per unit mass, { — quantity of heat
entering V . Introducing the density of entropy production
G we can write

{&dv-i/'%dA;-%vfpsdwfpsd;dA; /2.9/
where
=T, +T, %«1

Hence we obtain

. /G .
o- F‘),E*PS /2.10/
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and Mepmaently/
pwo= POS + o € /2.11/

After appropriate transformations /2.7/ can be written in the
the form

pWo = Eoi joi + Gijéij + (hij Tj)i ~(mikJk),i /2.12/
/for P;=F=0 [/ where
Eg=E+(ixBy) ; Jo=1+ et =], /2.13/

Thus, from /2,11/ and /2.12/ we obtain

PS'EmaJm"'(ued)"" (Ngk;fak),l - mBJ'm "(%‘),i"%*i /2.14/

and hence, maling use of /2,10/
. EoiJoi _ GQiT,i /2.1
6=—5 ~ o %
where Ejijpi 1s the term describing the Joule heat.

If in /2.15/ we choose in an appropriate manmner the forces
and the fluxes, making use of the Onsager principle we
arrive at the aym_metry relations.,

We set

. 7 T _ E T,
Jai'mkagi“*mkﬂzg?‘-’f?;k—gﬁ-?efk-g"z /2.16/
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E, T = EaE =
9= 7y nik O~ ~ O (hige+ i i) '52'5 =Tkg - Vik ;5'

Then the symmetry relations take tne form
Dik(B)=7ki (-B); Vi (B)=Vki(-B);  ¥ik(B)=%ki(-B) /2.17/
For the rate of entropy we have the expression
Y 1 o X "”T-T /2.18
6=k Joi Jok *+ g (Vik =% %sk 0! ) Ti Tk +18/
which implies the conditions of its positiveness,
In the isotropic case we have
.2 =
ool 5 A G, WEN 2
G= —+ Y—_= T' o B
7 e 7 )T {2

2
whera vﬂ% =h » Which requires the positivevass of
and p .

2.2, Thermopiezoelectricity

In the case of dielectrics the coupling of whichk with the
elastic and electric fields occurs by means of the piezo -
effect the equations of the coupled flelde of thermopiezo-
electricity i.a the linearized form take the foxrm /57 ,

6.7
rof A=D; rotE=-B;  divB=0;  divD=p,

. : . /2.20/
P =Gik, k , (kijTj)i =To$
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where
ETH EH TH
Gik = Eikmn €mn = ik T ikt Ei

TH TeH eH
Di=yikiew+ejj Ej+pi T

12,21/
EH EH eEH

s=ctikeik+pi Ei+By T
TeH

Bi=uijx Hxk

The upper indices denote the thermodynamic constancy of

the quantities for which the tensor is defined. In the above
equations the notations are enalogous to those in the pro-
ceding section, and moreover, the following have been

introduced:

TH
Jiki - tensor of piezoelectric constants at a constant
temperature and magnetic field,

P;  —vector connecting the electric induction with
' the temperature.

Substituting from /2.21/ we write im fnll the system /2.20/
Eikim Um,ni = ¥ikt E1,i —otik T)i =pik

Eijk Hk,j"%zﬁkl (uy,| +d:,k)+£sjéj‘*PfT - J2.22/
Eijk Ej,k-ufk”k

oLjj i j~piEi+Bo T- Ta'1(k:ﬂj),f=ﬂ

where

B=Tp+T ; <<t
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The principle of conservation of energy yields

~fNidA; - [o;dA;+ [oii0;dA; = [(K+0) dv
A A A v

where
N;=e;jkEj Hk - Umov-Pointing vecher,
K= %pdf - density of the kinetic energy,
U — density of the internal energy.

