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Summary. The subject of the considerations is a grid, the deformation of which is described by
the translations u=(0, 0, #*) and the rotations ¢@=(¢', ¢*, 0). By introducing the vector ¥ the
set of three difference equations (2.3) is reduced to the set of simple difference equations (2.5).
A few examples of solution are given in which the Fourier finite sine transformation and expo-

nential transformation are used.
]

1. Introduction. Let us consider an orthogonal grid of bars as represented in
Fig. 1. Let us denote by (x', x2, x*) a node of this grid, the neighbouring nodes
being denoted by (x!+1, x, x*), etc. We assume that the grid is regular and that
the nodes are spaced by equal distances /,, /,, 5 in the direction of the axes xt, %2, %%,
Let the rigidity for bending, torsion and tension be the same in all the three direc-
tions which are orthogonal.
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It is assumed that the external loads, composed of forces P=(P', P, P°) and
moments M= (M', M?, M%), act on the nodes only thus producing a deformation
of the system. The nodes of the grid undergo displacements u=(u', #? »*) and
rotations @ =(p', ¢, ¢*). The positive directions of u, ¢p, P and M are shown in Fig. 2.

T—[409]



8 W. Nowacki [410]

On substituting the forces exerted by the bars on the nodes into the equilibrium
equations of the latter, we obtain a set of six equations, the unknowns being the
components of the displacement u and the rotation ¢ [l, 2]. These equations are

[ Alz+}?;; di""?;; A;‘:] 1"]'““?;3 Cy ‘592'_’?;: C, p*=—P!,
(L.1) [’?;; 431+ Ai'i"?;; 43] *f2+’?:;1 C, ‘?”3“’?;3 Cs p'=—P2,
[12y 43 +1,5 A3 +43 430 +1;, Cy 9' =13, C, 9*=—P°
and | i
[‘—BJA?+'?|z(d§+6)+-'ha(di+6}]'}9]""3;2 Cz“:‘_’fis Cyu*=M',
(1.2) [1121 (47 +6)— 2 4541123 (45+6)] '?’2+’?;_3 Cyu'—ny CL=M?,
(1731 (47 +6) 435 (45 +6)— B3 43] 0* +113, Cy ut =gy, Cru' =M>.

and constitute a set of difference equations, in which the following difference
operators have been introduced

4% ot (x!, x2, x3) =" (x* +1,x%,.x%)—2¢" (x!, x%, X3+ 0! (x' =1, x%, x3),
(1.3) Cy 0® (x*, x%, x*) =0 (x +1, x%, x*)— 9* (x" — 1, X2, x5,
Cs 0* (x!, x%, x¥) =% (x!, x2+1, x¥) —p? (x!, x*—1, x%), etc.
The following symbols will denote the rigidities for torsion
_Gct . ger Gc?

ﬁ] - !;1 ’ - 12 ] ﬂ:l =_};7

where f,, f,, 5 concern the bars [, ., /5, respectively.” C', C?, C? are quantities
depending on the form of the cross-sections of the ‘bars /,, /,, l3 and G is the shear
modulus.
The symbols
EA* EA? EA?

=——, ly=—r

1 ’! 3 2 f: 3 ’773_' ‘;3 )

denote the rigidities for tension and 4!, 4%, 43 —the cross-sectional areas of the
bars, the lengths of which are /,, 1, /3, respectively. £ is Young’s modulus,

The rigidities for bending are denoted by two indices. Thus, the flexural rigi-
dities 7,,, 93, are connected with the direction x!' (the bar of length /,) and #,,,
2EI?
h
denotes the flexural rigidity of the bar /,, the moment of inertia being taken about
the x!'-axis which passes through the centre of gravity of the cross-sectioh of the bar.

Knowing the displacements u and the rotations ¢ of the nodes, we can determine
the forces and the moments at the nodes from the following transformation equa-
tions of structural mechanics [3]

Mu=1Q20,+0,) +n'(@W—v), Mu=nQex+p)+n (v;,—2),
(1.4) Tu=—=n"(pi+e)—n" @ —2), Ta=—n"(p+0)—n" (0,~v),
H:k=)-(”k_“ij, Hy=2A(u,—uw), M= L w—w1), 93?“=ﬁ(%—wr)-

713, with the direction x* and #, 3, #,; with the direction x. As an example #,, =
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Fig. 3 shows the nodal bending moments M,,, M,,, torques M, M,;, shear forces
T Ty and axial forces Hy, H,,;. Finally, the figure shows the positive directions
of the displacements u;, u,, v;, v, and rotations @, @ Wi, Wi
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- § 7 . . e =P 1k
A0 \ )(pk
Mik Tik z Mk Tki
" . =
Fig. 3

2. The plane deformation. Similarly to the theory of elasticity the plane state of
deformation will be considered by assuming that all the causes and results are
independent of the variable x*, As a result the set of equations (1.1) (1.2) is separated
into two independent sets of equations.

