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The State of Stress in a Thin Plate Due to the Action of Sources of Heat
L’état de tension dans les plaques, causé par Iaction des sources de chalewr

Spannungszustinde, hervorgerufen in Scheiben injfolge von Wirmequellen

Prof. Dr. WrroLp Nowackr, Warszawa

1.

It is known that the displacement equations of the theory of elasticity
for a plane state of stress and a steady temperature field can be represented?),
by the differential equation

P2 = (1+v)a P27, (1.1)

where @ is the so-called thermal potential of displacement, 7' (x,%) the tem-
perature, v Poisson’s ratio and « the coefficient of thermal expansion.
The temperature distribution in the plate is described by the differential
equation
2 2] 1.2
PRI = W (1.2)
W being the intensity of the source, k the coefficient of thermal conduc-
tivity and % the thickness of the plate.
The eqs. (1.1) and (1.2) can be replaced by the single equation
(1+v)e W_‘

Yo i
VAo = 755

(1.3)

The boundary conditions of the problem are as follows. The temperature
at the edge is constant. We can assume, without limiting the generality. that
T =0 at the edge. It follows that F2® =0 at the edge. The stresses due to the

temperature field are related to the function @ by the following equations, [1]:
N
ay2 ? "

= , Ty = 2 :
4 o 2 axdy
1) B. Meran, H. Parcus: Wiirmespannungen stationiirer Temperaturfelder, Wien
1953,

& =04

(1.4)
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The second condition is that of the vanishing of the normal or shear stresses
at the edge. Assuming @ =0 the vanishing stresses will be the normal stresses.
In order to eliminate the shear stresses at the edge the stresses

- &eF - OF = _ &F (L5
Op = —3y2 ' Ty = p2° T === d_u@’ .5)
must be added to (1.4).
The function F should satisfy the differential equation
PEPap-=0, (1.6)

Solving the eq. (1.5) we assume that the normal stresses vanish at the

edge and the shear stresses satisfy the boundary condition 7,,= —7,,.

The stresses due to the action of the heat are determined by the equations
Op =0yt 0y, Oy =0y+0y  Tay = Tay+Tay- (1.7)

It should be noted that the differential eq. (1.3) with the boundary con-
ditions @ =0, 2@ =0 is analogous to the differential equation of the deflection
surface of a simply supported plate. We have

@
V2V2w=—l\7 (1.8)
the boundary conditions being w=0, F2w=0.

In the eq. (1.3) W denotes the intensity of the source of heat, and it should
therefore be considered as a function equal to zero outside the neighbourhood
of the source. The function @ in the eq. (1.8) should have an analogous cha-
racter. It should be regarded as the intensity of the external load of a plate,
equal to zero outside the neighbourhood of the point being considered. ¢ can
therefore be treated as a concentrated force.

In this paper the analogy between the egs. (1.3) and (1.8) is used. The
determination of the function @ will be based on the known results of the
theory of bending of plates. The principal problem will be that of determining
the stress function 7.

We shall confine our considerations to the state of stress due to the action
of heat sources in an infinite and a semi-infinite strip of plate and in rectan-
gular plate.

2. A Strip of Plate of Infinite Length

Let us consider a strip of plate of infinite length and of breadth a, having
a source of heat located at the point (£, 0). This strip will be replaced by a
strip of plate of breadth a, simply supported at the edges and loaded with a
concentrated force ¢ at the point (£, 0). The deflection of the plate is ex-
pressed ?), by the equation:

) K. GireMann: Flichentragwerke, Wien 1954, p. 179,
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20 v . - 'Tlcrls e
w = ox Z sin o, £ 8in oc,,:rJ -——f'l—gfi, (2.1)
7T ey | 3 (au +;8 )-

where o, =nmfae and N is the flexural rigidity of the plate.
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Fig. 1

From the analogy between the differential eq. (1.3) and (1.8) and from
similar boundary conditions it follows that

o

: : C
sine, Esine, @ | -

o

0

2K
amh =
n=1

®=

ik (2.2)

where K - (1 +1:2ﬂ_
K
Using the eqgs. (1.4) and bearing in mind that the expression (2.2) can be
represented by the series

el

Ka® v : .
(D=—m"EIZLM—-E‘—(I+oc,by)31na,,§sma,lm for =0 (2.3)

we can calculate successively

2 K@ v e~y

Gp=— Ga_yf = _"ﬁn=1 P (1_“wi.?f)Sina'xafsil-l“rix!
2D KGQ ey . .
&= —2G;@ = _n—hr " (1 4o, y)sina, ésine, @, (2.4)
n=
20 KGv .
S Deges S duei e~ gin coSo, .
Tay ox oy ah “Zl i &, § 008 2,

The eqs. (2.4) are valid for y = 0.
The series in the eqs. (2.4) being slowly convergent and for y=0, x=¢
divergent, it will be convenient to represent them in closed forms

_E( 5<P) —=£€( 59’) o G O

= . L 2.5
% h y5§ % h ey h Yax’ (B8]
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where

o

1 e~y | .
p=—— Z —»n sine, £sina, ,
n=1,2,.

cosh——cos-—{x £) (2.5)

1
‘4‘_?‘2"1 1 T e e
cosh” —{; —cos— ~ (x4 §)

Tt is evident that the stresses &,, 6,, 7,, vanish at the edge and that all
stresses vanish for y — co. In the neighbourhood of the source the stresses
tend to infinity in a logarithmic manner.