/2.23/

Applying the Gauss formula to /2.23/, after transformations

we obtain
U=ajj éij+(E; D; +H;Bi)-qi;
According to the definition of entropy
gii=-B8~-Tps
snd the Fourier law
gr=—kijBj=—kijT,;
we obtain introducing the free energy -
UQ-U_ToS
Up=oijéij+(E; D; + H;B; )+ Ts = Uy (&, ;, B;, 6)

Hence

DUa_ 2 _ 3y U
e i M B TR

/2.24/

/2.25/

/2.26/

/2.27/

/2.28/
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If we choose

DsB 4 _seB 1 ,8DB o
U‘,,.g_gikmne,}-emw?ﬁ,-j DiDj+5b s~ /2.29/

B eB na L
~hiii Dieij—gi sDi-gij sejj++ (wi ) "BiBy

where

DsB DsB DsB Da8
Eikmn™= Ekimn = Eiknm = Emnik

/2.30/
seB . seB B sB DB 0B 1
Bii =Bji 7 hkj=hii: ¥ij =dji » Hik(Hic) =1

we arrive at the expressions for oj, P, E;, H;

Transforning these expressions by means of the coefficients
used in /2.21/, [ 57 , we arxrive exsctly at the reletions
/2.21/. In the equaibions of thermopiezoelectricity in ge-
neral the influence of the magnetic induction may be neg-
lected which results in & simplification of the equations
and makes 1t possible to introduce the pobtential of elec—
tric f£leld.

A discussion of the second law of thermodynamics implies
s+(g); >0 /2.31/
which, making use of the Fourier law leads to the condition

_Bigi_ki8i6j kijTiT,

0 /2.%2/
82 8* 2
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this, in turn, requires the symmetry kjj = kjj and /k,‘j [>0;

[k kn
= kg >0
)kzq ko >0; U

2.2- ._The wive equatione of nermoelectromagnetioelasticity

It was proved n / 5 7 that generalizing in an appropriate
menner the Fourier law we can extend the systems of equa-
tione of thermomsgnetoelasticity and thermopiezoelectricity
to wave equations, i.e. equations in which the disturbances
of all fields, including the tharmal field, are propagated
with a finite velocity.

This effect cannot be obtained /see [ 57 by taking into
account relativistic effects in the systems of equations,

In view of limited scope we do not guote here the conside-
rations and the modifications of the thermodynamics of ir-
reversible processes referring the reader to / 5 /7 but we
write down the final wave equatlions. These equations contain
therefore strongly non-stationary processes in contrast to
the above considered parabolic-hyperbolic equations which

are true for stabtionary or weakly non-stationary processes,

The wave equations of thermomagnetoelasticity, according
to /[ 57 have the form

mT'I"1'=j'+J"J-; mTE=-g; divb=0; div E=p£.
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pUi= Gk k *(f* Eo)i +peLi+ P
T4 i+ Qi+ (ki Tj)i—(Mikj)i =—F

: R - = 1 o>
bi = pik hk ; D!"Efk[Ek"'(u"sa)kJ_EE(U"Ho)g

Gik = Eikmn €mn —®jk T  /the relaxation has been disregarded/

: -1 Sl X, - e
Ji = Nik Ex +2¢ik [Ki @ =K1 Tisis ]+ ik (6% By )i+ peii
where the constant T has the character of the relaxation

constant and follows from the generalized Fourier law

Tdii+qi; = = (ki T )i + (M jk ), f2.34/)

as T—=0 Eqs /2,33/ ave transformed into The equations of
/2. l/u

In the case of an isotroplc medium Eqe /2.33/ toke the

form

rot F“ﬁ-.‘.[f+(gxf‘.";ﬂ : wtE=-b; divh=0; divTi=0 (pe=10)
pfi'——- GVEG + (A +G) gead div T —~ocgrad T+(j%Bp) /2.35/
TByT+ BT+ rApdivi +Adivi ~kpV?T=0

FT{pfm{E‘; TE + (LT+TE)XEO} —2egrad T
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where

b4
A=Too;  B=Polp; =1+

The corresponding equations of thermopiezoelectricity have

the form

Eikmn Um,ni = ¥ikt E1i —ikT,i = puk
Eijk Hij = ; Yikt (ke +01 k) +Ejj Ej+pi T b
Eijk Ej k = Hik Hi

oot (i j+ G j)+ To i (E +E )+ ToB (TT+T) = (ki T;) i =0

As 7=(0 they ere transformed into /2.22/.

