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Summary. The solution of axial-symmetric problem of micropolar theory of elasticity based on
the generalized Love’s functions has been given by the present author in [1]. In this note we advance
a markedly simpler solution of this problem, owing to the introduction of elastic potentials @, ¥, 3.
Differential equation is derived for the potentials as well as relations of compatibility connecting
the potentials di;and 9. The application of the elastic potential is exemplified by the elastic half-space.

In the final part of the note the thermo-elastic axial-symmetric problems are discussed. The
application of potentials to the thermo-elastic problem is explained recurring to the example of
clastic half-space heated on its bounding surface.

1. Introduction

The solution of basic equations (in displacements and rotations) of micropolar
elasticity has been presented in [1]. The way fo the solution consisted in introducing
generalized Love’s functions. Hereafter we advance the solution of these equations
by using the elastic potentials.

The state of deformation of a micropolar body is generally described by a system
of six equations. We write them here in the vector form [2—S5].

(w1) { (u+a) V2 u4(A+pu—a) grad div u4-2a rot +X=0,
' (y+£) V2@ —daep-+(f+y—¢) grad divep+2a rot u-+Y=0.

Here u denotes the displacement vector, ¢ stands for the rotation vector. X is
the vector of body forces and Y denotes the vector of body moments. The quantities a,
B, v, & u, A are material constants.

Passing from Eqgs. (1.1) to the system of cylindrical coordinates and assuming
that the problem is axial-symmetric, we obfain from (1.1) two self-dependent
systems of equations. In the first of them the following components of the vectors
u,<p, X, Y appear:

([‘2) IIE(HI_, 0! uz) ] (PE(O, Q’ﬂ: 0) ’ XE (er 0: Xz) L] YE(Or YIJ! 0) s
317—[571]
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In this case Egs. (1.1) transform into equations

(#—i_a) V 2 ur+( +Ju’ (I) ar o az r 3

1 @
(1.3) (u+a0) V2 u+(At-p— a) = +2a— ~(rg0) +X:=0,
( " 1 ) (au,_au,)+ 0,
(y+e)\V e Po— 4a9,+2a 5 Yo=
where
Ou, # 1 0 o

1 @
= —— Pl P S RN p—
e or (rur) + 0z’ v 3r2+ r or 0z*°

In the second self-dependent system of equations

1
(?+8)(V2-—-*)wr 4ag+(B+y- B)——Za—+Y =0,

(1.4) (y-+¢) V2 p.—4dag,+(B+y— 8) +——(rua)+}’ =0,

099 @tpz

(1+a) (vz—i) g2 a( )+Xa

1 0 i
where k=— ——(rqo,)+i, the following vectors appear:
r or d,

(1.5)  u=0,u50), @=(p,0,0), X=(0,%,0), Y=(7,0,7).
In the sequel we shall be concerned with the system of equations (1.3).

2. Elastic potentials

Let us consider the homogeneous system of equations of equilibrium (1.3) and
assume the solution of this system in the form:

5] b oV _ o oY ¥
2.1) “=or oz’ u’_ﬁz+8r+7'

In this way we obtain the system of equations
A2 g Vo ¢ [ ( -
A+20) 72 V2 D= —— | (u-+0) | V2 = — | ¥ +2ap, | =

0 a 1
22) (A+24) 5~ V* & ‘(Ta?+7) [(u+a) V2 ¥+2ap,] =0,

1 1
(v+e) (Vz__}'z_) Po—2a (V2 ——r-;) ¥—4ap,=0.
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Here we made use of the identity
1\oéd 0
(2.3) (vz ~—) — =V,

Let us introduce new functions ¥ and 9 defined as below,

dy a9
(2.4) T Po =7

Substitufing these functions into (2.2) and integrating with respect to r, we obtain

d
(+20)V? &+ [(u+a) V2 y —2a8]=0,

2

d
(A42p) 77 V:d— (Vz -—a?) [(u+a) V2 w—2a9]=0,

[(y-+¢) V> —4a] 9+2aV? y=0.