For subsequent considerations it will be convenient to represent the
stresses 7., in the form

Ty = Jﬁ‘ sinfBy ( Z} S SJE;"E ;‘:;a"—i ) dp (2.6)

following directly from the eq. (2.2).
Bearing in mind that

= i a
) e = s,

3 | w (2.7)
@, (—1)"sine, & @
L e = ameh)
where
hAcosh — Asinh
e (8 B) = B ésin cosﬁzﬁlfhaf) si ﬁ.f
B ¢ésinhAcoshf € — Acoshz\smhﬁf (2.7')
72(:8) = Arginh? )\
A=Ba,
“we have
KGa* [, .
Farleo = " fﬁm (€8 sin By dp,
(2.8)

g fﬁnztfﬂ )sinBydg.

The source of heat at the point (£, 0) can be replaced by two sources sym-
metrical or anti-symmetrical in relation to the y'-axis (fig. 2).

For two symmetrical sources of intensity W/2 (fig. 2a) we have in the
system of coordinates ', 3':

HOle -2 = }Zf;‘f; [12(5+€.8) +ma (5-€.6) | sinpy a,
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or

where

KGa [ o
X fﬁp‘”’ (1, €)sinBy" B, (2.8
0

—{S)Ifl-n =% = :

B¢ cosh psinh B €' — psinh u cosh B §'
p2cosh?p

Pm {PL’ ff) £2
= _‘2

For anti-symmetrical sources of intensity W/2 (fig. 2b) we have

_(a)
T i

or

where

'L'=§=I§ff,fﬁ [ (5+€28) s (5-.8) | singras,

o . !{Ga

Tovle =3

f B (u, &) sinBy’ dp, (2.8”)

_B §’smh,u.coshﬁ§’ — pcosh psinh B §

(a)

Let us consider first the case of a symmetrical Bystem of heat sources. In
order to eliminate the shear stresses 7%, on the lines 2'= +a/2 we should
choose a state of stress 5%, 5%, 7#), such that the following equation is satis-

fied

F2p2Fe =0 (2.9)
together with the boundary conditions
2
| [ ]
-g— g .%:_E’
;F £’ atd Fig. 2a
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= o 1@ = o Fe 4 : ; ¢
o3 = {s) - =72 for x'=14

=i T2y = — 5 iz
& dyrg H Ty d:c'c:‘y’

. (2.10)

bol 2

In view of the symmetry of the sources in relation to the y'-axis we can con-
fine our considerations to the edge a’=a/2. The function F® will be assumed
in the form
-]
I = % J‘f% (A® cosh Ba’ + B®Ba’'sinh ') cos By dp. (21133
0
From the boundary conditions (2.10) we obtain

A® cosh p + B® psinh p = 0,

K Ga?
(A®+ B®)sinh p + B p cosh p = —gf—ﬁp“‘ (p, ).

Hence
A0 — _ K Ga p?sinhpp®(u,§')
477  coshpsinhp+p’
po - _coshe 4

psinh p

Let us determine the stresses from the eqs. (1.5)

=(g) _ iﬂ'f_@_@f © (¢ ) [ sinh p cosh Ba’ — Ba’sinh Ba’ cosh p|
* dmh JEPT R cosh psinh 4 p
i
-cosfBy'dp,
-]
=(s) _ EQ@J' @ (¢ ) [(psinh p — 2coshp) cosh B’ — Ba’sinh B’ cosh ]
W gy JEPTWR| T cosh psinh p+p -
1]
ccosBy df, (2.12)
- KGa 3 = sinh p —cosh u) sinh B2’ — B 2’ cosh B2’ cosh
rféf’u-=——{-f#p“"(é|fi) EEE Sl sude b it |
47 h cosh pusinh p + p
-sinfy’ df.

Let us consider the case of sources of intensity W/2, which are anti-symme-
trical in relation to the y'-axis.

In order to eliminate the shear stresses on the lines 2’= +a/2 we choose
the stresses 5., 3\, 79, so that the differential equation

P22 @ = ( (2.13)
is satisfied together with the boundary conditions

=) _ 2% Fla =(a) d* F@ —(a)

p—

x mw= s Ta'y ——755;5;;7 = =Ty for x=4-. (214)

b R
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The function F@ will be assumed in the form

°:0

Lt 4 :
Tt = 5 f e (A®ginh B2’ + B@ B’ sinh Bx')cos By’ d B. (2.15)

0
From the conditions (2.14) we obtain the system of two equations

A@sinh p+ B@ pcoshp = 0,

(A@ 4 B@)cosh p+ B@ e sinh p = 0w

from which we have

KGa  p2p@(p,¢') B — _ q@ Snhp

A@ = — —.
47 coshpsinhp—p’ jecosh

From the eqgs. (1.5) we find the stresses

= _ K('a,J' @ (1, &) p cosh psinh B2’ —sinh p B 2" cosh B 2’
#: 47h cosh pusinh . —p
! -cosBy'dp,
= _ _E_{f o (4, £') (w coshp — 2sinh ) sinh Ba’ — B’ cosh th,u
v gl s cosh psinh p — p
! -cos By’ d B, (2.16)
= KGa @ (i, &) (n cosh u —sinh p) cosh Ba’ —Ba’ sinh usinh 2’
V=" ggp )PP cosh usinh p—p =i

sinBy'dp.

It should be noted that for the two symmetric sources of intensity W /2
the stresses vanish on the lines ’=0 and 2’=0. The distribution of normal
stresses is symmetrical and that of shear stresses anti-symmetrical in relation
to the 2'- and y'-axes. On the contrary, for anti-symmetrical sources of inten-
sity W/2 the distribution of normal stresses is anti-symmetrical and that of
shear stresses is symmetrical.

