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Green Functions for Micropolar Elasticity

Witold Nowacki

1. Introduction

In this paper we shall be concerned with an infinite body which is assumed to be
elastic, isotropic, homogeneous and centrosymmetric. The action of body forces
and moments induces in such a body the formation of displacement u(x,t) and
rotation w(x, t) fields, varying with the position of the point x and time 1.

The deformation of the body will be characterized by two asymmetric tensors,
namely the strain tensor y;; and the curvature twist tensor sx;; connected with the
displacement and rotation fields by the relations, [1—4]

Yii = Wi, j — Exji®; Xii = Hi, j- (1.1)

The stress state is defined by the stress tensor ¢;; and the couple-stress tensor p;;.
The dependence between the state of stress and that of strain is described by the
following formulae

o = (u+ )y + (u— ) yi; + Ayudiss (1.2)

Wi = (y + &) x;; + (y — &) %¢;; + Prwdy;. (1.3)
The quantities u, 4, o, B, y, € are material constants. Substituting Egs. (1.2) and (1.3)
successively, into equations of motion

6, ; + X — oii; =0, (1.4)
Eijko-jk + ,u_ﬁ‘jl"l' Yi = 1’(0, = 0, (15)

and expressing the quantities y;; and x;; by the displacements u; and rotations w;,
respectively, — in accordance with formulae (1.1) — we arrive at a system of six
differential equations. We write them in vector form:

(p+ o) V’u + (A + p — o) grad div u + 20 rot w + X = oil, (1.6)
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(y + &) Vo + (B + y — ¢) grad divew — daw + 2arotu + Y = lw. (1.7)

In the above equations the symbol X denotes the vector of body forces, Y stands for
the body-couple vector, ¢ denotes the density and 7 the rotational inertia of the body.
The time derivatives of the functions «; and w; are marked with a dot.

The aim of this paper is to give basic solutions of the system of Egs. (1.6) and (1.7)
under the assumption that the body forces and couples vary harmonically with
time.

We seek for the determination of the displacements u = U%)(x, €, r) and rotations
w = Q®(x, E, 1) induced by the action of a concentrated force applied at the point
and directed parallelly to the x,-axis as well as for the determination of the displacem-
ents u = V¥(x, E, 1) and rotations w = W®(x, §, 1) induced by the action of a con-
centrated moment applied at the point § and directed parallelly to the x,-axis. In
this way we obtain two pairs of tensors (UY, 2% and (V®, W®); they will be
called, generally, Green functions for a medium with micropolar elasticity. To deter-
mine the Green functions of the system of Egs. (1.6) and (1.7) it proved convenient
tomake use of the generalized Iacovache’s functions ¢ i ¢ [5] which — in the theory
of asymmetric elasticity —are connected with the u, w field by the following relations
[6, 7].

u = [ 4 — graddiv I'eg — 2 rot (34, (1.8)
w = [,03¢ — graddiv @Y — 2a rot I, ¢p. (1.9)

Introducing (1.8) and (1.9) into the system of Eqs. (1.6) and (1.7) we get

0,(0,0, + 402V2) @ + X = 0, (1.10)
Ea(mzm;‘_ + 40(2V2) \IJ + Y.= 0. (l.ll)

The following notations have been introduced in the relations (1.8), (1.9) and in Egs.
(1.10), 1.11)

Oy =@ +2w) V> — 007, B, =@+ o)V - 00,
Q3 = (B + 2y) V2 — 197 — 4a, Oe=(+& V=13 —4a, (1.12)
=@+ p —a)0, — 402, 0=F+y—e0, — 42,
V2 = 8,8, 32=5—2 =0,
v boa’ 0x;

As may be easily seen, Egs. (1.10) and (1.11) are particularly useful for the determi-
nation of Green functions. It suffices to find the particular integral of these equations
and then to determine the displacements u and rotations w from the formulae (1.8)
and (1.9). It appears from Egs. (1.10) and (1.11) that—in the absence of body fordes —
there is Y = 0, while in the absence of body couples we have ¢ = 0.
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2. Effect of concentrated forces and couples

We are going now to consider the state of deformation in an infinite elastic region
induced by the action of body forces and couples, varying harmonically with time.