(2.5)

Eliminating the ferm V? y from the first two equations of the (2.5) group we
obtain — taking profit of Eq. (2.5); — the following equations of compatibility

v: oo 2 pgg
A2 E:JzD Sy
(2.6)
: 2P+ 24 (Vz BZ)DS 0
azv /1—}-2.“ 0z Mg
a
where D=]>V?*—1, ;2=M_
4ua

From the system of equations (2.6) we can derive the following differential
equations wherefrom we can determine the pofentials ¢ and §

@.7) V2V20=0, V2DI=0.

The above equations should be supplemented by the relation (2.5),

1
(2.8) Viy= S [(y+e) V2—da] 3.

The route to the solution of the axial-symmetric problem is the following: We
construct the general solution of Eqs. (2.7) and recurring to the relation (2.8), we
determine the function y.

In the solutions @ and § there appear four integration constants. To determine
them we have three boundary conditions and the relations of compatibility (2.6).
The knowledge of the functions @, $ and y permits to determine the displacements
u,, u, and the rotation ¢,.
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The state of stress is described by the following matrices

O'rr 0 O',, 0 Jur 0
(2.9) o=|0 a4 0 |, w={tor 0  Ho:|,
Oz 0 Oz 0 Hzo 0
bearing in mind fthat [1]:
i iy w22
a,,=2y~5r+le, a,,,,:Z;zT e, On=2U e,

2.10) i ( u.  ou, ) 8 ( ou, Ou,

o Toz) oz ar)”“%
(6tf,+6u,)+ (6ur 3u,) 3
Tar=H\"5; 0z “ oz ar aPo»

and
w2202,
o e
#zﬂ=(?+3)a_;azi’ !fﬂz=(}'_3)%%l-

The above components of the state of stress should be now expressed in potentials
@, ¥, 3. We obtain successively

02 dy 1 0 oy
a,,=2;a~a;?(§5 +—a?)+4w2 D, o'ﬂg=2,u7 5;-(@ +E)+1V2 b,
o [od ik
T=20 7 hg—(vz_?) l.lf]-i-/Wz D,
(¢12) 0 [ 0D ik
a"=5l’" hZE—(Vz—z‘@) w]+aV’w-—2a.9},
i} b 0%
O = a{# _ZE = (Vz _FZT) l;/] =ay* !,’/+2a.9} >
and
0%9 1 09
Hro=(+8) 55— (1=8)— ——
2
@) Hor=(7~¢) 2,;9 . (Hs)% g,
0*9 2% 9
Heo=(t8) o=y Ho=(r—8) 7 ——,
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taking into account that
(2.14) O t+049+0.=(3A+2p) V2 &,

The way to the solution of the axial-symmetric problem of micropolar elasticity
will be shown on a simple example.

Let us suppose that in the plane z=0 of the elastic half-space z=0 the axial-
-symmetric loading p (r) is acting along the axis z. The boundary conditions take
now the form

(2.15) e (1, 0)==p(r), 0x(r,00=0, p(r,0)=0.

Now we require the displacements u,, u, and the rotation ¢, to vanish for
|r24-z%|—>00.
To solve the Egs. (2.7) we introduce the Hankel’s transformation

T 2= [ 10, 2) o Cr)dr,
(2.16) 0

I 2)= [J(&2) o (Lr)dr.

We assume the solutions of the transformed Egs. (2.7)

@2-0®=0, (07-0)(32-%%) §=0,

2.17 1\/2

&40 r;=(C2+-I';) -

in the form

(2.18) &=(A+Blz)e ", J=Ce “De .

Let us carry out the Hankel’s transformation on the compatibility equations (2.6).
We get

2

~ 24 _
) e - S
(az CJ¢ )hw_l_zﬂa!(az ??)'gl
(2.19) -
o H =
2__ #ayiog 2 A2 32
0,(0;—-C%) @ A-I—Z,uc @2—n"39.
From both conditions of (2.19) we obtain the same relation
A4-2u
(2.20) C=-—TCB.

while from the third fransformed boundary condition (2.15) we have

¢
. D=—-——C.
(2.21) 7
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Carrying ouf Hankel’s transformation on Eq. (2.8), we are able to determine
the parficular integral from this equation

1 g

(222) @ -)=~27 (a:—f—;;)@‘, v*=y:; :

