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Summary. In this paper the author is concerned with a micropolar, clastic, isotropic, homogeneous
and centrosymmetric medium. The medium is assumed to be situated within a constant primary
magnetic field H. Under the effect of body forces and moments acting on the medium it becomes
deformed and, moreover, an electro-magnetic field is excited. In the first part of the paper the basic
equations of magneto-elasticity are derived under the assumption that the medium evidences
a perfect electric conductivity. In the second part the bidimensional problem is discussed independent
of the variable x; assuming H = (0, 0, H;). Decomposing the displacement vector into the potential
and solenoidal parts we succeeded in deriving the wave equations. In the third part bidimensional
deformation field is considered; it depends on the variables x; and x; assuming, as above,
H = (0,0, H,).

The equations of motion could be decomposed into two systems of equations independent of
each other. One of them is reduced to simple wave equations by decomposing the rotation vectors
into the potential and solenoidal parts. The second one is reduced to wave equations, too, by means
of the stress function,

1. General equations

In this note we shall consider a homogeneous, isotropic, centrosymmetric, elastic
micropolar medium placed within a constant, strong primary magnetic field H.
Under the effect of external forces acting on the micropolar body a deformation
field will be formed in this body and, moreover, an electromagnetic field, too.

We assume further that the medium evidences a perfect electric conductivity.

The starting point of our considerations consists of two groups of equations,
namely the equations of thermodynamics of slow-moving media [1] and equations
of motion of micropolar elasticity with terms derived from Lorentz [orces.

47 H
roth=—-1j}, rot E= Shiol i,
¢ e

(1.1)
Ho . L
E= —{—(uxﬂ), div h=0.
where the symbols h and E stand for the vectors of magnetic and electric fields,
respectively, j denotes the vector of current density, H is to denote the vector of

constant primary magnetic field, u stands for the displacement vector, p, denotes
the magnetic permeability factor and, finally, ¢ is the velocity of light.

161—[291]
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The second group consists of equations of motion of a micropolar elastic medium
subject to the action of constant primary magnetic field H [2--4]:
H
s u-+(A+u—a) grad div u--2a rotcp—!“—:'(jxﬂ)v{—X:O,
(1.2) {
ee-+(f-+7y—¢) grad divep{-2a rot u - Y=0,
where
Oa=(u+a) VZ—Paf, Oa=(y+e) V"'——4a—.}'af, V?=0,0;.

Here, in Eqgs. (1.2) the symbol X denotes the vector of body forces, while Y that
of body couples; u is the displacement vector as in Eq. (1.1); the rotation vector
is denoted by the symbol¢p. The quantities a, f, 9, &, u, 4, are material constants.
Finally, p denotes the density and J —the rotational inertia.

The state of stress is characterized by two asymmetric tensors: The tensor of

force stresses a;; and that of couple stresses ;.
The constitutive equations have the form:

Tji =(u-+a) J’j;‘i‘(ﬂ‘ﬂ) J’.*_;‘F)-J’uaﬂ s
!511=(}’+E) -‘CJH‘(}'“E) K+ B Kk Li=1,2,3.

The strain tensor y;, and the curvature-twist tensor r;; are connected with the vectors
u and ¢, respectively, by the following relations

(1.3)

(1.4) V= =gy x> Ku=¢ij, 1j=1,2,3.

In our subsequent considerations we shall assume that the primary magnetic
field is reduced to the sole component H=(0, 0, H;) along the direction of the
X3-axis.

In accordance with this assumption we derive from Egs. (1.1) the following
relations:

E=#a

Hi
P (‘_'a: Us, ar ulao)s

¢
1.5 d h= r (03 E;,— 04 Ey, 0, E,— 8, Es),
0

c
j=a'f52 )‘33—53 11'2, 33 }1;—51 }33, ('}| hz—az bl)'

Expressing in the above equations the components of the vector j by those of
the vector u and introducing them into Egs. (1.2), we obtain the following equations
of motion in terms of the displacement u and rotation ¢ vectors.