It can readily be verified that both /2.33/ and /2.36/
consitute hyperbolic systems of equations /see [/ 5 /7 /.
The ides of an experimentel verificabtion of the wave
poenomenon on the basis of the Cherenkov effect in the
coupled fields was presented in / 30 7 .,

In our considerations we have not dealt with the boundary
conditions. In general they follow directly from the
physical nature of the relations on the boundary and can
be expressed in terms of the field compunents and the con-
stitutive relations. It has been neceassary to confine our

review mainly to the equations snd the following physical
effecte of field couplings.
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2.4, Thermomsgnetomicroelasticity

In the case of a medium without spin we can easily gene-
ralize the equations of thermomicroelasticity /with 6 lo-
cal degrees of freedom/ to the equations of thermomagneto-
elasticity /26 7 . In view of the lack of time we omit
here also the thermodynamic considerations, quoting only
the final system of equat.fune.

In the particular case of the centrosymmetric body / 26 7
- - EPC2—1 - - - o 5

rof h=j+eb-=—g—(lixH,);  rof E=-ph

pg=(y+cx) v2+(2 +u-a) grad div T+ 2 rot +pgE +

+(jxBg)—30to Kgrad T +P 12,30/

el

mp=(y+€) V2 +(B+y—¢) grad div § +2cc rof T-4ocp +M
BT+Adiv i +mdivj-k7?T=F

J=n[E+(GxBy)] -3 grad T+pel

— -
/the terms pok, P, drop out in view of the linearization;
we have written them down o indicate the structure of

the equations/.

The equations of thermomagnetomicroelasticity for a me-
dium with a spin are far more complicated. In fact, in

this case the equation of micromoments snd the Landau
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spin equabtlon require a deeper physical analysis in order
to determine the nature of the couplings / 27 7 . Similarly,
the eguations of micropiezoelectricity are more complicated;
here the basic problem is the comnection between bhe pola~-

rization and the micromoments.

We have omitted here the boundary conditions, referring the
reader for the details to [/ 26 / . However, these conditions
follow either from the variational equations or from ‘“he
fundamental physical considerations 1f we uake use of the
appropriate state relations for the stresses, moments, induc—
tions, etc. und the components of the displacement, micro-

rotations field vectors, etc.

5, Nonlinear equations of thermomsznetoslasticity

For the lack of spece we dc not intend to discuss the non-
linear /finite deformations/ equations of thermopiezoelec-
tricity, or more generally, the thermcelectroelastcicity of
dielsctrics, These eguations can easily be derived on the
basis of the nonlinsar equations, / 34 J , for the general
dynamics of dialectrics, by completing them by the equa-
tions of heet transport and thermal couplings,

Consider now briefly the nonlinear equations of thermomag—
netoelasticity / 24 7 the 'inveatigation of which has begun

vnly recently. Here, similarly to the linear theoory we can
consider jointly the problems of thermoelrctroeiasticity
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and thermomagnetoelasticity, but in wview of the physicsl
nature of the problem and different ranges of applications
of dielectrics and conductors, a seperate consideration is
simpler and more expedient. Similarly to the linear case
we do not deal here with the media with spin. These problems
will be examined in the last section.

Denote the natural, initial and current coordinates by
xd’. 1 xk 3 yi

respectively. The deformations at an arbitrary instant of
time are described by the relations

Y=y (x1) /3.1/

We follow here the notations of Truesdell and his collebo~-

rators.

