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W. NOWACKI
THE MICROPOLAR THERMOELASTICITY

1. Introduction

Thermoelasticity investigates the.interaction
of the field of deformation with the field of temperature and
combines, on the basis of the thermodynamics of the irrevers-
ible processes, two separately developing branches of science,
namely the theory of elasticity and the theory of heat conduc-
tion.

At the present moment, after 20 years of the
development, the thermoelasticity of the Hooke's continuum is
fully formed. The fundamental assumptions have been worked
out [1]-[5], the fundamental relations and different equations
have been elaborated, the fundamental energy and variational
theorems obtained. The entire classical thermoelasticity has
been formulated in a number of monographs.

On the background of the development of the
classical thermoelaéticity the achievements of Cosserat's con-
tinuum thermoelasticity [6-9] , are still modest. Though all

more important theorems have been derived, the domain of
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the particular solutions is incorhpa.rably smaller. The funda-
mentals of the micropolar, Cosserats' thermoelasticity were
formulated in 1966 by the author of the present study [10], [11].
We present, in a concise form, the fundamen-
tal relations and the fundamental equations of Cosserats' con-
tinuum thermoelasticity. The principle of the energy conserva-

tion and the entropy balance are our point of departure

atf —-(vi+lww)+u]d.v fCXu+Yw)d.V .

(1.1) f(p,’vba-mw)d,A fqndA
and
(1.2) fécw = - fﬂ'aTi"-Ld,A +f®d.v s

v A v

In eq. (1.1) U denotes the internal energy referred to the unit
of volume, X,, Y, are the components of the body forces and mo-
ments acting on the surface A bounding the body, W, ¢, denote
the components of the displacement vector and rotation vector,
respectively, =%, P,=w; are their time derivatives, q is the
flux of heat vector, Q the density, I the rotational inertia.

The term on the left-hand side of eq.(l.1) re-
presents the time change of the internal and kinetic energies.
The first term on the right hand side of the equation is the pow-
er of body forces and body moments, the second term is the
vower of traction and surface moments. The last term expres-

ses the amount of heat transmitted into the volume V by the
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heat conduction.

The left-hand side of the balance of entropy
equation (1.2) represents the increase of entropy. The first
term on the right-hand side is the increase of entropy due to
the exchange of the entropy with environment, the second term
expresses the production of entropy generated by heat conduc-
tion. Here @-—g.li:léi:-ﬂ , according to the postulate of the thermo
dynamics of irreversible processes.

In eq. (1.2) S denotes the entropy referred to
the unit of volume, T is the absolute temperature, ® is the
source of entropy.

Transforming eqs. (1.1) and (1.2) by means of the equation of
motion

Gup ¥ Ry = Qi

(1.3)
Gt My + Ty = 19,

where GJ-;, My, are thg components of force stress and moment

stress tensors, € is Ricci's alternator, and taking into

ik

account the definitions of the asymmetric strain tensors

B = Wij — €k P ) %= Pij (1.4)

we obtain, eliminating the quantity ¢;; and introducing the

free energy F=U-ST the following equation
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(1.5) ‘ Fo= 6+ nu%;, =TS

Since the free energy is the function of the independent vari-

ables §;,,%;, and T then

T

OF 4 , OF o . OF

) il TLLA T

it T
We assume that the functions @, q;,..Gi“ s My do not depend
explicitly on the time derivatives of the functions #;,%;, T

next, defining S o 5l we obtain the following relations
4o

(1.7) L b SmelE

g y M= ’ .
Let us return to the inequality

®=—I‘-'*—g-"'- =0 .

T.?.
This inequality is satisfied by the Fourier's law of heat con-
duction
(1;8) —q“=L%1:&

Consequently, we obtain from the entropy balance, for a homo-
geneous and isotropic body,

(1.9) TS =-qu=kT;

here K is the coefficient of the thermal conduction.