X(x, 1) = X*(x)e™™, Y(x,t) = Y*(x)e " @1

In this way, the fields of displacements u and rotations w are formed, both varying
harmonically with time, tvo. Marking with asterisks the amplitudes of the corres-
ponding functions, we rewrite Eqgs. (1.10), (1.11) in the following form

(V2 + k%) (V2 + Kk2) (V? + k%) @* + xX* = 0, (2.2)
(V2 + kf) (Vi + ki) (V2 -+ fc%) P* + o¥* = 0. (2.3)

In the above equations the following notations were used

5 2 2\ *
o i ks:(“’_zﬂ), cl=(l+2u)’
€1 c3 e

*
c3=(ﬁ*}2”), w} = 4a]l,

x=[A+20) @+ +e]", o=[B+2NE+a)@+e]"

The quantities k7, k3 are roots of the equation

k* — k*(o3 + o2 + p(r — 2)) + o3(c2 — 2p) =0, (2.4)
where
02——(0‘: 04—‘0_)“3 Cz=(#+a)*,
c, Cy 2
c4_(v+s)* = 20 _ 2x
)’ I’ 0
It results from Eq. (2.4)
K2y =5 [0k + 02+ p(r —2) £(o7 — o+ p(r = 2] +4prod]  (29)

Let us remark that the determinant of Eq. (2.4) is positive.

We shall consider now the homogeneous equation (2.2). According to a known
theorem of Boggio [8], the solution of this equation may be presented in the form
of a sum of partial solutions, namely

P* =o' + " + 9", (2.6)
fullfilling the Helmholtz vector equations

(V2 + k) @* =0, (V2+k)eo*=0, (V2+kDHe"*=0. (2.7)
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+ikaR
The functions

o = 1, 2, 3 are particular solutions of Eq. (2.7). However,

ika R
only the solutions

have a physical sense since only the expressions

) kaR R
Re[c“""'—%]:%cosw(t——a— ; v, = :) , w=1.2, 3,

a

represent the divergent wave propagating from the origin of disturbance to infinity.
Thus the solution of the homogeneous equation (2.2) will take the form

ik R iksR ik3R
€ € (~]
B C 3 .8).
R 4 R 4 R (2.8)

P*=A

Similarly, the solution of Eq. (2.3) will be given by the function

ik R eisz ik3R

e e
* =D F
$ = +E i

(2.9)

Only real phase velocities may appear in Eqs. (2.8) and (2.9). Thus, it should be
k¥ > 0,k2 > 0, k% > 0, k3 > 0. The first and third condition are already satisfied.

The remaining two will be satisfied provided o7 > 2p or else w? > j;—t—. This is

a consequence of the relation kik2 = o3(ci — 2p) > 0. Two first waves in the
expression (2.8) undergo dispersion as k; and k, are the functions of the frequency .
In the formula (2.9) all three terms represent the waves undergoing dispersion as the
quantity k5 is a function of the frequency  also.

The formulae describing the amplitudes of displacements and rotations will read
as follows:
u* = A+ 20 (y + & (V2 + k%) (V2 + o2 — 2p) o* +

—(y + &) A+ p— o) graddiv [(V* + ¢ — 2p — n)]e* + (2.10)

— 2a(B + 2y) (V* + &3) rot *,

w¥ = (u+ a) (B + 29) (V* + 03) (V* + k3) * +

—B+y—2¢(y+egraddiv[V? + o] — 2r — E]Y* + (2.11).

— 20(A + 2p) (V? + k3) rot @¥*,

The following notations are introduced in the above expressions

E=4[B+y—8e)(y+e]", n=42[(r+e)A+p—a)] "

Let us first consider the action of body forces. Since Y* = 0, the function $* = 0,
also. This, we have to consider Eq. (2.2) putting $* = 0 in Egs. (2.10) and (2.11).

