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Summary. In this paper a new way is proposed for solving the system of Eqs. (1.7) of the plane
problem of micropolar elasticity. Tt consists in introducing two elastic potentials @ and Y. This
way is particularly convenient if the displacements u,, #; and the rotation @i are searched for.
Singular solution of the system of Egs. (1.7) is given, the problem of elastic half-space is considered
and the problem of stationary thermoelasticity is discussed.

1. Introduction

Let us consider a micropolar, elastic, homogeneous, isotropic and centrosymmetric
body. Under the effect of loadings the body undergoes deformation described by two
vectors, namely the deformation vector u(x) and the rotation vector ¢ (x).

Using these two vectors we construct two asymmetric tensors, the deformation
tensor yp; and the curvature-twist tensor ;. There is

(1.1) Yin=ue, =8t Pxs  Ku=01, i,j,k=1,2,3.

The state of stress is characterized by two asymmetric tensors, the tensor of
force stresses @, and that of moment stresses z;;. These tensors are connected with
the tensors y; and x,; by the following constitutive equations

(1.2)

ka )l B
{aﬂ (u+a) pyu+(p— ) yiy 42y 051 i1.k=1,2.3.

U= (y+8) k+(r—&) 1615+ P 0
Here the symbols a, 8, v, &, 1, A, denote the material constants.
Introducing Eqs. (1.2) and (I.1) into the equations of equilibrium
(1.3) 0 +Xi=0, & optpy, +Yi=0,

we obtain a system of equations in displacements and rotations [1—4]:

(1.4) {(ﬂ+a) V2 u--(1+p—a) grad div u--2a rotepX=0,

[(y-+&) V2 —4aleo+(B+y—¢) grad divep+2arot u+Y=0.
237—{427]
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In the above equations the magnitudes X and Y are the vectors of body forces

and moments, respectively.
Egs. (1.4) have to be supplemented by boundary conditions. If on the surface 4

bounding the body, the loadings (forces p and moments m) are prescribed, the boun-
dary conditions will assume the form:
(1.5) Pi=0g g, My =y,

where n; are the components of the vector of unit normal n.

Now, passing to the plane problems of micropolar elasticity, we assume all
the causes and effects to depend solely on the variables x,, x,. In this case the system
of six Egs. (1.4) will dissociate into two systems of equations independent of each

other.
The first of them, wherein the following components of the vectors u and ¢

appear
(1.6) u=(uy, 45, 0), @=(0,0, p;)
is of the form
(u+a) V2 uy+(A+p—a) 8, e+2ad, ¢3+X,=0,
(1.7) (u+a) V2 uy+(2+p—a) 8, e—2ad, p3+X,=0,
[(y-Fe) Vi—4a] p3+2a (0 uy— 05 1)+ Y3=0.

The following notations have been introduced into the above equations

Vf=af+5§, e=31 Hl—i“a; Uy .

In the second system of equations the following components of the u and ¢
vectors appear

'(18) “E(O’ 0$ H;), <PE(€91: P2, 0)

The system of equations has the form:

[(y+e) V%—‘"ﬂ] @1 +(B+y—e) 0, k+2a 0, u3+ Y, =0,
(1.9) [(y+¢) Vf‘““a] @2+-(B+y—e) 05 k—2ad; u3+Y,=0,
(u+0) V3 us~+2a (8, 9,— 05 9,)+X;=0.

The following notations have been introduced

K=0y ¢1+0; 92, Vf=af+3§.

We shall be concerned here with the system of Egs. (1.7). This system has been
studied by Mindlin [5] and Schaefer [6], both of them using the generalized Airy’s
functions. This way is convenient, provided the loadings on the edge are prescribed
‘while the stresses and strains are searched for. In what follows we shall propose
a different way of solving the system of Egs. (1.7) which may prove convenient
if the displacements and rotations are searched for. We shall consider the problem
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of the elastic half-space and give a singular solution. We shall discuss also the problem
of thermoelasticity. The way of solving the system of Egs. (1.7) will be similar to
that applied by the present author when solving the system of Egs. (1.9) [7].