Let us expand the free energy F(g‘»;,,:af. TDinto

§u?
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the Taylor series in the vicinity of the natural state (%= a’j-ﬁ o,
T=T,), disregarding the terms of higher order than the sec-
ond one. For isotropic, homogeneous, and centrosymmetric

bodies, we obtain the following form of the expansion

+ 0 M= 0 A + €
F= M-—r?f;;b’p* =5 88+ 7 SxkBan + “KT %%+

1'" & 2%, + %—xkkxm-— VB8 - o

(1.10)

Here #=T -T, where T, is the temperature of the natural state,
the magnitudes ., o, Ao 4y B ,/3 denote the material constants
¥, m are the quantities containing the mechanical and thermal
constants. On the right-hand side there occurs the independent
quadratic invariants gi"gii* g gjiigiij , Bux¥nn and the invariant
Buk + The quantities §,,%,i, 8;i%ij> $ux ®na» ¥a® cannot enter
the equation because of the assumption of the centrosymmetry.
Consequently, making use of eqs. (1.6),

obtain the following constitutive equations

B, =t + 0Dy + (1 - 0B+ (A= V98,5, |
#Ju=(3+3)3‘31.+(¥-d)mq"ﬁ?&kk&q » ’ (1.11)

S = "xkk-'- me = '}"xkk'l-gf"e' .
T, J

Here , A 00, A4, .8 are the material constants in the isother-
mal state,Y=GA+2u)o, where ¢, is the coefficient of the linear

thermal expansion, while Cg is the specific heat at constant
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deformation. We should remark that the constitutive equation

«1 . From the

{1, 11)3 holds true only for the limitation —%
entropy balance

(1.12) . TS=-q+W

where W denotes the amount of heat generated in a unit of vol~
ume and time, from the Fourier law q;=-kT; and from the

equation (1.11)3, we are lead to the lineat heat conduction

equation

(1.13) V"G'—;—ér—'qd.wg=_% 5 qe Y 8w T-T

™

2. The Dynamical Problem of Thermoelasticity

Let us consider a regular region of space V+A
where A is the boundary containing an elastic, homogeneous,
isotropic and centrosymmetric micropolar continuum.

Let 6}-,(1‘.,1:) be the components of the non-sym
metric force stress tensor, while,l.t.}i(;,t) the components of
the non-symmetric moment stress tensor w(x,t) denotes the
displacement vector and CP(;‘.,‘IZ) is the vector of rotation. By
&=T-T, we denote the change of temperature.

The dynamical problem of thermoelasticity

consists in determining the functions
Gulzs ) 5 py(x,0) 5 gz, 0, 2%, 0, wix,t), elx,t)

and ®@,t) for x e V+A
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These functions ought to satisfy:
a) the equation of motion,
b) the equation of thermal conduction,
c) the linearized constitutive equations,

d) the boundary conditions

My =m(x, t), G;i.”;“’Pi.(-'-Est)a O=(x,t), xeAy , t>0,

(2.1)
l""i.':'fu(:_n.,t)s cPi,""'gi,(Ent) ’ 0=ﬁ(§,t) ’ :_X'-GAU', t-0

e) the initial conditions

W, = ki,(_go) ’ l:“i, = h,,(x-) s & =s(x) »
(2.2)
CPLZ lk(a) ] C.Pivﬂ SL(.&) ] X "v ] t =0 e

The functions p;,m, f;,g,,¥ in the boundary conditions and k;,h;
5, L, , S, in the initial conditions are given functions.

Let us pass to fhe representation of the differ-
ential equations of the problem choosing as unknown functions
the displacements w(x,t), the rotations ¢(x,t) and the temper-
ature ®(x,t). Eliminating the stresses from the equations of
motion by means of constitutive equations, expressing them
by the functions w and ¢ , we obtain, together with the equa-
tion of heat conduction, the following set of differential equa-

tions of thermoelasticity.
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Uz‘_‘.i' + (A + g - oc)graddivw +2ocurle + X = Vgrad. ¢ ,

(2.3} . I:I*cf +(p+§ -s)gra.d.d.w'? +2otcurlw +Y =0,
Ve - Lé - Naiv L S :
% %

where O,=(u+o)V*-0df , O,=(+§)V*-4e - T}
We have obtained a coupled system of seven equations for sev-
en unknowns, namely three components of the displacement u
three components of the rotation ¢ and the temperature & .,
These fields can be generated by loadings, a surface heating,
body forces and moments and heat sources.
In eqs.(2.3) the mutually independent functions
w, ¢,® are coupled. The change of deformation field generates
the change generates the change of temperature and vice versa,
The coupled system of equations (2.3) is com-
plicated and inconvenient to deal with; hence, our prime objec-

tive will be to uncouple it.