In order to get the solution of Eq. (2.2) we shall make use of the operator method
described already in [9]. In this way we obtain
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H} H3 H3
* 1 2 3
@* = + = f : (212
Y (w?—%ﬁﬁ—kﬁ (k2 — k1) (k3 — k3) w%—ﬁxﬁ~k9) )
The vector functions HY, Hj, H} have to verify the Helmholtz equations
(V2 + KD HT = —%X*, (V2 4+ kD) H; = —xX*, (V2 4+ k3 H; = —xX*. (2.13)

The solution of there equations are given by the functions

H}‘(x) = :—n -UJ‘ X*(E) R‘Z?Z) dv(g), i=1,2,3, (2.14)

‘where

R(E, x) = [(‘f: —xp (€ — xl)]lé-

Now, we can write the solution of Eq. (2.2) in the form of the function

T m R(E(?) ’ 2.15)

g [(kf — 1) k) (d = SE-8 " BoBEa )] Ve

Let us assume that at the origin of the coordinate system the concentrated force
X(x, 1) = e (X7, 0,0), where X; = d(x;) d(x,) 6(x;) is acting.
From (2.15) we have @* = (¢}, 0, 0), where

lkJRa

_fu2 2 204
‘Pl(x) 473Ro;z1 A, Ry = (%1 + x3 + x3)7,

1 1

. A 3 2.16
(k2 — K2) (k2 — k2) PT R - K (K - k) (219

4, =

1
(k3 — k) (k3 — k3)

A3z

Putting (2.16) into (2.11) and (2.12) we obtain

1 ikiRo clszn
uy = U™ = (B K 4 Bk o0, +

4rom® Ro Ry
1 elk;RD eik;Rn cikgRo
.| B B, —— + B, ——], 2.17
i dnow’® alaj( VR T E R F5BR, &1
ikiRo ikzRo
* *(1) P 0 (c — € )
4 : dnoci (ki — k3) Y oy Ry
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where
2 2 2
. Uz e kz 0'2 o kl;.

S r———— zzki—k%_,

3 83: —'1
k3~ ik

Thus we obtained three components of the displacement vector U*") and three
components of the rotation vector Q*). If the unit concentrated force be directed
along the x,-axis, then we have to put the index ,,r” instead of ,,1” in Egs. (2.17)
and (2.18). In this case we obtain the displacements U}, Q9 for j,r=1,2, 3.
These functions form the Green tensors of displacements and rotations.

Putting into (2.17) and (2.18) « = 0 we obtain the known formula of classical
elastokinetics [ 10]

U*(r) - 6J'r citRo 1 4 J e“’RO z ei‘Rﬂ (2 19)
;o 4)‘!# RQ 43@(92 6x,- 3x,. RO : .

Q7% =0,

1 *
o an(t) e (i)
2 (4 Cq 0

Let us return to the formulae (2.17) and (2.18). We assume that the concentrated
force acting along the x,-axis leads the rotation o} = Q}") = 0. This reduces to
zero the components x%,; = 1, 2, 3 of the curvature—twist tensor. Ten components
of the tensor y;; differ from zero. The waves represented by the quantities k, and k,
undergo dispersion.

Let us assume that in an infnite body only the body couples are acting, i.e. we
assume X = 0 and ¢ = 0. Consider now Eq. (2.3), we rewrite it in the form

(V2 + p) (V2 + ) (V2 + ) * + o¥* =0, (2.20)

Here

where
By = ky, Ha = ks, My = kj.

The function * is the solution of Eq. (2.20)

3 Il*
Pr=3 —r, (221)
r=1 Cr
where
1 1
Cl = E] Cz = ’
1~ M) By — H3 Hy — [fa3) (a2 — Ky
(i — 13) (1l — 13) (13 — 13) (3 — 13)
1

C3 = e
(13— 1) (15 — 1)

The vector functions I'y, I'y, I'y have to satisfy the Helmholtz equation

(V2 + y)TT = —of*, (V2 + )T; = —o¥*, (V> + u)T3 = —o¥*. (222)

81

6 Prispevky k tedrii



In analogy with the solution (2.15) the solution of Eq. (2.20) will read as follows

$¥*(x) = .[ﬂ R‘(’;(g)) ( e )dV(E). (2.23)

Let us consider now the action of a concentrated moment applied at the origin of the
coordinate system and acting parallelly to the x,-axis. Putting Y_,’-" =
= 0(xy) 6(x;) 6(x3) 0,; in Eq. (2.23) we obtain $* = (Y%, 0, 0), where