Negl#oting the mechanical body forces, the system of nonli-
near equations of thermomagnetoelasticity tales the follo-

wing form
1. The Mexwell equations

Oty % o 0B; _
5ijka‘y}-'+8t"0» 5;;—0

/3.2/
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where

ej=Ej+&jpsVyBs; Hi=Hi—EigsVyDs; Di=€E;+0teiysVyHs /3:3/

Bi=pHi—aeiysvyEs; Ji=Ein; a={e-ip&

the vectors have the same meaning as before, and & H,E&p, g
denote the electric and magnetic permeabilities in the me~
dium and in vacuo } Eijk is the unit pseudotensor., We have
alsc denoted

x_OF; ﬂﬁ Vi _,a_i 4
 li ()t J()g 5(,9‘] fi ay; /341
2. The equations of motion

otyj : -
Dy e *Eigsy Bs = PV 13:5/

%« The equations of energy balance

Z tir st +g] 20 /3.6/
P iy ()y “WiTdy .

where ;] is the Cauchy tensor and ). is the internal

enersgy.

The above equations have to be completed by the equations
of state and transport
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tij=tj (pic.8F  8i=9i(8),Pja,6) et

where € is the temperature

.00 i
8,1 m ) Pie N

The functions ‘;‘gj have te be chosen in such a way that the

symmetry conditions are satisfied, and, moreover, the Clau-
sius- Duhen inequailty

PS=5 “ag (7?0 /3.8/

holds true,

A shortcoming of the above equations consists in the fact
that some derivatives are with respect to x while some

are with respect to y .

The considered equations can be simplified by reffering
them to the natural configuration by mesme of the transfor-
matlion

b«(ﬁ”"m’«.i BE[&'ﬂ; he (x1) = pioc Hi (x1)

= /3.9/
da(.’ft)':]xcx,i D (x,1); Co(¥t)=pix Ei (x1)

Oo = Mo ifi (X1) Qe (xt)=TJge(xt)
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Eam'::"_qpfa Pjp Pky €ijk , Ve (X T)=ch,f. vi(xt)

Toi (1) =3xy j tij (x1)  pp=Tp; O (x1)=0x0  9; (x1)

where
OX
X i = @T J =/pl'o: /

Then the cquations toie the form

— 08 1 R ab‘x =

Cupy g *ha=0; 5 =0

/3.10/

- ; ad,

en:,ega}'g_da'%:{ R}":'=Qe
Here we have
=8 +Expy Vg by ; Ha=ho=Eqpy v dy
do =0exp (€65 +aIZpy vy €ty hio) /3.11/

bo= Jc;fﬁ (phﬂ —otJEpy Vi c}l, )

9o =1nJCxp Ep
where

and

Olxi

Mo Hei {Qiea+ Eapy Gaby | =po v, /3.12/
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pgésfgggﬂ%&(%)ao

The equations are considerably slmplified if we assume
£=€,, U=l ©nd neglect the effects connected with the
veloclby of light., A further simplificatlon ls obtained
for perfect conductors. For detalls the reader is reffered
to [ 24 7 . The latter paper contains also a consideration
of the problem of propagation of the acceleration waves

for the equations derived in this section.

4, Review of the fundamental solutions of magnetiothermo-—
elasticity

4,1, One-dimensionsal problem of megnetothermoelasticity

In this field there appeared papers concerning the propa-
gation of plane magnstothermoelastic waves, The deal
mainly with real conductors. The problem of propagation

of a plane wave 1ln an infinite medium was first considered
in a paper hy G.Faria / 10 7 and then, under wider assum-
tions, by A.J.Willson / 11 7 . Paria assumed the orthogo—
nality of the initial vector of the magnetic field to the
direction of propagation of the plane wave ; A.J.Willson,
on the other hand, assumed that the initial magnetic field
has also & component in the direction of propagation oi
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the lopgitudinal wave, The initial field is Aescribed by
the vector H=/H;H,0/ and all quantities chenging with the
deformation, lLemperature and electromugnetdc field depend

on the variables x; and *%.