For a source W at the origin of the system a’, y’ the stresses o'®, a9, 7ok
vanish,

For a source W located in an asymmetrical manner the thermal stresses
will be expressed by the equations

0, =Gt + 0@, oy =0,+0+00,  Tay = TaytTopt ey (2.17)
The solutions for a source at the point (¢, 0) can be used to determine the

stresses due to a heat source distributed in an arbitrary manmer along the

segment (¢, — &) of the x-axis. If W (¢) denotes the intensity of this source per
unit length, the function expressing the thermal potential of displacement
will take the form
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“cosydp ‘
a;-rh Zansma xJ @1 R (2.18)

where

a, =ff’W{§) sine, £d .

In the case of a source of intensity W (£,7) per unit area of the plate,
distributed over the area of the plate 2 the function @ can be expressed in

the form
(2.19)

D = _fﬂi islnm ;uf( T [JIW (é,7)sine, Ecos B (y— n)(ﬂf(ﬂq}-} dB.

n=1

If, in an analogous manner, o (%, ¥; £, ) =0 (x,y; £, 7) +0 (¢, y; £, 1) denotes
the stress at the point (x,¥), set up by a concentrated source W =1, the stress
a* (x,y) due to a source of intensity W (£, ) distributed over the area £2, will
be expressed by the integral

o* (2, y) =(£{W(§,n)ﬂ(x,f; EndEdn. (2.20)

Let us consider, in addition, an infinite plate in which sources of uniform
intensity W are located in a periodic manner (fig. 3).

o
i
T| §
_r_t.__,..r’
o g_ LW PW
2% 25 - 25 26
‘Fxl
Fig. 3

It will be convenient to express the solution of eq. (1.3) in the form of a
double trigonometrical series, the right-hand side of eq. (1.3) being expressed
in the form

K (+vaW 2K ey
V) o
& = _'“}ﬁ{_—_abk sma,tfsmcxﬂx+ b ,%ilsmanfﬁm%xcosﬁm?f:
nw mam
°‘1z=_a:: Bm=”5_’

and the function @ by the series

o 2]
P = ) Ad,sine,x+ ) B, ,sina,zcosB,y. (2.22)
f=1 1, m
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These series satisfy all the boundary conditions along the lines w=0, r=qa
and y= +b. Substituting (2.21) and (2.22) in the eq. (1.3) we obtain

« - .
= 2K sine, ésine, @ 4K Z sina, ésine, x cos B, y

Aotk 2.23)
abh n=1 Otn4 abh T, m (“'n +Bm (

This function can also be represented in the form of a single triconome-
P g £
trical series

Ka? sine, {sinax
O ﬂ; e (L) + By )], (224
where
B ()= h inh Dul s
n J)_em (COS oy Y —oy, Y SN m"y)_l-sinhﬁulcos o, Y
3, =a,b.
The stresses &,, G,, 7,, can be determined from the eqgs. (1.4)
i s 2P K@ 00 . 00,
Gy==Rly= l"’ J3J+B JdJ ZS"*W]’
n=1
’ on?® K@ dp r
6, =205 0 = Bl [oryfleory s Z a5 (2.26)
o oo _ K@ [ op a0 b sine, £ cos o, @ sinh a,, y
Tay = 2 dxdy h [‘yﬁw +y"8_x-+aﬂzl sinh?§, i

The function ¢ is identical with the function expressed by the eq. (2.5) and
the funection 6 is determined by the rapidly convergent series

9,, _ 1 Z smocﬂfamoc,ba:eoshan.; (2.26)

= nednginh 8,

It is evident that the discontinuity of the logarithmic type is connected with
the function @, the function § having no singularity. For b — co we have
f — 0 and the equations (2.25) become (2.5).

It will be convenient for the subsequent considerations to determine 7,
directly from eq. (2.23).

We have
2 - 2]
7, =20 *P _BKG o, By COS oz, @8I fxﬂgsmﬁmy (2.27)
ow By abh M (mﬂﬁ +ﬁm)2

Using the eqgs. (2.7) we find

'nylx—ﬂ 21{6& Zﬁm"h (é Bm)smﬁmy:

2K Ga? . :
"'-':rul.r-u = ~bh mz-elﬁm M2 (¢ :Bm) s Bm Y,
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whele the functions 7,,7, are taken from the egs. (2.7'), introducing g, and
A =B @ instead of B and A=Ba.

Proceeding as in the case of a strip of plate with one source we shall con-
sider separately the case of two sources of intensity IW/2 which are symme-
trical in relation to the y’-axis and that of two anti-symmetrical sources of the
same intensity.

For two sources of intensity /2, which are symmetrical in relation to
the y'-axis we have

K Ga? Bna :
11;’;)1r'|ﬁ=' =g = 4b A Z Bmp .lu'ung )blnﬁm.f ’ Hm = ?; {2'23}

T o=

and for anti-symmetrical sources

K G’ a® o
1-'5‘{;1!|$ -2 = Z ﬁmP P’m ) f )‘-111‘1 ﬁm ?f ('3"29)

2

m=1

where p@® and p@ are taken from (2.8’) and (2.8”). For symmetrical sources
we assume

1 oo
e = 7 Z e (Af,ﬁ) cosh B, o' + Bgﬂ)ﬁmx sinh B, ') cosB,,y',  (2.30)
n=1MHm

where

2 .. '
A(-’il s KGa Himn sinh Hom P(‘?JI (P‘mr'f )
" 2b  cosh Hm ginh Hon + o '

B — Otgh f-"mAg;‘:)
m )

Hm
The additional stresses can be caleulated from

=(s KGa
Ui‘.") = 2507 ZP (F’m g)fu'm

m=1

. N Pt S At
e sinhp,, coshf,, 2’ — ;B_p_e_x sinh 8, f_u}“-"h_ll_‘m

cosh Hon sinh ST, o VA cos ﬁm Y.
=y _ _KGa \ )
v __W_ZPR (P'mig)f-"m' (2.31)
nm=1
(py sinhp,, — 2 cosh ) cosh B, &' — B, &’ cosh psinh B, 2' o
cosh p,, sinh p,, + p,, mY
=(g8) KGa & ¥
T:u' = 2bh me(!‘bm!g )p'm'
m=1
3 ('u'm sinh P — cosh nu'm) sinh ‘Bm @' — ;Bm a' cosh Han cosh ﬁm @' sin
cosh p,, sinh p,, + ., By

In the case of two anti-symmetrical sources of intensity W /2 the following Airy
function will be taken to determine the stresses i, o\, 7).