The dynamic equations of thermoelasticity
Ouw + (A +u -oo)graddivw + 2o curl P+ X = vgrad.-é' "
(2. 4) O+ (B +§ -€)graddive +2ocurl w +Y = 0
?

D& - ndivi =_% b=v:-La,,

can be separated in two different ways. The first way, analo-

gous to Lame's procedure applied in classical elastokinetics,
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consists in the decomposition of the vectors w and P into po-

tential and solenoidal parts, respectively

w =grad @ + curl ’ divp = 0,
(2.5)

¢ =grad ™ +curlH " divH = 0.

Decomposing in a similar way the expressions

for the body forces and the body couples

X =@(gradd + cu..rl.zc) . d.tvp_c =0,
(2.6)
Y =J(gradG + curlq) x divy = 0,

and substituting (2.5) and (2.6) to the equations of thermoelas-
ticity (2.4), we obtain the following system of equations
0 +0=v¢, )
DG - 0, VP = -2
7? t % L]
D,I" +]-6 =0 s
D21I1+.20ccur1}j+97_¢=0 ; L (2.7)
OH +20ccurlys +Jn =0
p=v*-Lg
o k0

4

: 2
O, = V- -0} - 4o .
Cs

The complex system of equations of thermo-~

elasticity has been reduced to the solution of simple wave equa-
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tions (2.7). Eq. (2.7)1 represents a longitudinal wave, (2. ?)2
the heat conduction equation, eq. (2. 7}3 the longitudinal micro-
rotational wave, eq. (2. ?)4, (2« 7)5 correspond to a transversal
displacement and transversal micro-rotational wave.

The form of eqs. (2.7), and (2.7), is identical
with the form of the longitudinal wave equation of the classical
thermoelasticity; on the contrary, eq. {2.7)3 is a new one,
namely the Klein-Gordon differential equation. Let us notice

that eqs. (2.7)1, (2.7)2 and eqs. (2. 7)4, (2.7)5 are mutually

coupled.
After elimination, we obtain
(@D -7 = -2 -gdF
' Q 2
@D -vpavHE = - —;6—-—917015? v,
(2.8) 4 Or+Jeg =0,

(@,0, + 40" Vs = 200 curln-@0,x ,

[ (@,0,+4eV)H =20ecurlX - T O,m

We shall consider first the propagation of
thermoelastic waves in an unbounded space.

If the quantities G,X,'q and the initial conditions
of the functions r‘,lir, H are equal to zero, then in an unbounded
elastic space only dilatational waves will propagate. Eq. (2. 8)1

describing the waves is identical with that obtained for the elas
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tic classical medium (with no couple-stresses). These waves
are attenuated and dispersed.
Since

U':.=‘I’,i,: @, =0, '6’;5."‘51’,};, %:,=0, (2.9)

we have

65} = 2’}‘1’ (Q,irj.h ‘si.j.@,kk) + ?8%(@ i ﬁ') ’ G‘ci@) = 0. (2511100

If Q,¥, %, are equal to zero and the initial conditions of the
functions Q,@ ,§s,H are homogeneous, then in an infinite medi-
um only microrotational waves, described by eq. (2. 8)3 prop-

agate. We have namely -

w,=0, ¢, =10, %=l ¥4ir=0 » Sejis=—€uy Nk - (2.11)

Couple-stresses and force-stresses will ap=

pear in the medium forming the symmetric tensor i

Moy = 28 T4 +ﬂ'5.;‘;r,'kk » Meiys=0, 05 =0, divw =0 , (2.12)

and the asymmetric tensor 0

Opij>= 2 gdp s Oup=0 .