In the first set the unknown quantities are the following components of the
vectors u and ¢:

{2]‘) n:'(ul! HZ, 0)1 <P=(0’ Os Q’s)'
In the second set the unknowns are
(2'2) |.|.=(0, 0'! ”3)! ‘P=(§91s qﬂz’ 0)'

In what follows, we shall be concerned with the latter plane state of deformation,
for which the equilibrium equations are
[—B4T+n(45+6)+67] ¢' +n' Coud=M",
(2.3) [—BA3+i7 (41 +6)+67] 9> —7' Cy u*=M?,
' n' Co 0'—ii' Cy 9+ 47 +1"" ADu*=—P?,
where the following symbols have been introduced

EI EI? B EIt EI? GC! GC?

0 P Ty T e

The set of Egs. (2.3) is characterized by a symmetric matrix of coefficients, which
is a consequence of the reciprocity Betti theorem. Let us introduce the following
expressions of the quantities @', 2, u® in terms of a stress functions constituting

a vector x=(x', x% x°)
0! =(Dy D3 =72 CY) x' —n'' CL Cy > —=n' Ca Dy 1%,
(2.4) p*=—n'ij' C; C, x* +(D, D3—n'* C3) x*+i' C, D, 2°,
' W=—n'CyD, x'+ii' C, Dy y*+Dy D, 3,
where the following difference operators have been introduced

D= —BA3+4(42+6)+6y, D,=—-BA5+7(41+6)+6y, Dy=qi"A4i+n" 43.
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On substituting (2.4) into Eqgs. (2.3) we obtain a set of three separate equations
(2.5) Qpt=M', Qy*=M?*, Qy’=-P3,
where

Q=D,D,D;—7'*C3D,—3'* CiD,.

Let us observe that the vector y plays the same role as the Galerkin vector in static
problems of the theory of elasticity. The solution procedure is as follows. For
prescribed right-hand members of Eqs. (2.3) we solve Eqs. (2.5). After determining
the vector y we find the functions ¢!, @2, «® from the expressions (2.4).

Let us consider an infinite lattice of bars in plane deformation. To solve Eqgs.
(2.5) use will be made of a Fourier transformation developed by Babuska [4] in
the form

F lp(', x*]=¢(a', o) 2 2 p(x', x?) exp [i(a! X' +a? x?)],
(2.6) l=—w ¥¥=~w
f-'[rﬁ(m*,«m:qo(x' =

f ftp(ac o) exp [—i(e! x!+ o? x?)] dot do?,

B A 1

4?:2

where ¢ («!, «?) is the Fourier transform.
In further consideration the following relation will be essential

@7 F [p(x' p! ¥ 4p?) =G (a1, 02) exp [+ (s p* o2 p?)].

Let us perform the Fourier transformation on Egq. (2.5),. We find

=m x=w

(2.8) 2 Z (Qx' —M") exp [i(a! x' +a* x?)]=0.

Bearing in mind the definition of the Fourier transformation (2.6) and the relations
F (4% )=(™ -2+ ) 7 =2(c03m‘-—l)55‘1,
F(Cy x)=("" —e™"") #*=2i sin o' 7,

occurring when (2.7) is used, Eq. (2.8) can be transformed to obtain

(2.9) Q(al, 02) 71 (', a®)=M" (o, a?),

wheré

Ol e)=9, D, D3+ y 19,40y D,
and

-@1"’?‘71"1902"'6(’?4'3’), D,=na*—PBa’ +6(7+7),
gaz l+’?r’ 2 .
=2(cos o' —1), 0%=2(cos «>—1),

=2sin o! y.=2sin o2,
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On performing the inverse transformation we have

M‘[oc o?

(2.10) x'= P exp[—;(m x'+a? x?)] dot, do, ete.

— =%

Let us consider the case in which a force P3=§,, .1 dx . acts at the point (&', &)
(unit forces acting on the nodes in the direction of the x> axis, along a line crossing.
the point (¢!, &2). From Egs. (2.6), we have

xl=w xl=m

Pi= ) 2 Ses x1 O xa €Xp [ (o) X! + a2 X)) =exp [i (" &' +u? E2)].

M=—gg x?=—pp

In our’case M'=0, M?*=0 and we have y'=0, y>=0. From Eq. (2.5); we have

(2.11) y°(xt, 25 & ﬁz)"——‘ff Sl QC(:C(:!)“ ) da! do?

From the expressions (3.4) we find
(2.12) p'=—n"Cy;Dyx*, ¢*=ij'CiD,x*, uw=D,D,yx*.

where the quantities ¢!, p?, u* may be considered as Green’s functions for rota-
tions and translations, due to the action of the concentrated force PP=I.

Let us consider now a region of a frame grid bounded in the x' x* plane and
extending indefinitely in the direction of the positive and negative x*-axis.

Let us assume that the translation «* vanishes along the straight lines x' =0, m,
x2=0,n.

In agreement with this assumption let us assume for u® the following double

trigonometric series
m=—1 n—1

(2.13) £ = Z 2 iy, Sin o, x* sin ff, x*,

y=1
where
IT v

From Eqgs. (2.3) we find the next functions

= 2 @py SIN o, X' cOS B, X2, = Z @2, cos o, X! sin B, x*,

v ", v

M= 2 M, sina, x' cos p,x2, M*= 2 M3}, cos ¢, x" sin fi, x*,
o,

v

R . .