The State of Stress in a Thin Plate Due to the Action of Sources of Heat 383

o0
1 1 r p , , ,
e = E Z T(A(,;f’ sinh ,Bmx +B.(,f:)ﬁm$ coshﬂmm } cosﬁm?} » (2'32J

m=1 MPm

where

B — _ 4@ bgh ey,

m
Hm

The stresses will be found from the eqs. (1.5)

KGa

2bh Z P(a’ (P’ma E’) P

m=1

3 =

GOSh Iu'm Sinh p‘m i P‘m

= KGa
(a) __ a ¢
Ty E Hon P9 (s €7) - (2.33)

me=1

: ——arm - W c0s8B,, Y,
cosh w,, sinh p,, — p,, B

w
=@ . KGa (a) Ya
TEY T T 50 mzlau‘mp D (s €7)
(14 cOSh pr, — sinh p,,) cosh 8, " — S”ih Fom P 1‘! sinh @m 3;’
cosh p,, sinh pw,, —

Sin IBNt y’ 1

For sources of intensity W located in a periodic manner over a strip of plate
(fig. 3) the thermal stress will be obtained by the superposition

0, =gp+os +ob, ete.

It should be noted that for b — oo the equations (2.31) and (2.33) become
(2.12) and (2.16). The solution given here for the case of heat sources W uni-
formly spaced by 2b, can be considered as Green’s function. It can be used
to determine the stresses due to linear or surface sources of heat located in
a periodic manner over the area of the plate.

i
_______ 3 3
4| ¢
L >t
6 l |G
w2 77 W
________ ; S0
Yixx
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3. A Semi-infinite Strip of Plate

The case of a semi-infinite strip of plate is equivalent to a strip of plate of
infinite length with a source at the point (£,7) and a sink at the point (£, —7).
(Fig. 4). In this case we have 7'=0 at the edge y =

Using the eq. (2.2) we express the function @ by the relation

P S sim,.gsm..xf‘"‘”ﬁ” noemBUtilyg, g

amh = ! (o0, 2+ B2
or
4K O . : sm B nsinBy
P=———" ) gine, fsing, ——L=dp. (3.2)
C&‘ﬂ‘h = " " .!_,‘_B?.)z

The function @ can also be expressed hy a simple trigonometrical series?®)

2 o p—thnl
D = _% Z £ [(1 +a, y)sinh o, y — o, m cosh o, n]8in 0, ESiNR, 2. (3.3)
=1

This equation is valid for 5 <y < c0. In the interval 0 <y < v y should be replaced
by 7 in the eq. (3.3) and vice versa.

On the basis of the eqgs. (1.4) the stresses ¢, 6,, 7, can be calculated.
We have

= Kd dpy
5, = K¢ [mi Pty —7) ST m’, cy+n)7;], 4
= K @4
Oy === 1= == ’?) +(1+7?) 31{ )
where
1 cosh (J q)—cus (@ — £)
e B Pt £
cosh ” (J 7)) — CoS —(m+§)
. " (3.5)
1 e cosh - (y + 1) —cos — (v —¢§)
Fa.= in

coshg(y+ 7) —cos :—: (x+¢)

It can easily be verified that at the edges x=0, x=a we have 6,=0 and at
the edge y=0 we have ,=0. The only stresses different from zero at these
edges are the shear stresses 7,

The following formula for the shear stresses 7, will be convenient for
subsequent considerations.

_ P 8KG v\ Bsinf ncosBy
g 206x8y = L Iacﬂsmocnfcosrxﬂ f—uﬂwdﬁ (3.6)

%) A. Napar: Elastische Platten, Berlin 1925, p. 160.
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Bearing in mind that

Pn Si]_"l “,,_f_': _ a® o a, (—1)sin “n'f ad
,;=l{a"‘3—|—ﬁﬁ)2 = m (& B “ZI“_" (o, +Bz s 19 (€.B)s
and
ﬁmnﬁq )
) P = e

the stresses 7., on the edges of the semi-infinite strip of plate can be expressed
by the equations

2K Ga?
h

'?-r:,flr=0 SRR

fﬁsinﬁn m (6,B) cosBydp,

_I{G‘a

'F-Jr:.n |r =a =

fﬁsmﬁn na (6,8) cosBydB, (3.7)

- 2ffG
T.ru|u=n = Z D (e, » 1) SIN Oy £coso,

where
8 (o) = Tye=ean,

Here also it will be convenient for the determination of the additional stresses
to replace the heat source of intensity W at the point (£,%) by two sources of
intensity W/2 first symmetrical and then anti-symmetrical in relation to the
¥ -axis.

Let us consider first of all the two symmetrical sources. In the system of
coordinates ', i’ (see fig. 5a) we have

l
£
,_.L >/ Fig. 5a
] Er
l— =7 %

Nlm

Ni\.

1 ®
§ ~7
J: _d >3 Fig. 5b

rfy
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B, 0 e OB g Bt @ 85 oo By
Byl g = ~ T [(psin B o (u £ cosy' B

(3.8)
-(8) !U’ =0 = 2?{?‘@0 22 ‘9\({!",1‘?’) Cos e, 6’ sin oy :I:’,
n=1,2,...