There is

' = ¢ —{z 272 p2 4 nx) 2_12_

(2.23) W=- ¥ (zCe 27212 ¢ -;?-e S !2—1
or

" o _)iﬁ ;L+ —{z 2 =Nz C)
(2.3") W= P B(A-!— zle™%2a, e ;
here et AT 20)

° 4u(tp

Now, faking into account the relations (2.12), we obtain from the boundary
conditions (2.15), ,

Al

1-2a,¢? -qE)B
(2.24)
o)
202 4o Atp) °
where 4o=1+-24a,(? (1 —-—f;)s plO= fp () rJo (Lr)dr.
0

The integration constants being known we, determine the displacements u,, v, and
the rotation ¢, from the formulae (2.1).
They read as follows:

1
e R
" 2m0 f 40(0) (

B:

11_;#) ~€z+2ao C! (e"uz_,g_ e—{z)] Jl (C‘) dc’_

A2
(2.25) u,=~2;;o ;0((?) [( z++ ;_;:L) e~ 2q, {2—5(&"’—3‘*’)] Jo(Er) de,
2 OO . L
Po ?+80 -d-u{o (e . 1 e )Jx(Cr)dC.

The stresses will be defined from the formulae (2.12) and (2.13). We have
391) 4
iy | e -{z 2 SN e i oK
Ozz JAD (c) [(H"CZ) e +230 C (e I ?? e )] JD (cl‘) dC,

) ¢
(2.26) O = —O 70 [.fze*=x+2ag 2 ?e""-— e"’)] Jy (Er) d¢,

PRy A9
4, (D

(€™ —e™") Jy ({r) dC.
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For the Hooke’s medium the above formulae simplify markedly. In this particular
case we have to put {=#, 4o=1, a=1. The formulae (2.25) and (2.26) reduce to
the known formulae of the classical theory of elasticity.

3. Problems in thermoelasticity

The equations of micropolar thermoelasticity assume for the axial-symmetric
problem the following form [5]:

(2 1) 6326%* oT
(,H,-!—C() v _‘_’,T ur—i_(’l_l_ﬂ—a) ar_ a oz =V or £l

Al . 2a. 0 T
. (p4-a) V(A4 p— a)E-l—_’_— ar (?‘(ﬂu)*VT

ou,  du,

1
2 R e — s, | =2
(y--e) (V rz) po—4ap,+2a ( i o ) 0.

Symbol I' denotes the increase of the temperature above that of natural state
of the body. Next we have v=(31+42u) a,, where q, is the coefficient of linear thermal
extension.

Let us observe that thermal terms appear in the system of Egs. (3.1) only if
u=(u,, 0, ;) and ¢=(0, ¢, 0).

The quantities uy, ¢,, . appearing in the second axial-symmetric problem (1.4)
are independent of the temperature I

Proceeding similarly as in Sec. 2, i.e. introducing the potentials @, w, 9, we arrive
at the following system of equations

(3.2) VEV2 o—mV2T=0, V?*DI4=0.
The functions & and y are connected with one another by the equation

Ve
da *

(3.3) Viy=—202V2-1)9, =

These equations should be supplemented by the relations of compatibility

v2o—mr——2" 2 pa—o
T2 oz ’
(3.4)

82
2 A - S,
a — (V- mT)+A+2‘u(V 77 )DS =0
We solve the system of Egs. (3.2) applying the superposition of the solutions
(3.5 P=¢' 0", I=§+39",

We choose the functions @’ and 9’ so as to have

(3.6) V2 o'—mT=0, §=0.
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Thus Egs. (3.2) and the relations of compatibility (3.4) are satisfied. The function
@' becomes the particular integral of Eq. (3.2). Making use of the functions @’ and
9', we determine the stresses. We obtain successively

2 ’

or?

du,
a:,=2;z¥+le’—v?‘=2p( = 115'),

, u, ) 1 09’ T
croa=2u7+).e —vI'=2u ———= el

o
(3.7) ou, 0> o'
o‘,,=2y—aé—+&e’—vT=2y( 772 =N (D’),
- o* @'
azr=ar:=2“_a;:'a;s

o=ty =tlep=ss=0:

The functions @'" and %' will be determined from the homogeneous equations

(3.8) V2Vi@''=0, V2D§'=0.
In the sequel we take info account the relation )
(3.9) V2y''==-2(»?V2-1) 9",
and the relations of compatibility
(3.10) V2 (D”—it— j—DS”=0 -a—Vz cD”-i-i (Vz— i )D.Sl”=0
’ A2 oz 0z A+2u 0z*% ’

Let us comsider, exempli modo, the problem of the elastic half-space z = 0
heated in the plane z=0. Accordingly, we derive the following boundary conditions

(3 11) T(f’, 0) Zf(!'), Oz (!', 0)=05 Tzp (r, 0) =0, Hzo (J", 0)=0
The solution of the equation of heat conductivity V> T under the boundary
condition (3.11), is the function

(12 T(h2)=[fQe LI W dl,  JO=[fE)rloEr)dr.

The solution of Eq. (3.6) taking into account — for the sake of comfort of the
“solution — the boundary condition d®’/0z|,_,=0 is the function

(3.13) g “% f%c—)"(l+t§2) e~ Jo ({r) d¢.

We determine the stresses a:_, from the formulae (3.7). We obtain successively
oo

oL =—um[ J(©) C(1+L2) e T (¢r) dL,
(4]

(3.14) ol = — pmz f EfQe =7, d,

Hy=0, ete.
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We have now fto solve Egs. (3.8) with boundary conditions
(3.15) ol 4a=0, ol ton=0, ptuy for z=0.

Submitting these boundary conditions to the Hankel’s transformation, we get
(3.16) ol =pmf, o.=0, pui=0 for z=0.

This problem has been solved already in Sec. 2.

Substituting = — umf into the formulae (2.25)—(2.27) and adding the stresses
ay,, 1y to the stresses o)), u;; we obtain the final values of the stresses

Oz = —mnf 418 [(1 —glo-) (1+¢(2) e %~

_E(fﬂcz( -{:_£ =iz J (C dc
T e qe )} o (Er) dL,

= 1
G17)  aym—pum c:f(c)[(l —g?) Lo -
' -z C g
“'Eu—Cz—(e —;e c)]fl(C?')dC,

Hz0=2aopm ] —%(%)— (e~ —e™ ") J, ((r) dE, ete.

We obtained a solution coinciding with that obtained by other methods by
Puri [6].

Let us observe that when passing to the Hooke’s body, i.e., with a=0, n=¢,
dy=1 the stresses o, and o, vanish [7]. The state of stresses becomes plane. The
couple-stresses are equal to zero.

INSTITUTE OF MECHANICS, UNIVERSITY, WARSAW, PALAC KULTURY T NAUKI, IX FLOOR
(INSTYTUT MECHANIKI, UNIWERSYTET, WARSZAWA)
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B. Hopauxu, Oce-cHMMeTpHYECKAs 331244 B MHKDPONOJSPHOH TEOPHH YIPYroCcTH

Copepanwe, B paGore [1], apTop npejcTasii pemieHne oce-CHMMETPUYECKOH 3a/la4H B MHKpO-
nonApHoOi Teopun ynpyrocts, ofocHoparuoe Ha 060bmeHHEx (ymxumsx Jloss. B macrosmmeit
paboTe npeiaraeTcs 3HAYHTENLHO Goslee MPOCTOE peleHue ITOM 3aIaYH ITyTeM BBEIEHUS YIPYTHX
norenuuanos @, ¥, §, Bempegeno naddepennuancHoe ypaBHEHHE I DOTEHIWATIOB, & TAKKE JAHEL
-OTHOICHAS COBMECTHOCTH, CBS3LIBAIONINE moTeHnHansl ¢ w 9. Ha npoctom mpumepe ynpyroro
NONYIpOCTPaHCTBA 00BSCHACTCA IPHMEHCHHE YIPYTAX MOTeHIuanos, B mocnenueii yacrn pa6oTst
PAcCMOTPEHB! TEPMOYIPYrHEe Oce-CHMMETpuyeckue safaun. ITpumenenue MOTEHIHANIOB K TEpMO-
yrpyroit 3agave ofBACHACTCS HA MPUMEPE YIPYroro mojynpocTpaHcTsa, oborperoro Ha orpamu-
ATMBAIONIEH €ro IMJIOCKOCTH.