3 k| 1 2

P3i= 2 P, sin e, x* sin ff, x2.
v

On substituting these into Egs. (2.5) we solve them, thus finding

1

L1 "
(2.14) = Z 1 Sin o, x! cos f, X2, etc.
N Ql“’
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Here

Y "y v?

Q,y=D}, D2, D}, +7"2 y2 D}, +1'2 y2 D3
where

D;‘.=?]O'p—ﬁﬂ',+6(??+}’), Dﬁv=f-?0'v—ﬁﬂ'u+6(’?+ﬁ): Dﬁv:’?”g.u'l"?”gw
and
o,=2(cos a,—1), o,=2(cos f,—1),

ya=2sina,, py==2 800 B
use having been made of the relations
A2 (sin o, x')=sin a, (x' +1)~2 sin o, x' +sin o, (x' — 1) =0, sin o, x?,
C? (sin o, x') =sin o, (x'4+2) —2 sin o, x' +sin o, (x! —2)= — 72 sin e, x!, ete.

Let us consider the particular case of forces P=1 acting along the x’-axis at the
point (¢!, £2). Then, for P?=d. .\ Ja, We have

e n

Pes—— S 6111 O a sin 2, x! sin f, x? =——sin o, &' sin f, &2,
mn S o mn .

In this case =(0, 0, ¥*), and

: 4 sin o, &* sin f, &2
; Py X :
(2.15) =0 o

¥

sin &, X! sin /8, x2.

The rotations ¢!, ¢* and the translation »* will be found from (2.12).

Let us consider the particular case of a plane grid. In this case the grid is no more
continuous in the direction of the x*-axis, therefire we must set y=0, 7=01n (2.3) [5].

Let us consider such a plane grid in the form of an infinite strip of width
a,=ml,. This problem can be solved by successive application of the Fourier sine
and exponential transformation. Solution will be given for a concentrated force
acting at the point (¢!, £2) with M'=M?=0. The function y* is expressed by the
equations

: ; = . ) ¥ cos o2 (x2—£2) do?
(2.16) 7 =—EZSm o, €' sin oy, X J o

=1 (4]
where
0 =DI DZ .D3 _I_—-'Z.,ZDZ + 2 ZDI
e e Ppa Ppa TH 7 Yy Ly T 7 Y Ly

and

Dj,=?}6“-ﬁaz+6,?, 'Djzm.—_jio'z'_ﬁz g}t+§ﬁ! D3¢=Pf"ﬂg+q?';o-2,

o*=2(cos a®—1), j2=4sin? o,
The quantities ¢', ¢?, u® will be found from Eqs. (2.12). Let us consider also the

particular case in which crossed bars are connected but do not penetrate each other.
In this_case the rigidities for torsion of crossed bars should be set equal to zero

(B=p=0).
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In this particular case the solution of the set of equations (2.3) is simplified
considerably, With flexural rigidities in the directions x', x?, we obtain for M'=
=M?*=0, the equation

' l
(2.17) 5‘}?—,' .
where -

D=A43(4246)+ 45(4;+6).

D= (43+6)(43+6) P?,

N

Let us reconsider Egs. (2.3) for loads independent of the variable x*. We have the
equations
(218) Kl gﬂl"__Ml! KZQJZ_E’CI IFJ=M2$ _ﬁ,cl $2+K3H3="—P3,
where

Ki=—p4i+6(+y), K,=ii(4i+6)+67, Ky=i"47.

The angle ' is independent of the loads M2, P3. The set of equations (2.18) can be
solved in a very simple manner as a set of ordinary difference equations of the
second order. On introducing the expressions

(2.19) P*=K3 >+’ C, x>, w=q'C p*+K, p*
we find the functions x?, y* by solving the equations

(2.20) Qy?=M2, Qp*=-p3

where

Q=K,K,—ii"*C2.

Knowing y?, * from the solution of Egs. (2.20), we find @2, u* from the relations
(2.19).
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B. Hoeauxu, JeyMepuas zajgaua AJjsi OPTOrOHAILHBIX POCTBEPKOB

Copepwanne. B pabore paccMarpupaeTcsi TakOH TNpaBWIbLHBI NPOCTPAHCTBEHHDIT POCTBEPK,
B KOoTOpoM neopMauus onucrsaercsa vepes nepemeinenus u=(0, 0, #*) u npawenue ¢ (p’, p*, 0).
Ilytem BBEJEHMA BEKTOPA ¥, B NPOCTYIO CUCTEMY PA3HOCTHBIX ypapHeHuii (2.5) BBOJMTCA CHC-
Tema Tpex Pa3’HOCTHBLIX ypaBHenuit (2.3). IlpuBojsiTcs HeCKONLKHE TPUMEPHI PElIeHHid roy-
HEHHBIX € NPHMEHCHHEM KOHEYHOTQ CHHYCOBOTO Hp&OSpaaoamma H IKCOOHCHUMANLHOIO IIpe-
obpaszosanus Pypee,