2. The solution of the system of Eqs. (1.7)

Let us consider the homogeneous system of equations of equilibrium (1.7)
assuming its solution in the form of decomposition of the vector u=(uy, u,, 0)
into potential and solenoidal parts

(2.1) Uy =08, @40, ¥, uy=0,P—-0, Y.
Here @ and ¥ play the role of static potentials of elasticity.
Introducing (2.1) into (1.7), we arrive at the system

(A42p) 8, V2 @40, [(u+a) Vi ¥+2a ¢;]1=0,
(22) (A+2p) 0, Vi @0, [(u-+a) V] ¥+2a9,]=0,
[(y+e) V3 —4a] 93 —2aV> ¥=0.
Making use of the third of the above equations, we eliminate the term Vi ¥

from the first two of them. In this way we obtain the following Cauchy—Riemann
relations:

0, V2 +——a2 (P V2=1) ¢5=0,

A+2u
(2.3)
2u (u+a) (y+¢)
2 S S 2 " - RN 3
0, Vi FEY 0, (FVi—=1) g3=0, [ yo
The functions @ and ¢; have to verify the following equations
24) V2Vid=0, Vi(I2Vi-1)ps=0.

The function ¥ is connected with the function g3 by the following dependence
resulting from Eq. (2.2)s.

1
2.9 V3 ¥=—[(r+e) Vi—4al 5.

The procedure of solving the plane problem is as follows. First we solve Eq.
(2.4); in the relevant solutions four integration constants will appear. These will
be determined from three boundary conditions and from a supplementary relation —
Cauchy—Riemann relation (2.3).

Let us now express the stresses by the elastic potentials @ and ¥ and the rotation
¢3;. We have successively
011=240, uy+Ae=(A+2) Vi ®+24 (9, 0, ¥—0; D),

G22=2410, tur+Ae=(+2u) Vi O+42u(—03, 0, ¥— 0% D),
O33=Ae=)V: D
012=(u+a) (9, uy—¢3)+(u—a) (03 uy+93)=p (20, 0, P+
+(03—0}) ¥1—avi ¥—2ag;,
021 =4 [20, 0, dj'l'(ai_af) ¥]+aVi+2a g3,
Hia=(+8) 0, 93, Uaa=(Y+8)0; @2,
Har=(r—8) 0y @3, Har=(y—8) 0, p3.

(2.6)
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Let us observe that
0114+02:=2(+p) Vi ®, 0, _512=21V2 Y+-dapy=(y+e) Vi 3.

It may be easily checked that the conditions of compatibility in stresses will
be satisfied

Vi(o)1+022)=0, 8;(012402,),

2 2 =
03011+01 035

A
2 (A4
u
@27 (3 —37) (012—]‘02:)‘1"; Vi(012—021)=20, 0, (022—011) —

I
_? 0y #13+0; p23),

0y Ha3—0; pty3=0.

The substitution of stresses (2.6) into (2.7) leads to Egs. (2.4) and (2.5).

Let us consider, exempli modo, the way of solving the following static problem.
Let the half-space x,= 0 be loaded at the edge x, =0 by a load p (x,) directed along
the positive x;-axis. The boundary conditions, (1.5), reduce to the following

(2.8) 01 (0, x3)==p(x3), 055(0,x)=0, pt,3(0, x)=0.

Making use of the relations (2.6), we shall express these conditions by the
potentials @, ¥ and the rotation ¢;. The solution of Egs. (2.4) will be given in the
form of Fourier integrals

]m f (A+Bx, ) 7™ e g,

(2.9)

[ \*
Vzn f (CE x;€+De—:;xl)e—fx;udC ’?=(C2 +Tl'_) .

From the Cauchy—Riemann equations, (2.3), we obtain the following dependence

—1—}

(2.10) =jr2

- ¢
From the boundary condition (2.8); we get D= — ? C. In boundary conditions

(2.8), » the function ¥ appears which has to be determined from Eq. (2.5). After
some simple calculations we obtain

1 re ¢
(2.1 ]) 1/21; f [Cxl e ={x — 212 ]2 Cz ? e—un]e—fu( dc
v? P&
2= 2 =
ST L da
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With the help of boundary conditions (2.8), , we obtain the full set of the
integration constants
p ¢ (y-+e) (A+2p)
2(A+p) & 4, o=1+2C"a n %o 4 (A4 p)

@.12)
‘1 b
A-——#B(lmmgﬁzc) C=il? +” D=—%C.