The corresponding stresses o, o), 7i¢) will be obtained by solving the Airy
equation

r2p2 pe = Q, (3.9)
with the boundary conditions
=) _ 2 FW =(s) i it —(s) @
o =g =0 ey = Spmpsdey fonai=g,
) 3.10)
_ a2 e _ 2 e B : (
U'E:n P E =0, 5-:):; =—W=‘T§)w’ for y' = 0.

These conditions will be satisfied assuming the function F® in the form

oo
1 1 , '
sl — 7 Zﬁ .OC_E (A, + B, @, y') e~V cos o, &' +
n=1,3,...
(3.11)

}EJ ~[A®cosh B &'+ B® B’ sinh Ba']sin By’ d B.
0

The boundary conditions (3.10) lead to the relations

4,0 =0, (a)

A®cosh p+ B® psinh p = 0, w= %E &

2_, B,®sin a, x —j{ (A9 + B®)sinh Ba’ + B@Ba’ coshBa'ldp =
ne=1,3,...
(c) (3.12)

o

ZKG’
= z?(ocu,q Jeosa, &' sina, @',
3

=1,3,..

B, ®e— V(1 —a,y )sma——-g [(A¥+ B®)sinh u+ B® p cosh ] cosBy'dp =
K
9% (gm0, £) 08By 4B,

1]

(d)

Using the relations (3.12a,b) and substituting the relations

. ' ’ ! o : ’
sinh fa' = Z E’ ngSine, @', Ba'coshBa’ = 3 F,gsina,a’,
n=1

n=1,

eV (1—o,y') = [C,gcos By’ dB
o
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in (3.12¢,d) we obtain the system of two equations

2K G
(3)_.“‘4(5][? IIU‘)E?‘-',H q ,U-)F“B]dﬁ-—-—!9‘((!",1])00302”5,
a-%ﬁ Bif"()xgsmT”_;.Ats)”m _ ! G —CBsinBy’ 6 (u, &),
where psinh p — cosh cosh p
" = ==
() wsinh g ’ 7(n) psinh p’

p+sinh pcosh p
wesinh g

L) =
Bearing in mind that
P
4,8 cosh 4 811 5
Bug=——=m
@ o, +p

N
45 sm —- 2 182
F,g= o TR l}_csmh p,+ :,,2 - cosh,u.] 2
4 2
Cos = ek
we can represent the eqs. (3.15) in the form
oo
2 p2 (8) o 2 g _nwy
B”_Is)+3-m—-";~sin31—n —_A ZLOOH TR Pf——; ;= — -—-—Z{fan’ e ¢ cos Eaff',
“ ¢ sinhp (?'.-,2-1-—"—)
" (3.14)
® ksin—" ’
16 2 a 2 KGa . 2upn
B (8) _!_A(E].( — 8ln ———— (8) N . y
g k=; k(fcﬁ ) (p) = —_—n (1, &)
2
a
p= ﬁ—-

Let us eliminate from this system the function A® (u). We obtain the infinite

system of equations
o

o
612 , . maw . kn 3cosh®pnd
B“")w——nzsm? ZBE&Jksm—_z—J. —Ig :' e 2“.’“ =
k=2 § (n +?~)(Fc +—a—) (sinh p cosh p+ )

16n2 . nm p? cosh? g (u, &) sin 24 4
- _[ - f (3.15)

-—8in — :
% 4 (n2+ ?) (p.+smh,ucosh 1)

’ _.?H'r‘n' 5
+I—-{G (ﬂ—) A cos———n:g],

T o
w=1,8,5,:%

After the determination of the integrals in a numerical manner we obtain
a system of equations containing the unknown coefficients B,. From the
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second of the eqs. (3.14) we determine the parameter A (u). Thus all the
quantities appearing in the function F'® are determined. The stresses will be
determined from the equations

=g _ O FO =(g) _ 0% F¥ =(s) 2 B

onl e e == = N — 3.16
x 3?}:2 » gy ' ? Ta'y oz ay-‘ ( )

Consider now the case of two sources of intensity W /2 anti-symmetrical in rela-
tion to the y'-axis (fig. 5b). In the system of coordinates 2, " we obtain

” KGa
?L-L-L,,,_: ——4—Jﬁ%mﬁq POu, &) cosBy dp,
0
| (3.17)
AWy mo= — 2:‘:5 Z ﬁ(a,,,q’)sin o, & cosa, .

n=12,4,.

The stresses 7%, 3@, 7@, correspondmg to this state will be found by solving
the differential equation

prp2 F@ = ¢ (3.18)
with the boundary conditions
@ _ ?fr): 0, @ - _%"5’7 = 79, for o’ =%, (3.19)
and o) = 8;:.::(:) =0, Ty = —;;%; = -7 for y' =0.
The Airy function will be taken in the form
Fa@) = ; ; -—(A @4+ B,@eq, y') e~V gin o, ' +
e (3.20)
+ % J i (A®sinh Ba’ 4 B@ B2’ coshBa’)sin By’ d B.
The boundary cond(i}tiona (3.10) lead to the system of equations
A, @ =0, (a)
A@ginh p 4+ B@ yeosh p = 0, (b)
. i "_Bﬂm)cos«ﬂm'+f°[(A<«1+B<a)) cosh B2’ + B@ By’ sinh B’ d B =
4, . () (3.21)
- 2l Y B (e, ) sine, & cos a,a,
n=24,..
B i ““Bn‘“)e*“ﬂf(l—o:ny’)cosn-?w+ufn [(A@-+ B@) cosh -+ B®psinh ] cos By’ df =
K Ga? W &
= S0 [fsin o’ 90 1, ) cos By d.
0
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Using the eq. (3.21b) and introducing the series