Oz ty+(A+u—a+aj p) 8, e+2a (0, p3— 05 p2)+
+ag pd3 (03 uy— 0 uz)+X, =0,
(1.6) O, uy+(A+p—a+tag p) 0, e+2a(05 1 —0; p3)+
+ag pds (95 u, —’32 u3)+X,=0,
Oz us+(A+pu—a) 95 e+4+2a (0, ¢,— 3, ¢,)+X3=0,
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and
Oa o1 +(f+ry—6) 0, k+2a(05 u3— 0, u)+Y, =0,
(1.7 Oa ¢2+(B+y—¢) 05 k+2a(03 uy — 0y u3)+ ¥, =0,

O @3+ (f+y—e) 03 +2a(y y— 05 uy)+Y3=0,
where:

to H3
e=6,¢ Uy o FC=3;¢ Pre 5 a?): 43{) .

Here e=div u is the dilatation, kx=divep; the symbol @, denotes the Alfvén
velocity. Egs. (1.6) and (1.7) form a hyperbolic system of mutually coupled differen~
tial equations. The coupling of electromagnetic and deformation fields is described
by the term a;p. For Hy;—0 Eqs. (1.6) and (1.7) assume the form of equations of
micropolar elasticity.

2. The first two-dimensional problem

Now, considering the two-dimensional problem, let us observe that three indi-
vidual cases can be discussed assuming that all causes and effects depend on the
variables x,x, or x,x; or, finally, on x,x;. In this chapter we assume all the quanti-
ties, appearing in Eqs. (1.5)=(1.7), to be independent of x;.From the formula
(1.5) we derive -

Mo Hy . s ¢
E= (_uzaﬂls 0)9 h=_-—(0a0a ai.‘li"l\_al E2)=‘FIB (03 0,—-é),
@1 Ho
' : ¢ CHa
J=Z{(a! I"?3_31 h3)0)= A (_ai e:ai e, 0)’

e=0; u;+40, u;.

The system of Egs. (1.6) and (1.7) can also be split into two systems independent
of each other. In the first of them the displacement functions u,, ¥, and the rotation
@3 appear as unknown quantities. We write:

Oz 4y +@A-+p—a+ag p) 0, e+2a 0; 93-+X, =0,
(2.2) Oz ta+(A+p—a+ag p) 0, e=2a 0, p3+X,=0,
Oe @s+2a (0; #—0; u))+Y3=0.
Here
Oa=(u+a) Vi—pd?, [Qe=(y+e) Vi-da—Jo?, Vi=03+0;.

In the second system of equations the role of unknown quantities is played by
the displacement function u#; and the rotations ¢,¢,.

04 01+ (B+y—e) 04 k4200, u3+Y, =0,
(2.3) O4 @2+ (B+y—e) 05 k—200, uz+Y,=0,
O, us+2a (0; p2—0; @1)+X3=0, Kk=0, ¢;-+0; @,.
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Egs. (2.2) are coupled with those describing the electromagnetic field (2.1).
This coupling is characterized by the term, a;pabsent in Egs. (2.3). The causes Y, Y,
Y5 do not elicit any disturbances in the electromagnetic fields. The quantities
©1, @2, u3 do not appear in the field equations (2.1). In our subsequent considerations
we shall be concerned solely with the system of Egs. (2.2), The system of Egs. (2.2)
can be partially disjoined by introducing the decomposition of the vector of displa-
cement u=(u,, #,,0) and of that of body forces X=(X,, X,,0) into two parts:
potential and solenoidal

=0, &+ad, ¥, Uy =0, ®—0, ¥,
(2.4) { 1 1 2 2 2 1

X, =p(0, 940,10, Xo=p(0,8-0,72).
Introducing (2.4) into (2.2), we obtain the following system of Egs. [5]:

(25 0O, 64+p9=0, [0, ¥+2aps+px=0, [aps—2aV; P--Y;=0.

Now we eliminate functions ¢, and ¥ from Egs. (2.5), »: in this way we obtain
a system of two equations independent of each other

[, &-+p9=0,
(2.6) (02 Oat4a® Vi) ¥=2a Ys—pOs 15
(05 Oat4a2 V3) p3=—2ap Vi x— 0, Y3,

where: Ifli=(ﬂ.+2;z+a§ p) Vi—pd?.

We obtain three wave equations. The first of them describes the longitudinal
wave, while the second —the transverse displacement wave. The third equation
describes the propagation of rotation ¢;. Only the first equation is coupled with
that of electromagnetic field; the coupling factor ag p appears in the operator |]n,.
The longitudinal wave is elicited by the body forces X'=p grad 9.