Here
= L £ lxa ¢
P(C)=]/2—'n J‘P(-’fz)'g'3 dx,.

Making use of the relations (2.6), we obtain the following formulae for the
stresses

o= _L f‘”i l(l—[—t Oe—c::;_]_zﬂ Cz e~ __C_e—-‘:x. e-ixgcdc
11 1/2_75 /—10 &1 0 3 »

W

g ¢
J P [x1 ge fx, 1"20 6:2 —‘(8 »*m_e—m}] fxzcdg"
dq

i
(2.13) T12= ]/23'1
_ 2iay Cp
Hi3 = ]/2'_?: A

Obviously, we arrive at the same formulae applying the method of the stress
function [5, 6].

—— e FsgmiRgamintigl, o

3. Plane problem of thermoelasticity

The way of solution outlined above may be generalized so as to comprise the
stationary and quasi-static problem of thermoelasticity.
The relevant system of equations in displacements and rotations reads as below:
(u4-a) Vi uy+Q@A+p—a) 0, e+2a 0, 93=y0 0, 0,
3.1 (u+0a) V3 ty+-(A+p~a) 0, e—20 0, p3=700, 0,
[(y-+e) V%—‘tal p3+2a (0, uy—0; uy)=0.
Here yo=(314+2u)a,, where a, the coefficient of linear thermal expansion.
Introducing into Egs. (3.1) the potentials @, ¥ described by the relations

(3.2) =08, P40, ¥, u,=0,P—0, ¥,
we obtain the following Cauchy—Riemann relations:

0, (Vi d— m@)+z+2 2, (12 Vi—=1) p3=0,
21
(3.3) 8,(V3 rD—mﬂ)—mal (2 Vi—1) ¢3=0,
_ T
m=

A2
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We have made use of Eq. (3.1); which — taking into acount (3.2) — will assume
the form:
y+e
4a

(3.4) Viv=202Vi-Dgs, v*=

Taking profit of the relations (3.3), we arrive at the following equations

(3.5) VZV2h—mV?0=0, VZ(2V3-1)¢;=0.

The solution of these equations may be composed of two parts
(3.6) S=0'+d",  p3=pi+0;.

We assume ¢;=0, @’ being the particular integral of the equation
(3.7) Vi @' —mb=0.

We may assume at the edge @'=0, provided the body is bourded. The @’
function is connected with the stresses o', ;{”=0, the a_’“ stresses generating the
symmetric tensor. There is

(3.8) 0, =2u(P ;=6 Vi P, u,=0.
The functions @'’ and ¢ have to satisfy the following homogeneous equations
(3.9) VEV2''=0, V2(I2V3-1)¢,=0
as well as the Cauchy—Riemann relations
8, V2 q:»”+i (P Vi-1) ¢y =0,
(3.10) A2u ;
3, V3 ‘b”_i'i%z 8, (IV3—1) p3 =0.
Eq. (3.4) will now assume the form
(3.11) V2P =2(V3-1)p; .

If we wish to have the edge free of stresses, the following conditions should
be satisfied

(3.12) (0pat0p) =0, (Hps+1ps) p=0, @, f=1,2.

The stresses ¢/, connected with the potentials @'’ and ¥'’ and the rotation ¢,
are given by the formulae (2.6).

Let us now consider the case of a simply connected cylinder, infinitely long,
heated at its side wall. Let the cylinder axis coincide with the x;-axis. Assuming
a stationary heat flow, we have V> 0=0. Egs. (3.5) become homogeneous.

The solution of the system of Eqgs. (3.5) under homogeneous boundary conditions
leads to the trivial solution

(3.13) $=0, ¢,=0, ¥=0,
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the temperature @ being the sole constant at the cylinder cross-section. This is due
to the fact that in this case the conditions (3.3) will be also satisfied. The only stress
different from zero will be the stress o3;. We have

2y, 0 _ _ w(3242p) =
20+ ° itp

which concords with the result obtained in [8] with the use of Airy—Mindlin
function of stresses.

O33=Mu— 0=

4. Singular solutions

Let us now consider the singular solution of the system of Egs. (1.7). The body
forces will be written in the form

4.1) Xi=p @, 84+0: ), Xo=p(0,8-0, ).