cospa’ = 3 @, pcose, @, Ba'sinhBa’ = i H,gcosa, ',
fe=1 n=1
where
o, 8in ok
4 S TeT
Gup = Ecosh Sy
2B a, sin 2"
Hoam—0 [Sinh - ‘EE’?“_H_] ,
i’ + By a (a,>+p%?
we obtain the system of two equations
o 2 i
B0+ {40 (1) Gp—d () HypldB = 2509 (o, ) sinn,
0
3.22)
o ke KGa (
} (¥} - a2 ! it !
2, Bieos = Crg— A () = == Bsin B/ p (. ),
where
_ pcosh u—sinhu _ sinhp _ sinhp cosh p —p
o(w) = pcosh p ’ a () ~ peoshp’ ) = pcosh ’

The quantities &,g, H, g being equal to zero for n=2,4,... the integral
in the first equation of the group (3.22) vanishes and the system of eqs. (3.22)
can be represented in the form

2K ¢ o ;
B,(@ = = & (e, ;') 8in o
Kn
g D k2 cos —— . _
161 Z B 22 2+A(")amh‘“ coshp —p = (3.23)
LA (k2+4—':~) poosh
m
KGa . 2p7q ;
= = —psin="—tp (ps &),
n=24,..,,0
The additional stresses will be obtained from the equations
- &2 Fla - o2 fla = o2 Jta)
(‘.') = “‘a‘) = —— (@), = . 3.24
[ep™ ay;g 3 Oy 3.11"2 y Ty axray: (la )

The stresses provoked by the action of a source of heat W located at the
point (£,7) will be obtained as the sum of the stresses obtained from the
egs. (3.4), (3.16) and (3.24).
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4. A Rectangular Plate

Let a source of heat of intensity W be located at the point (£,7) (fig. 6).
Using the known solution for the deflection of a rectangular plate subjected
to the action of a concentrated force at the point (£, 5)*), the function @ can
be represented in the form

o

£ ||

£

Paloy
&

Yx!
Ifig. 6

T 7 5
4 K sine, £8inf, 1

— S sine, asinf,, v,
2 n m.
abh o (@2 Bm)?

(4.1)
nw mar

Uy = a ! Bn = o
This function can also be represented by a simple trigonometrical series

[ <]

K a? 1 = ; sinh e, (b —
P=——s Z —Sina, £sine, & ——: o (b=),
wh = n sinhe, b

’ {rl +oy b Ct'gh ®n b— Gy (b - 7}') Ctgh & (b a 7?” sinh oy Y=oy Y cosh % ?f} ) {43)
0=y

Using the eqs. (1.4), we find the stresses ., &,, 7., from eq. (4.2). It will be
convenient for subsequent considerations to represent the stress 7., in the
form

=

llz(D 8 ! o - '.
oy = 20 g Ka ﬁgmgbln_éﬁij COS or,, & COS ﬁm Y (4.3)

ax ay T ﬂ.b h n,m (unz"rﬁ?}l)z
following directly from eq. (4.1).

It can easily be found that the shear stresses do not vanish at the edge of
the plate. In order to find the additional stresses 7, &,, 7, the single source
of intensity W will be replaced by four sources of intensity W/2 symmetric
or anti-symmetric in relation to the ' and ' axes (fig. 7a—d).

1) K. Gmremany: Flichentragwerke, Wien 1954, p. 195,
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Let us first consider the case of symmetry in relation to the ' and ¥’ axes.
For a single source of intensity W, at the point (£,%), we obtain from
eq. (4.3)

= _ 8KG@ o, (— 1) sine,, &
Txr:|:=r.-, =" abh Z ﬁm GOSﬁmJSln Bm’?ng oc,,"!-i-ﬁg,,)g
’.KO’ ”
=== - Z Bm M2 (Bm’ COS,BmJSJII Bm Uk (4'4‘)
m= 1
2K Gb2 | ,
Feyly=b = = Z o, Mg (0, M) SiN 01, € COB 1, 2,

n=1

where 7, should be" taken from the eq. (2.7).
For four sources W /4 located as in fig. 7a we have in the coordinates a', y'.

o= B luliren) oni-en)]
[smﬁ*n (b +7 ) +sinfg,, (Eb— q’)] cos B, (§b+ y') ;

B B KGbsi b, . b,
Teviv =3 = " gpn L[zt o) TR g T M) |
. 7] 'l - a r @ i
. [gm% (§+§)+Elnmn (E—f)]cosan (§+m).

After some simple transformations we have

(4.5)

LA Lid w W
L -;: - % ._3‘
+ i’
a ¢ >V ¢ 7 b
o W L oW n_lw
4 ¥ ] %
)" xl
=4 L w W
- # - * 'T - 4
¢ > |
;J éf
o ,_?J_E = L Ji
& &
x! x!