The propagation of these waves is not accompanied by a tem-
perature field.
Finally, in the case when the quantities Q, 7,

G are equal to zero and the initial conditions of the functions
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¢ 3 ', Q are homogeneous, only transverse waves propagate in
_an infinite space (described by the eqs. (2. 8)4 and (2. 8)5). In
an infinite medium these waves are not accompanied by any
temperature field. Since divw=0 they do not induce any changes
in the voh-u'ne of the body.

In a finite medium all three kinds of waves
discussed here appear. Eqs. (2. 8)1 and (2. 8)5 are coupled by
means of the boundary conditions.

The second method of separation of the sys-
tem (2.10) is analogous to that applied by Galerkin [12]to the
classical elastostatics and by M. Iacovache to the classical
elastokinetics [13]. Functions of this type, suitable for asym-
metric elasticity were established by N. Sandru [14] .

The functions of this kind for the case of the
dynamic problems of thermoelasticity have been devised by
W. Nowacki [15] « These functions have been derived by anoth-
er method by J. Stefaniak [16].

Below we give the final result of the separa-
tion, We represent the vectors 4,9 and the temperature &

by means of two vector functionsF, G and one scalar function L

&
I

L, MF- grad diw NE - 20ccurl 0,6 +VYgrad L ,

(2.13) = 0,0,¢ - graddiv©®G - 20ccuwrl MF

I~6
]

& =ndivd, QF + O,L ,
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where

Q = 0,0, + 4o? V* M= 0D -v4aV*,

N="rD-v9d,0 , T=(A+um-o)0-4cx?,
©@=(p+4-e)0,-40" .

Inserting the relations (2.13) into the system

of eqs. (2.4) we obtain the following wave repeated equations

Q0,6 +Y =0, (2.14)

We haveobtained a system of equations inwhich the bodyforces,
the body couples and heat sources appear separately. Let us
notice, that in an infinite, elastic space, the assumption X =0
with homogeneous initial conditions for F , leads to the con-
clusion that F =0 in the whole space. The same result holds
for the function G=0 with Y=0 and L=0 with Q = 0.

Eqgs. (2.14) are particularly useful in the case
of the singular solutions for an infinite, micropolar space.
Such solutions have been obtained for the case of the action of
concentrated forces, concentrated moments and heat sources
harmonically varying in time [17] . Then eqgs. (2.14) simplify

to a simple system of elliptic equations.



118 W. Nowacki '"The Micropolar Thermoelasticity"

In this case we obtain the system of equations
AT+ kDT KDV uD(VP ) F e X =0,
(2.15) 4 B(I*+ KDV KT+ kDG +Y" = 0
C(VPem®)(V2 O + QY% =0,

where
X=X%x)e"", Y=Y"x)6"", andso on,

Let us return to the fundamental equations of
thermoelasticity (2.4). Passing to the cylindrical coordinate
system (r,",z) and assuming that the deformation possesses
the axial symmetry, we obtain two independent systems of equa~-
tions.

In the first system of equations the following

components of the vectors w,

@, X,Y grad & , appear

we=(u,,0,u,) , 9=00,9,,0) , X =(X,,0,X,), Y =(0,Y,0) ,

(2.16) 06, 00
gr-a.d.G;;(a-;, 0, o) -

Now the system of equations has the form

(,u,+o¢)<V - *—)u‘ +( AN+ - oc}-—_-zoe,%ﬁ +X,.=-~)g~g +(;)Li,r. 5

(2,17 =3 (/u,+ot.)Vu., +(A+um - Oc)-—+200 (ftpe)+xz=“’g'—e-+?um
Z

($+8)(V——>cp& +o¢<pe+2m<au"’ ??":”" +Yo =T ,
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2 | Q
(v_;j_z)e_ S8 -n0%e = - (2.17)

where

10 du, e 00 o0 4G . G
© rt?r(w"r)+c')z y o v ar t o

In the second system of equations, character-

ized by the vectors

w=00, ug,0), tf“(‘?\-a 0,9, X=(0,X0), Y =(¥,.,0,Y,) , (2.18)

the thermal terms vanish, therefore the vectorsw,¢ do not
depend on the field of temperature,