The above expression is equivalent to the decomposition of the body force
into the potential and solenoidal parts.
Introducing into (1.7) the Egs. (4.1) and the relations

(4.2) u1=61 ‘15—|—32 97, u2=5‘2 4’—-51 gj,
we obtain the following system of equations
0y [(A+2p) V3 P+p81+0, [(u-+a) Vi ¥+2ap3-+px]=0,

@.3) 0, [(A+2p) V§ D+p8]—0, [(u+a) Vi ¥+2a p3+px]=0,

1 1
Vi ¥=——l(r+e) Vi—4a]+5¥s.

Eliminating the term V? ¥, we get the following Cauchy—Riemann relations:

..l..

2 I p )_ 2"“ [ 2 e ]=
wh d, (Vl /] r:‘-+2u8 I-H_z”az (?v2-1) gaa—l* Ya—l- 0,

A P )__ 21 [2 2 __,u-l-a i. ]:
@2(V1¢kl+2p8 .1+2,ua‘ (12v2—1) o5+ 7 Y3+2ppx 0.

The above relations lead to the following differential equations

4.5 Vivio+ V2 9=0, Vi(*Vi-— 1)g53+ Vz Y;—I— pV"x 0.

/1+2
Bearing in mind that
0y X140, X,=pV2 8, 08,X,—0,X,=pV3y,
we obtain the final system of equations
s v? V2¢+I-+l2—(ﬁl X438, X,)=0,
VHIPVI— 1)403—}- V’ Y3—|— (az X,-0, X3)=0.
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These equations should be supplemented by the relation (4.3);:

Y,
4.7 Viw=20m"Vi-1) Psto

The system of Egs. (4.6) will be solved with the help of the double exponential
Fourier transformation. We get

X 2 Xo) em %L, di,,
znmzu)”czcz(cl P et

I(Cz? -4L%) pte T, .
be= fmﬂff[ CEer) | 2 (!2§2+1)]e aeiids,

where §2={24-(2.
Now, from Eq. (4.7) we have

(4.8)

20 G-+ 1) .
(4) Y=o f Il [wzcz T terpaLy e hi-h J?z)]e g d.

For X, =0 and X,=0, Y;:£0 we have, respectively, ®=0 and ¥0, p;#0.
We pass now to the particular case of action of the concentrated moment ¥, =
=M (x,) 6 (x,). Then

L HMra) (FFods &y
@:0, @3 = 16TI12 ﬂaF ff ;2+

“Bkbal dits
8::2 ul? ff g2 e2+1)

The above integrals do not exist as improper integrals;: neither can we ascribe
them the Cauchy main value. We are able, however, to separate what is called the
finite part [9].

Applying the method described in [10] we obtain:

@=0 B (")
= PTG T

(4.10)

(4.11)
SU:._..

M g 2 2y1/2
41‘# lnr_'_KO T ’ r__"(xl_"_xz) .

Here K, (z) is the (modified) Bessel’s function of the third kind. The displacements
u, and u, will be given by the formulae
u1=52 v u=—0o, ¥.

INSTITUTE OF MECHANICS, UNIVERSITY, WARSAW, PALAC KULTURY 1 NAUKI, IX FLOOR
(INSTYTUT MECHANIKI, UNIWERSYTET, WARSZAWA )
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B. Hosauxku, Ilaockue 3ajaun MUKRGONOJspHOR ynpyrocru

Copep:xkanne. ITpenioxkeH HOBBIL NYThL PELIEHHs CHCTEMBb! ypasHenwii (1.7) nnockoif 3agayw MEKpO-
NOMAPHOR YNpYrocTH, COCTOANIMIT B BBENEHHH [BYX YNpYrHx moteHuuanos ¢ u V. DroT nyTh
pewenus ocobenno ymober B ciy4ae, KOraa MINEM IepeMenieHuii uy u u, u obopora s, Ipuse-
neHo ocoboe pemienwe ans cucremsl ypaseenwit (1.7), paccmoTpena mpobnema ynpyroro nosny-
NPOCTPAHCTBA, 4 TAkKe NPOJAMCKYTHpOBAHA 3aJava CTALUMOHAPHOM TCPMOYIPYrOCTH.