Fig. 7Ta—d
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I(Ga2 P '
fx':r’lic' =.§ = 4{)!& L Bmp F’m )cosﬁm U] SII'IB,“;U 3

ziskh (4.6)
KGb? ; § % j
',_-;:'H |TJ‘"—% - "m Z 05“ Pm (8“ ’ 7}' )ctmrx"f s “n €y
n=1
n,m=1,3,5,...

where

g ) = ﬁﬂl fr cogh 1""“? H“-l.h IBHJ g }J"i?l S]n h |u'ﬂl {‘n‘\h B?"
Him cosh? Fn

% . o' coshd, sinha, ' —3,sinh s, cosha, 7’

PO B ') = 3, ~cos}128 :

i b
Hm = g;';_—’ Su =2 E

3

£ (s

vol

In order to determine the stresses G, etc. the following Airy equation should
be solved

PR F =0, (4.7)
the boundary conditions being
o - S . [ORR T B
o oy'? ? %Y o'y’ el ' g1
2 F . 2F g B8
C = i 0, Taryp = Tax oy aJ =Ty for y =T

The function F will be chosen in the form of the series

| .
N Z e [Am cosh ;Bm 2! + Bm ﬁm @’ sinh ﬁm 2."] cos ﬁm Y+

km =1,3,...Mm
(4.9)
1 N
+Z“ ) 1,:;,5,...;3»5[6" cosha, o' + D, o, 9 sinh o, '] cOS &, .
The boundary conditions (4.8) lead to the system of equations
A?N CDSI] #?R + Bﬂl #ﬂl Silﬂl JLL??I = 0’ (n")
C,coshd, + D, 38, sinhg, =0, (b)
Z [[(Am + By,)sinh p,,, + B, p,,, cosh p,, ] sin B, y' +
+ 30 [(Co Dy)sinhicy '+ Dy, g’ coshin, y']sin "y = () (4.10)
_K G a®
Z B p® )(P"ma ' )cos B, Slnﬁm Y
m=1
Z [(A,,I+Bm)slnhﬁmm + B, B, coshﬁmm]mn——~-+ Z [(C,+D,)sinh3d, +

(d)
+D,, 8, coshd, |sine, 2’ = KGb a, p® (8,,71') cosa, &' sin e, x

n=1
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Expressing the following functions by trigonometrical series

w

. T ;
sinh e, Yy = Z Eu mSln Bm > %n yr cosh %y yj = Z Frr m 5111 Bm yiv
m o= m=1 2
sin B2 = 3 @, ,sina,’ ' coshBpz’ = 5 in a, 2
k M = L;l Tyom SO, T, Bmﬂ' cos Bmz = Zl‘Hn,mmn“ux ’
S T
where
. mr
4o, SD5
nm = b 2 3 cosh Su:
@, ® + B
Sln 2
4o 2
r, l=—“—— d,8inhd, B’"L sh§, |,
e b 2 2
n. +ﬁm Oy + m

we reduce the system of equations (4.10) to the system of two equations

« Tm
1 B =) sin ? cosh?s,,
A t(w,,) Bus'n —_ C,-
" " b2 ' 2 'H-=Z,... ( ﬂ2 +ﬁm)2 S]]]h 8?!
K Ga?

= = ) BmP {.ru'm ) ‘E 003 Bm L/

I o 8111%008112#," (L)
C-n t (Sn) + 2 Sln 9 Z n v =

2 m=1,3 ('xnz +Bm)2 Slnh Hom

ff@ b?
dia oy, p (3” + 7 )COS{xnf )

nm=1,3,8,...,

where
o -+ 8inh 1, cosh Fon
tHpm) = 1, S0 h
8, +sinh 8, cosh Su
t@a) = — 5 cmhs,

We have obtained an infinite system of equations. Confining our attention
to r terms of the series (4.6) we obtain 21 equations (4.11). By solving these
equations we obtain the coefficients 4,,,...,D,, which, when substituted in
the function (4.9), will enable us to find approximate expressions for the
additional surfaces @, etc.

In the particular case of a square plate and a single source W at the origin
we obtain for 4,,=C, the following system of equations
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. o cosh E.“.
4, mar+sinh mwr x Emzsln—u Z g _
mwsmhaﬂ w 2 a=ide.. (n2+m*}2smh -?
h‘ﬂb'ﬂ' (4‘12)
tgh —-
‘KzG y m=13,5,...
cosh—‘)-

For four sources of intensity W/4 located as in fig. 7b the eq. (4.7) with the
boundary conditions (4.8) should be solved. We have

o
et = Sp Ly B )c0s sy
K@ b2 _:;.’m ; j / (19
% w'|u' L= w-y ”a." p®(3,,n')sina, & cosa, ',
where
5 (1 £') = B & sinh p,, cosh ﬁmf — pm cosh g, sinh B, &
P-m sinh® 1,
We assume the Airy function in the form
1 v 1 , ) , , ,
= E,,H L ﬁfn [4,,sinh B, 2"+ B,, B,, " coshB,, '] cos B,, 4"+
2 (4.15)
- % Z: j [C,cosha, '+ D, o,y sinhe,y]sine, a’.

From the boundary conditions (4.8) we obtain the system of equations
C, cosh?$, 005—23

16 5 . o
A, 8 () ++5 Pmsin — =
(tm) bzﬁm -zZ (a,, +Bm]“8mh8"
(4.16)

_Ka
= 4{:1 BmP ){Pms§ )GOBﬁm‘l} :

K Qb L
= 4(.1 ocﬂpm(Sn,q)smu,,_g,

o, (8
n=2,4,6,, m=1,3,5,...
where i i
aled) = sinh p,, cosh p,, — ;
,u.mOOSh Hom

From this system we find the values of 4,,, C,,, the remaining coefficients,

B,, and D,,, being determined from the relations
sinh cosh 8

_B = — —_— T = — s S

i ® w coshp,,’ Dy Cn 3,8inh o,



The State of Stress in a Thin Plate Due to the Action of Sources of Heat 395

For four sources of intensity W/4 located as in fig. 7¢ the Airy function will
be taken in the form

vees Pm

1 v 1
F= ; Y. 5 [4,.coshB, & + B, B, sinhB,a']sinh B, ¥ +
a1
5 (4.17)
1 .
+ = ) [C,sinhe,y"+ D, o,y coshe, y']cos o, &',

n=1,3,... n
The boundary conditions (4.8) lead to the system of equations

K Ga?
Amf(lu'm) = Y ﬁmP( (P“m,g }slnﬁm"? )

mor
A cosh? ,, cos =5~

01;8{8:1.)"' "28111 T ) (418)
22.4, i d +Bm) Smhpm

K4Gb oy P( )(an,’? )GOSR,;&

The constants B,, and D, are found from the equations

cosh p,, sinh &
| n_ D) ==, ——%__ 4.19
" ", Sinh " "8, coshd, (4.19)