The system of equations takes the following
form

(‘E+B)(V’: #)cp,.-"r“?r*‘(ﬁ*»tf- e)%’é —20{.%3;3 +Y, = IéPra 1

%o, - +(P+y- 9% i‘-‘-i =Jé& >
(8 +Ed)V%p,—4eccp +(P+3 a)oz«:-zr Ep (rug)+l, =J& , (2.19)

(e + m)(V’-_ }%)u,&+ Zoc(%%' = %%) t Xg = Ql'i-a, . J

* Similarly in the two-dimensional state of stress
the system of equations (2.4) can be split into two independent
sets of equations. Under the assumption that the deformation

of a body does not depend on the independent variable x, the
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following vectors

w El(t.b" Wy, 0) ) CP’(O, o, (Ps) ’ )_< E(xh xz,& 0) »
(2.20)
Y =(0,0,Y;) ’ gfa-d'e’ — (aie'; d,6,0) ,
occur in the first system.

Here the system of equations has the form
[(p+ )V 00, Juy + (N + b -x)D,@ + 2000, p, + X, = VO
(2.21) [Cp + 0V O Juy+ (A4 o - o), - 2000,y + X, = VO, &
[(8+ €IV 40c - JOFepy+ 206 Oy - D) +Y, = O .
(Vz_ :_Gc?;)&wa?c?‘e =-Q/%, e=0u +du, .
The second system in which the components of the vectors

(2.22) w=00,0,u), 9=0p,,9,,0), X=(0,0,X),Y=CY,Y,, 0,

appear, is independent of the field of temperature.

We have already noticed that for an infinite
space and P -wave the results for the micropolar and Hooke's
continua are of the same form.,

Thus the following question arises: does the
same situation occur for certain bounded bodies? It is easyto
observe that such cases concern the one-dimensional problems.

Thus if all the causes and effects depend only

on the variables x, and t, then we obtain the following system
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of equations

[N +2)02- (;oa,j‘]u,1 = Vo8 ,
] (2.23)
(a‘i— ;af')e’_ 7281:61""15‘% ’

which is exactly of the same form for Hooke's and micropolar
media.
If all the causes depend on the variables

2, 2 .
r=0+x,) and t then the system of coupled equations

@S +2.;1.)<V:'— ;E—)u,,,— Qik,. = ¥ % . 1
a)e 12(‘)(—- -—-—(r'u,r)) 73'; L (2.24)
Vz 02‘ 0

P r-r?r’

has the same form both for Hooke's and micropolar media.

Likewise the equations

(l+2,l&)<va Wg ~ ?UvR—\Jgg ’
(2.25)
2 1 1 > 2 0* 2 9
(V c?t)ﬂ' 0tR"0R(u R®) = 7&’ Vi oR* " Roar

determining the strain symmetric with respect to a point, have
the same form for both the media.

So far all more important general theorems
have been derived, let us mention here the principle of virtual

work, the theorems of energy, the reciprocity theorem, the
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generalized formulae of Somigliano and Green. We shall not
dwell on these problems referring to the bibliography [10] .

We have given a short review of the results of
the dynamical thermoelasticity. The theory can be considerably
simplified by neglecting the coupling of the thermal conduction
equation with the equations in displacements and rotations. We
disregard the term -pdivi in the heat conduction equation.
This simplification does not influence the magnitude of stres-
ses and strains, however it does change the qualitative picture
of the problem. From the wave equation (2.8)1 it results that
the P-wave is attenuated and dispersed; on the other hand
when we disregard the term ’qd,ifu'tl the P-wave consists only
of the elastic part (which is neither attenuated nor dispersed)
and the diffusive wave. Besides, we cannot obtain any informa-
tion on the amount of the dissipated energy from the simplified
theory.