3 iprRo

c
>~ (2.24)

r=1 r

V100 = g

Substituting J* and @* = 0 into the formulae (2.10) and (2.11) we get

inyRo inaRo

* *(1) r d ( ia —C )

it PR - , (2.25)
T il - ) " 0% Rq

i %(1) 1 s el'mRn > clﬂzﬂ'o
w;=W;""= Dy —— + 13D —— )64, +

0 Ry Ry
1 elﬁlRo cl,l.lzRo el;uxo)
4 0,0.(D + D + D ; (2.26)
4nIci ! J( ! Ro 2 R, ? Ry
where
el S S ol M R
= 5 = ) 3 = .
TH (e Ty w15 — p3) w3

It is worth noting that the action of the moment Y} = 6(x,) 8(x,) 6(x3) 6, leads
to the zero-value of the displacement along the x,-axis (¥7"*) = 0). Consequently
711 = 0, too. The components of the tensor »;; differ from zero. Since uy, u,, ps
depend on the vibration frequency w, all the types of waves appearing in (2.25)
and (2.26) undergo dispersion. Passing to the classical theory of elasticity we obtain
P =1,

Now we may easily pass from the formulae (2.25) and (2.26) to the quantities
Vi®, Wi and in this way to the displacements and rotations induced by the
action of the concentrated moment acting in the point & and directed parallelly to the
X,-axis.

Let us consider, moreover, a certain particular case. Assume that a concentrated
force Xf = 0(x — E) §;, acting at the point § parallelly to the x,-axis. This force
will induce the field of displacements U™ (x, E) and rotations Q}® (x, §). Assume
now that a concentrated moment Y}" = d(x — M) J;, is acting at the point 0 parallelly
to the x,-axis. It will produce the field of displacements ¥;” (x, §) and rotations
W_}"“) (x,m). To the causes and effects formulated in this way we shall apply the

theorem on the reciprocity of works [6]
j(X* * 4+ Yo¥)dV = _[(X”"u + Y*wl)dV. (2.27)
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From this equation we obtain

[o0x —B) &, V7" (x,m)dV(x) = [d(x — ) 5,2 (x,E) dV(x),
¥ Vv

or
Ve (E, ) = QFC (0, E).

Extending the formulae (2.18) and (2.26) and making use of them we get

. d ei#xR — ei#zR
VHE ) =—x ' Eirk ( )
dnlci(ul = p3) | 9% R

0 [eMR _ gikaRY |
Q*O(n, ) = PGS  D—— b | = ( ,
3 dmgci(ki — k3) 1 ox, R x=n

py = ky, Ha = k.

3

x=E

(2.28)

It is seen that Eq. (2.28) —being an extended form of Maxwell’s theorem on reciprocity

known from elastokinetics —is satisfied here.

References

. Eringen A. C., Suhubi E. S., Int. J. Engin., 2, 189, 1964.

. Eringen A. C,, SuhubiE. S., ibid., 2, 339, 1964.

. Palmov V. A., Prikl. Mat. Mekh., 28, 401, 1964.

Nowacki W., Bull. Acad, Polon. Sci., Sér. sci. techn., 14, 8, 568, 1966.
Iacovache M., Bul. stiint Akad. Rep. Pop. Romane, Sér. A 1, 593, 1949.
Sandru N., Int. J. Engin. 4, 80, 1966.

. Nowacki W., Bull. Acad. Polon. Sci., Sér. sci. techn., 7, 301, 1968.
Boggio T., Ann. Mat. Sér. III, 8, 181, 1903.

. Nowacki W., Bull. Acad. Polon. Sci., Sér. sci. techn. 12, 9, 465, 1964.

SV NOULEWRN =

ot

Amsterdam, 1963.

Address of the Author:

Prof. Dr. Inz. Witold Nowacki,

Palac kultury i Nauki, p. 935

Wydziat Matematyki i Mechaniki Uniwersytetu Warszawskiego,
Warszawa.

. Kupradze V. D., Dynamical Problems in Elasticity, Progress in Solid Mechanics, Vol. 3,

83