Finally, for four sources of heat, of intensity W /4, located in an anti-sym-
metrical manner in relation to the a'- and y'-axes (fig. 7d) the Airy function
should be assumed in the form

w

1 l . ¥ ! t = ’
P= ﬂ Z ﬁ_z' [Am sinh ﬁmw =+ Bm ﬁmx cosh Bmx ]Bll’l ﬁmy i

m=2,4,...Pm

" (4.20)
Z —£§ [C, sinh e,y + D, o, y'cosha, y']sine, '
=73,..%
The boundary conditions are as follows
= e F - for ' =2 & b
Toy == g = gy =3 =3
dx oy (4.21)
a b
=0 for 2 =3 =0 for y =5
where
KGa* —— ,
- = ) '
Te yl'r=,-,- =T 4bh ; Bun P’ (l-‘m!E)SInﬁmﬂ cosB, Yy’
B (4.22)
K G bB
T y’]u’ =§a§ == Z ocnp( (3,,7")sine, & cos a, 2.

=12,4,..



396 Witold Nowacki

The coefficients 4,,,...,D,, can be determined directly from the conditions
. (4.21).
We have
K Ga? e ,
A (pm) = _4_()_.5?:: P (pyy, €)8In By 7"
2
O-u 8 {Sﬂ) = 1{4(1"" oy, p@ (8" vm')sina, £, (4.23)
_ sinh p,, __n sinhg,
By = - " b cOsh By ===l 8,coshd,”

Summing up the stresses due to the states represented in the figs. 7a-d
we obtain the additional stresses @, ..., which, together with the stresses
G, ... determine the state of stress in the plate due to the action of a source
of heat of intensity W, located at the point (€, 7).

The solutions described in this paper can be used in the case of plane
strain. The heat sources at the level . will be replaced by linear sources parallel
to the z axis. '

The differential equation of the thermal potential of displacement take
the form

l4ve W
7P = ==
The stresses &, 6,, 7., are found from the relations (1.4). For a plane state
of deformation where the stresses are independent of the variable 2 we have
Tpe=0,7,=0, 6,=-20P.

The additional state of stress (@,7) is obtained by solving the Airy func-

tion, using the relations

- *F — _F - &

U“=W’ O T G T‘””=_Bwhy‘

T =0, 7= 0, o, =vI2F.
Summary

A formal analogy can be observed between the differential equation of the
thermal potential of displacement for a steady temperature field due to a
source of heat and that of the deflection of a thin plate due to a concentrated
force. This analogy is used in the present paper to determine the thermal
potential of displacement and the stresses (6, 7).

The normal stresses at the edges are found to be zero, whereas the shear
stresses are other than zero. In order to eliminate the shear stresses at the
edges, on additional state of stress (,7) (obtained by solving the boundary
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problem for a plane state of stress by means of the Airy function) must be
superposed on the state (&, 7).

The state of stress due to the action of heat sources is treated in detail for
the following cases:

a) a strip of plate of infinite length
b) a semi-infinite strip of plate

c) a rectangular plate.

Résumé

L’équation différentielle du potentiel thermique de déplacement est for-
mellement analogue & celle exprimant la déflection d’une plaque mince causée
par ’action d’'une force concentrée. Dans le présent mémoire on emploie cette
analogie pour déterminer le potentiel thermique de déplacement et les con-
traintes (7,7) dans une plaque. On trouve que les tensions normales sur le
contour de la plaque disparaissent tandis que les tensions tangentielles sont
différentes de zéro.

Pour annuler les tensions tangentielles au contour de la plaque il faut
superposer & 1’état de tension (G,7) ’état (3,7) qu’on obtient par la solution
du probléme aux limites pour 1’état plan de tension en employant la fonction
d’Airy.

L’état de tension provoqué par 1’action des sources de chaleur a été étudié
pour les plaques suivantes:

a) une bande indéfinie,
b) une bande semi-indéfinie,

c¢) une plaque rectangulaire.

Zusammenfassung

Zwischen der Differentialgleichung des thermischen Verschiebungspoten-
tials fiir stationire Temperaturfelder, hervorgerufen durch Wirmequellen,
und der Differentialgleichung fiir die Durchbiegung einer diinnen Platte, her-
vorgerufen durch die Wirkung einer Einzellast, besteht eine formale Analogie.
In der vorliegenden Arbeit wurde diese Analogie zur Bestimmung des ther-
mischen Verschiebungspotentials und der Spannungen (a,7) beniitzt; es wur-
den hierbei an den Réndern der Scheibe Nullwerte fiir Normalspannungen,
jedoch von Null verschiedene Werte fiir die Schubspannungen gefunden.
Zwecks Beseitigung dieser Schubspannungen auf den Scheibenrindern mul
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auf den Spannungszustand (¢,7) ein zusiitzlicher Spannungszustand (o,7)
iiberlagert werden, welcher aus der Losung des ebenen Randwertproblems
durch Benutzung der Airyschen Spannungsfunktion hervorgeht.

In der Arbeit wurden eingehend die Spannungszustinde behandelt, die
durch das Auftreten von Wirmequellen verursacht werden:

a) im unendlich langen Scheibenstreifen,
b) im scheibenartigen Halbstreifen,

¢) in einer rechteckigen Scheibe.