In recent years the dynamical problems of
thermoelasticity have been extended on the Cosserats' contin-
uum of viscoelastic properties. D.Iesan [18] has given a few
general theorems for such a continuum (the reciprocity theo-
rem, the variational theorems and the uniqueness theorem).
He also examined with full particulars the plane dynamical prob
lem [25] . S. Kaliski [19] has given the fundamentals of the ther-
mo-magneto-microelasticity. By this term we understand the

coupling of the field of deformation ( of the Cosserats' continu-
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um) with the field of temperature and the electromagnetic field

in the conductors.

3. Stationary Thermal Stress Problems

For a stationary heat flow the time derivative
in the thermoelasticity equations disappears and all the quan-

tities take the following form
(o + )V + A+ . - o )graddiv w + 200 curl @ = vgrad.®,
(8 +E) V% ~ 4oeep +(P +4 - E)grad.div ¢ +20ccurlu =0, (3.1)
Vig -2 |
%

The equation of thermal conduction has become an equation of
the Poisson type. We determine the temperature Q from eq.
(3. 1)3 and substitute it, as a known function, in eq. (3.1)1.
Only eqs. (3. l)1 and (3.1)2 are coupled. The easiest way to ob
tain the solution to the system of equations is to introduce the

potential of thermoelastic displacement
u' = grad (3+2)

and to assume that ¢'= 0.
Substituting (3.2) in eq. (3. l)l and (3.1)2 we

reduce the system of equations to the Poisson equation
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(3-3’ vz@=me, m=
We express the stresses by means of the function ¢ :

(3.4) G':; = G‘;i. = ZM (‘i’,u}‘ 6i.;vz‘1’) ’ ML‘; = Q

These quantities constitute the complete solu-

tion for an infinite space and are identical for Hooke's medium
and for Cosserats' medium. If the region is bounded we add to
the stresses G, u; such stresses 6':& - ;,r,'.:& that all the bound-
ary conditions are satisfied. The stresses 0; , uj; are connect-
ed with such state of displacement and rotations w’, ¢” that

satisfies the following homogeneous system of equations

(o + o)V ' + (A + - x)grad. div w’+ 2ocurl "= 0 ,
(3.5) »
(§+E)V*Q"- 4"+ (P +§ - EDgrad div "+ 2occurl u’ =0,

Similarly as in the classical thermoelasticity here too we have
the '"body force analogy' [20], [21] . The principle of the vir-

tual work is our point of departure
/-(Xi.awbﬂ'iﬁcpi,)d,\H (pdw, + mbﬁcp-b)d.A -
v A

(3. 6) - f (6,84, + 1,3, ) AV

v
It says that the virtual work of the external forces (body forces

and moments, tractions and surface moments) is equal to the
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virtual work of internal forces. Substituting the generalized
Duhamel-Neumann equations to the right-hand side of the equa

tions we obtain

/‘(Xﬁuﬁﬂﬁcﬂ)dﬁa‘- (p.Ow,+mdep,)dA =

A y
- 8N - %&Sgkkd.v o
\%

where

A
H =fw av, W =,ub,(a,}-,g¢a,p+ ‘Z_gkkﬁnn + mﬁci-pgci.‘p *

D
+ 4 KMot 7 Hokk@onn + & %oij>Pcij> -

Eq. (3.7) can be represented in the form

OH = / [(X V800w, +Y,0¢p, 1AV +
(3.8)
+f[(pi,+ Yon)u + mdp,]AA .
A

Now we shall consider an identical body (i.e.,
of the same form and material), but placed under isothermal
conditions. Let the body-forces X! and the body couples Y,*
act on the body. The tensions p, and moments m; are as-
sumed to be given on the surface A, , while displacement W}
and rotations cp: on A, . We ask the following question: what
should be the quantities X! and Y - expressing forces and
couples acting inside the body -~ and, on the other hand, the

quantities p’: and m? - expressing the tensions and moments
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acting on the surface Aj; - with identical boundary conditions
for A, in order to obtain the same field of displacement w,
and rotations ¢, in both. viz., thermoelastic and isothermal
problems. To get the answer, we shall compare (3.8) with the

virtual work equation
(3. 9) 6'}{;=./(x:6wa+Yf'8ch)d.\/+ (préu, + mfﬁcpt)dA.
v A

In view of the identity of w;, and ¢; f{fields,
the left-hand parts of eqs. (3.8) and (3.9) are identical too;

thus, we obtain the following relations
X=XV, , Y=Y, xeV,
(3.10) Pl=p,+V0n, , mi=m,, xchg,

w *
Wi=uw, , @ =9 , XecA

™ w*

Relations (3.10) represent the body forces
analogy by means of which each steady-state problem can be
reduced to the isothermal problem of the theory of asymmetric
elasticity.