If we assume that Hy=0, H;#0, we find that the transver-
se wave is not coupled with the temperature and electromag-
netic rfields ; +the coupling appears only in the longitu-
dinal wave, LL Hgp#0,H,=0 there exists a coupling of the
displacement and temperabture fields in the longitudinal
wave and a coupling of the deformation and electromagnetic
fields in the transverse wave, Evidently, in the case
Hy#0 , Hy#0 we have the coupling of the deformation,
temperature and electromagnetic fields both in the longi-

tudinal and transverse waves,

Two particular cases of propagation of a plane wave were
examined by W,Nowacki / 12 / . They are produced by the
action of either a plane heat source of the type Q(x1)=

=Qo 8(x4) € Wt or body forces P(x,t)=P, 6{‘x1)e'fwr

The equation for the longitudinal wave in the case of a

perfect conductor has the form
2.1 2 2
[(01_3?01‘}(04“5;201* _}—ngdr01]u1=0 /4.1/

This ejuation difters from the ejuation of propagation of

the tnermoelastic planc wave by the terms ¢, and
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2

m 2 ag 2_ Hy o
Mo=—7 where Cp=C4 (1+e) ,C(=—C—$— . Here Qpy= ———

c5 dnp
and @, is the Alfven velocity. The electromegnetic exci-

tation is described by the quantity o.

It follows from the structure of Eq. /4.1/ that the plane
wave undergoes a dispersion end damping.

Another c;ne-dj.mensional problem soluble in a closed form is
the propagation of a plane wave in the elastic semi-space
x420 , due to a sudden application of temperature of the
plene x4=0 bounding the semi-space. At the instent t = O
the temperature has been applied and held at thia value.
Under the action of the thermal shock 0(0,t)=06yH (1)

a magnetothermoelastic wave is propagated in the medium, de-
pending on two variasbles x4 and 1 ., The considered prob-
len was discussed in two papers by S.Kaliski and W.Nowacki
{87, [97 , in the first for a perfect conductor while
in the Becond for & real conductor. To derive results slaple
enough to be examined analytically the coupling between the
deformation and temperature fields was neglected. Finally

it was assumed that the boundary x;=0 is free of tractinns.
The closed expression for the displacement u,(x4,f)  the

stress oy (x;,t) and the component hz(xs,t) were deduced.

It turns out that the stress o‘,"(xq,'t] consists of two

parts, first of the nature of an elastic wave mowing with a

/ 2

phase velocity cp=Cq [1+a and the second, of diffusional

nsture, When the elastic wave passes through the plane
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Xq=const  at the instant '=x4/c, there appears a jump
in the stress of a consbtant valuc 5*95/1?('11‘['!) where

¥=(32+2u)ay ; here A,u are the Lawé constents in the
adiabatic case and Ot is the coefficilent of linear ther-

mal expansion, th= —g? and ﬂ=an*ﬁa woere

3
g xHs ~ _HoCoHs
0" dnpck xc?

The modified electromagnetic wave is propagated with the
same velocity ss the modified elastic wave and in the plane

xy=cons! at the instant T=x4/c;, has a discontinuity.
Jhere 1s a wave h, moving with the light velocity ¢ ra-

diated out into the vacuum, If we assume that the initial

magnetic field H= (G,0,H;) vanishes, then the rcsults be-
come those obtained by J.V.Danilovskaya in the theory of
thermal stresses.

4,2, Two-dimensional problem of magnetothermoelasticity

In this field gnly particular cases were considered, con-
cerning the propagation of c¢ylindrical wave in a perfect
and real conductor /W.Nowacki/, /137 , [ 147 , [ 15 J.
If the plane in which the excitation is propagsbed in the
plane Xxq,Xp , then the production of cylindrical waves is
possible only when the initial magnetic field has the
direction of the x3 -axis. Assuming that H=/0,0,H3/, we ar—
rive at the following system of equations of wagnetsthermo-

elasticity for a perfect conductor:
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nyud+(?«+y+a§pJ Up o +X,‘-pa'q+a'9'a oc=12 /4.2/
(V2-100)0-noy div = & /8.3/
where
Hy .
ﬂg’ 4::;0 sz=0§+d%

Eqgs /4.2/ are the displacement equations in which the influ-
ence of the electromagnetic field is expresses by the term
agp . Eq. /4.3/ is the heat conduction equation. When
ap=0 Eqs /4.2/ end /4.3/ become the equations of thermo-
elasticity.

Decomposing the displacement field ane the body forces into
the potantial and solenoldal parts

Ug=04%9-0 ¥ u2=0245+0.,!lf InY,

Xp=p(00-0,%),  Xp=p(00+01)

and eliminating the temperature § we obtain the following

wave equations:
(Dsﬂg-f;mo ()f V12)§"m7p’g_é'u§1} /%.5/

D%#fn—clgx /446/

We have introduced here the notations
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g a4l e B e Y et P_w2_ 1
[31”'71*?&2'%. D2"V-f'"c220h Ds=Vi—=0¢

cd=c;(1+0x) o=

)&,

Bq. /4.5/ represents the longitudinal wsve undergoing a lis-
persion and damping. In the infinite sprce the fectors pro-
ducing the longitudinal wave are the heal sources anu body
forces of the form Xp=pUy , =12

The transverse waves arc produced in the infinite =zpace by
the body forces Xq-—pazx, Xzﬂpdqsr . They are not dis-
persed or damped and are propagated with the acoustic ve oci-
ty C2 . These waves in the infinite space are not accoi-
panied by the temperature field, liowever, there exists an
electromaghetic field, for

H : = - -
=08 5,,0,%,0) h=0, J=0

The system of equations /4.2/ /4.3/ can also be unccupled
by using three functions: the vector P=(ip;,¢,0) an: the sca-
lar £ . This method comatitutes a generallization of the
method applied by M.Iacovache to the problems of dynamic
elasticity and the B.G.Galerkin method in the staiic ela:=
ticity.

The paper / 7 J contains t.o purticular prohh-ms- the

action of a linear heat sourcs ((y,t)=Q, 2«- e’ and a

{3) «wf

linesr centsr of pressurs =1, —— ,}W
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In /8 7 a two-dimensional problem was examined for a medium

with a finite conductivity. The system of displacement eque-
tions

H o
pTug+ (A1) e + Xy 30,8~ EL2 0y hy = piig /8477

H ..
[JV-;ZUZ +(}1+de28 + Xy ‘a’ﬂgg— t!;_r—j 02h5 =pUuz

and the heat conduction esgquation
(vZ-Lop)o-poe=-2 = 4y +0 4,8
1 "5 0t)0-note=- e=20qUq +02Uy /4.8/

are completed by the field equation

_AmAol,

Vihy-Poths=-PHzote,  B=—2p— 7449/

The above mentioned representations reduce the system
/4.7/+ /4.9/ to the following wave equations

Hzh 1
(Vf"fgatz)ﬂs‘m‘}“%ﬂ%f"'c‘{ﬂ /4410/
(V.,z—ffr-bf)‘ﬁ‘--%x /4a11/

(VE—pot)hs—BHs Ot Vi $=0 /4.13/
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Here, Eq. /4.10/ represents the longitudinel wave, Eq.
/4.11/ the transverse wave. Ig. /4.12/ is the heat con-
duction equation and /4.13/ the field equation. It is evi-
dent that in an elastic space the equation of the longitu-
dinal wave is independent of the other equations. Elimi-
pating h; nad @ ifrom ths above system we arrive at a
complex equatlon for the longitudinal wave

DU%D%—%&; Vf(Deﬁ-EDg) @---;?—DQ—éDDgt} Jh 14/
where
D=Vf-Pot, er=nxm ey=ofrx o=—7

In the equation the coefficient £y describes the coupling
between the deformation and temperature fields, while the
coefficient £y couples the deformation amd electromegne-
tic fields, The longitudinal waves undergo a dispersion
and damping.