Now we may ask the question whether the solu-
tion to the stationary equations of thermoelasticity can be com-
bined from two parts, the first of which is identical in the form
with the solution of the classical thermoelasticity. The answer
to this question is affirmative.

Following H. Schaefer [22], let us introduce
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the vector
i
E=7 curlu-9 (3.11)

and eliminate the function ¢ from the system of thermoelas-

ticity equations. We obtain

sV % + (A +pdgrad divw -vgrad 9 = 20curl §
(3.12)
[(8+E)V 41T +(p+ ¢ - )graddivg = (g +)Vcurlu.

Let us combine the solution of this system of

equations from two parts
wewew , Te¥eF, Te0.
Thus the system of equations (3.12) is split into two systems

of equations

AV £ (N4 pdgrad. divi’ = Ygrad®, Vieurlw =0 , (3.13)

and

MV + (N + ) grad.div w’ = 2occwrl §7
- (3.14)

[(§ + )V - 40 1T+ (P +4 - €Dgrad din §" = ;_(g eV curl w .

Let us note that the system of equations (3.13)
is identical with the corresponding system of classicalthermo-

elasticity., (However, the constants u, A occurring in eqs.
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(3.13) refer to the micropolar body).

Therefore the solution v' can be taken from
the classical thermoelasticity. This solution satisfies eq.(3.13)
and the corresponding boundary conditions. Since §'=0, which
is equivalent to the assumption that §/;, =0 , the tensor §, is

symmetric. Also the force stress tensor is symmetric

(3.15) 5':.; = 2'}"““5(",3)*' Mk - ‘1?,0')8;'& .

However the assumption §’=0 is equivalent to the assumption
¢'= %cu.r"l- W . Since ¢’# O then there exists the tensor %, =

- (?;,J and the moment stresses

(3.16) M = 2p Ry + 2ER s + P%y 65} ‘

The solution of the system of equation (3.13) satisfies only
part of the boundary conditions. If, for example, the boundary
is free from loadings, then the condition 5{; n, = 0 is satisfied
while condition ;,z.:,};né =0 1is not satisfied.

In order to satisfy all the boundary conditions
the solution w’, §" of the system of equations (3.14) is neces-

sary. The boundary conditions connected with the system of equa

tions (3.14) have the form

(3.17) Gin, =0 ) (i + o, =0

E.Betti's theorem of reciprocity of work consti

tutes one of the mostinteresting theorems in the theoryof elas-
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ticity. The theorem is very general and contains the possibility
to derive the integration methods of the equations of the theory
of elasticity by means of the Green function. We succeeded in

generalizing the theorem in the case of micropolar thermoelas-

ticity. For the case of the stationary problem it has the form

Jxutexgav [cpui emeDan s v foyav -
v A v
(3.18)

=f(>(,.u¢ +Yip,) dV + [ (piu,+ mip, DdA + vfe'gkkd.v.
A4 A v

We consider here two systems of ''generalized
forces' acting on an elastic body and the corresponding ''gen-
eralized displacements''. The first group includes the body
forces X,, the body moments Y, , the'tractions p,, the sur-
face moments m;, and the temperature field. The displace~
ment W the rotation ¢ and the temperature © constitutethe
generalized displacements. The second system of forces and
displacements can be distinguished from the first one by the
"primes''.

Consider a bounded body, rigidly clamped on
A, andfree from loadings on A, . Assume that the heat
sources act in the body, while the surface A=A, +A4 is heat-
ed. We have to determine the displacements u and the rota-

tions ¢ in the body.