Well known simplifications are obtained by assuming an
adisbatic process / for Q=0/, which leads to the wave oequa-
tion

(00%-apoy v,z)qﬁs--c% D2 J4.15/
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the structure of which resembles that of the wave equation

in the coupled thermoelasticity.
2
s
EqQ./4.14/ is considersbly simplified if 0(-—-!- <«<1 i.e.

when the initial megnetic f£ield H=/0,0,H3/ 13 small. In
this case of a considerable use may be the perturbation
method.

4 General theorems of m tothermoelastici

One of the most interesting theorems of the theoxry of elas-
ticity is the Betti reciprocity theorem. This is a very
general theorem and contains a possibility of introducing
methods of solving the equations of the elasticity theory

by means of the Green function.

The reciprocity theorem was extended by V.Casimir-donascu
to the problems of coupled thermoelasticity. The generali-
zation of the reciprocity theorem to the problems of magne-
Lothermoelasticity was given by S.Kaliskl and W.Nowacki

in the three papers /16 /7 , /1?7 , [ 187 . In the first
the theorem was examined for a perfect isotropic conductor,
in the second for a real isotropic conductor and in Ghe

third for a real anisotropic conductor.

Assuming that the motion of the body begins at the instant
t=0 and that the initial conditions are homogeneous we

obtain from the constitutive relations the identity
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& & — 5 &+ (Be'~Be) =0 /4416/
Here &jj ,Ej , etc. denote the Laplace transforms of the
functions gjj, & , etc.. Integrating /4.16/ over the volu-
me of the body end applying the Gauss transformations we
have

rf (X -X; @) av+[(p T ~F{G;)dA+y [(G8’-8€) dV= /4.17/
A \4 -
=5 T:EEFJ"TJ’E:E)“V

are the components of the Maxwell tensor and Pi=cjjnj , in
the traction on the surface A . From the heat conduction
equation written down forthe two states we obtain

!{Eé’-é'@)dv-xj‘?p J(@8-QB)dv+ 5 f(s B,-884)dv /4.18/

where p is the Laplace transform parameter.

Eliminating the common terms from /4,17/ and /4.18/ we

obtain for an isotropic body the following form of the re-

cipro ity theorem:

aenp [ f(X; G -X{T;)dv+[(pi Gi - pi ;) dA ] +
v A /%.19/

*a’!{ﬁg'“ﬁ"g)dv'qa;ffé’qﬁ-§§j, )dA=qprf(T,}E,j,-—ﬁf £j)av
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For an unbounded body V Eq./4.19/ is considerably simplified.
The integrals drop out in a bounded body as well, in the

case of homogeneous boundary conditions. It can easily be
proved that Eq. /4.19/ is decomposed into two parts

nap [(X; G =X;TG;)dv+y [(Q8'-8Q") dv=0 /4.20/
v v
P{ (Tj&q;-Tij&;)dv=0

The validity of this decomposition follows from the symme-
try of the system of the displacement equations and hence,
the symmetry of the Green function.

Inverting the Laplace tramsform in Egs /4.20/ we arrive at
the final from of the reciprocity theorem for a perfect

isotropic conductor

qx{/d’rf[X(x 1- 'r)du' (1) -X 1) %a@r’lﬂ]dv(xp /4.21/

+y fa‘rf [a(x,7)8'fx,t-1) = 0'(x7) Q'(x,1-7)]dV(x) }=D

oy D - 71-0) 248 -0 et

On the basis of the above theorem a number of practical
formulee can be deduced, possessing many applications. In
particular we can obtaln an extension of the Somigliana

theorem of the problems of magnetothermoelasticity; bthis

theorem can be used to construct integral equations [lor
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certain boundary value problems.

We shall not dwell here on the reciprocity theorems for a
medium with a finite electric conductivity, isotropic sud
anisotropic. Of course, the formulae here will be much more

complicated.

Finally veriational theorems werde deduced for a perfect
apd real conductors, in which the displacement, entropy and
field underwent a variation /207 , /21 /.

These theorems make it possible to deduce the fundamental
energy theorems which can be used to prove the unigueness
of the solution of the differential equations of thermomag-
netoelasticity.

4040

In conclusion briefly about the general theorems of thermo-
eleotroelasticlty in piezoelectrics,

The general comstitutive equation and the fundsmental energy
theorems were given by R.D,Mindlin / 6 7 . The veriational
principle =md the reciprocity theorem was presented by
W.Nowacki in /19 7/ . The reciprocity theorem for the wave
equations of plezoelectricity is contained in the paper by
S.Kalisld /22 7 . Similar theorems for the wave squations
of thermomagnetoelasticity were given by S.Ksliski in /[ 23 7.
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5. Remarks on the problems of thermoelectromsgnetoelasticity
of more complicuted media.

The problems considered in the preceding four sections cone-
cerned only seperate problems of thermomagnetoelasticity
and thermoelectroelasticity for the simplest cases, i.e.
in the first case for simple media without spin in which
the coupling with the electromagnetic field appears only
through the Lorentz force iun the equations of motion and
the coupling due to the intermal mechanisms are present
only for the temperature field. This excludes all ferrome-
dia, i.e. media with a spin. This type of equations with-
out discussing the transport phenomena of heat was derived
in /£ 32 7 . The heat problems are here very complicated
not only due to the conductivity and the couplings Dut
also in view of the production of heat in the field pro-
cesses due to the effects of nonlinear irreversibility
/the hysteresis loop/ ; this fact, similarly to the thermo-
magnetoplasticity introduces a very serious difficulty .
These problems not only possess presently no solutions,
but we lack sufficiently precise formulations /in the me-
dia with a spin the boundary problem of conditions is a
problen in itself/. A similar, though somewhat simpler si-
tuation occurs in the case of the second group of problems

/ferrodielectrics, etc./.

Another group of vroblems omitted in this lecture uare the

problems of semiconductors and semimetals in which, in
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view of their present importance and engineering applicabi-
lity, & phenomenological coneouruction of the theory of coup-—
led thermoelectromegnetoelastic fields if of fundamental
engineering importance, while the complexity of the equa-
tions and couplings contains a variety of physical phenome-
na. It is sufficient to mention as an example the possibili-
ty of amplification of thermsl, acoustic and electric impul-
ses in piezosemiconductors and semimetals and couplings of
these fields with the spin waves in ferrobodies and further
a number of phnenomena connected with the thermoelectromag-
netic waves in low temperatures /28 7 , /29 J or a num-
ber of magnetocaloric phenomena, in order to realize ‘the
importance of these investigations for the measurement
technique in electronics, ultrasonics and in the methods

of investigation of physics of solids, Recent applications
of laser radiation to the investigation of the propagation
of the shock and heat waves, propagation of microcracks ,
problems of conversion of the heat, mechanicsl and electro-
magnetic energies in these processes /see e.g, /257 [/
constitute further examples and perspectives of the theory
of coupled thermoelectromagnetoelastic fields, A sepa‘ate
p-nblem consitute the microjuantum solutions for the latti-
ce dynamics, taking into account the effects of coupled
fields, problems of dynamics of dislocations in piezo-

farromedia, etc.

The scope of this paper allows to mention only the most
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important problems.

Bearing in mind further sclentific possibilities 1t seens

that the following several trends should be mentioned.

1.

2.

3.

5.

6.

Mathematical solutions in the field theory of linsar
equations of thermomsgneto and thermoclectroelasticity,
and the preaoctilcal applications,

Investigations of nonlinear eguations /including plastic
effecta/.

Constructions of the theory of thermoelectromagnetoelas—
ticity for the media with a spin /in general ferrobudies/.

Investigations of thermoelectromagnetoelastic fields in
semiconductors and semimetals.

Microscopic investigations /lattice dynamics, disloca-
tions, etc. of the above phenomena in coupled fields/.

All engineering problems, making use of the possibili-
ties created by the spplication of the leser radiation
to the investigation of physical media.
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