In order to determine the displacements u (x),
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x €V we consider a body of the same form and the boundary
conditions in the isothermal state. Let the concentrated force
X, =0(x - 5)3“‘ act at a point éeV and produce such a dis-
placement field Uf”(:;;.,g) that it satisfies the homogeneous bound-
ary conditions (w=0, lp-.= 0 onA_,p=0,m=0 on Az ) . We obtain

from eq. (3.18) for Y,=0, Q=0

(3.19)  w®=9 foe 2B avw, zev, k=1,2,3.
; P

The symbol Uff(é,g) stands for the dilatation
at the point _§ due to the action of the concentrated force X
situated at the point 5_ .

Let us place at point 5 the concentrated mo-
ment Y= 0(zx - E)ﬁik producing in the body the displacement
field 0™z, £) . This field has to satisfy the homogeneous
boundary conditions on A, and Ag .

Assuming that X;=0 , Q=0 , we obtain
ek
.20)  @E=foe0 BB av), wev, k=1,2,3 .

Eqgs. (3.19) and (3.20) constitute a generaliza-
tion of Maysel's formulae [23] known in the classical thermo-
elasticity. Eqgs. (3.19) and (3.20) are very simple; in order
to determine the fields u,¢ it is sufficient to integrate eqs.

~

(3.19) and (3.20) provided the Green functions Ufk) " Ufk) have
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been determined beforehand.
In the particular case of an infinite micropolar

body, eqs. (3.19) and (3, 20) take the following form

“"i.(é) m/ ()f) " R(x gd.V(':c) (3.19)
0, (§) =0, (3.20)
or
w® = - fo@ (g V@
(3.21)

= 0

The above equations are identical with those
of the classical thermoelasticity.

Now, consider a single-connected bounded body
free from loadings on its surface and free from the bodyforces
and moments inside. The deformations of the body are generat-

ed only by its heating, We wish to determine the integrals [24 ]

18! -—-/ded.v 4 Ik=fd.imf:pd.v 3 (3.22)
v v

characterizing the deformation of the body. The first integral
denotes the increase of the body volume, the second one is the

mean value of the function ¢ -n on the body surface. If we as-
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sume that the ''primed'' state corresponds to the uniform ten-
sion of the micropolar body (p,=1- ni',GJL= 1-5;&) then we obtain

from the theorem of reciprocity of works

v v

The increase of volume depends here on the temperature dis-
tribution in the body, and the mean value of the sum of normal
stresses is equal to zero. This result is identical with that of
the classical thermoelasticity. Now, assume that the "primed"
state corresponds to the uniform torsion (M;'i.= 1(%, m =1n.).
From the theorem of reciprocity we obtain

(3. 24) I,= ?)_5_37{ vek}ixksékd'v - m—[}bkkdv .
Let us note that this integral vanishes when the tensor Gy,
is symmetric.

So far a number of particular solutions have
been obtained. Most of them concern the two-dimensional prob-
lems. It is a known fact that two plane strain state problems
exist, the first one is characterized by the vectors w=(w,, w,,0),
¢ =0, 0,¢,) while the second one by the vectors w=(0,0, u,)
and ©=(¢,, ¢,,0). Here on the variable x,. Only the first of
these two problems is connected with the field of temperature.
A few papers have been devoted to this problem, here we men-

tion the papers by G.Iesan [26], J. Dyszlewicz [27] and W.
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Nowacki [28] .

Of the two axially symmetric problems, only
the first one, characterized by the vectors w =(w,.,0,u,), =(0,¢,,0)
is connected with the field of temperature. P. Puri [29] _and
R.S. Dhaliwal [30] have discussed this problem.

Though the main framework of the linear mi-
cropolar elasticity has been worked out, a number of particular
problems remain unsolved.

The new directions consisting in the incorpo-
ration of the further fields are also encouraging. There exists
the possibility to construct the theory of thermodiffusion in the
micropolar bodies, the coupling of the electrodynamic field
with the field of strain, and so on.

An important practical meaning (for the case
of action of elevated temperature), may have the theory of non-
homogeneous thermoelasticity, which takes into account the

material coefficients varying in position and temperature.
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