Egs. (2.6),,3 are of the same form as those describing the micropolar elasticity.
The quantities ¥ and p,, due to the action of body forces X''=p rot ¥, are inde-
pendent of the quantity H; characterizing the primary magnetic field. The functions
@, ¥ and ¢, being determined from the wave equations (2.6), we may then obtain —
from the formulae (2.1) (1.3) and (1.4) —all the components of the electromagnetic
and deformation fields.

Let us now consider Egs. (2.2) introducing therein the displacements u,, u, and
the rotation g3 expressed as the functions F,, F,, My in the following relations

uy = [::h Os Fy—0y [0y (F Fy)+0,(F F,)]—2a O3 8, M,
(2.7) u =01y Oy F,—0, [0, (I" F))+0, (I" F,))+2a03 6; M5,
93=2a 00, (2, Fy~0, F3)+[1; Os Ms.
The following notations have been introduced here:

Os=(8+2y) Vi—-4a—J3?, F=(+p—a+a2p) Oa—4a2.
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Introduction of the relations (2.7) into Eqs. (2.2) leads to three differential equa-
tions, wherein only one function from among F,, F, or M appears

Dn (02 D4'[‘4Gz Vf) Fi+X,=0,
238 04(02 Oe+4a? V3) KX, =0,
O3 (02 Ost4a® Vi) M3+Y;=0.

Eqgs. (2.8) are a generalization of Sandru’s equations [6] for micropolar elasti-
city. These equations may serve for the construction of singular solutions of Egs.
(2.2).

Let us observe that only the function M, is independent of Egs. (2.1). For the
case F,=F,=0, and thus X;=X,=0 we have from the relations (2.7) that the
displacements u,, u, and the rotation @3 do not depend on the quantity H;. The
effect of coupling of electromagnetic and deformation fields manifests itself in Egs.
(2.8) for Fy and F, in the operator [oll.

Let us return to Egs. (2.2). We assume all the causes and effects to be independent
of the variable x,. Under this assumption we get the following system of equa-
tions:

[((24-2p+ag p) 03 —pd}] uy+X, =0,
(2.9) [(u+a) 83— pdil u;—2a 8, p3+X,=0,
[(y+e) 87 —4a—J?] p3+2a 0, u,+Y,=0.
In this one-dimensional problem the two last equations are coupled. The eflect

of disturbance of the electromagnetic field appears only in Eq. (2.9),. From the formu-
lae (2.1) we have

Mo Hy 20
E= 5 (—uzu;,0), h=H;(0,0, -0, u,),

(2.10)

: CH3
i=4 ©0,0%u,0).

The system of Egs. (2.9) is connected with the state of stress in the following
way:
01, =Qu+t1) 0, uy, 632=033=20; Uy,
(2.11) 01,=(u+a) &y Uy —2a @3, 021=(1t—a) 0, u,-+2a ps,
H13=(y+8) 8y @2, pa1=(y—€) 0y p3.

3. The second two-dimensional problem

We assume in our subsequent consideration that —under the assumed magnetic
field H=(0, 0, H;) —all the causes and effects are the functions of the variables
x; and x;.
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In this particular case the systems of Eqs. (1.6) and (1.7) will be disjoined into
two systems of equations independent of each other
P ui"l"ﬂ"f‘ﬂ“‘ﬂ““ﬁ p) 0y e—2ad3 @y-+ag p 05(3 uy— 0y ug)+X,=0,
3.1) o us+(A-p—a) 85 e+2a 0, ¢p-+X3=0,
Os ¢2+420.(03 4y —0, 13)+Y,=0,
and
Os 91 +(f+y—2) 8, k—2a 03 u,+Y, =0,
(3.2) Ca @3+(B4-y—¢) 03 k+2a 8, u,+Y3=0,
O u2+2a (03 91— 04 {03)4'33 p 03 u+X,=0.

Now the following notations have been introduced:

{ O2=(u+0a) Vi—pd;, Oa=(y+e) Vi—4a—Jo,
Vi=07+0;, e=0,u+03us, xK=0; ¢1-+0; ¢s.

It is seen that in both systems of equations there is a coupling of the compo-
nents of the displacement u (x,, x3,¢) and rotation ¢ (x,, X3, #) vectors with
the electromagnetic field.

Let us consider first the system of Egs. (3.2) which by the introduction of the
relations
(3.3) p1=0, 2405 &, p3=03 2—0, 5,

- Y =J(0,0+03m), Y3=J(@30-0;1),

may be easily reduced to a system of wave equations:
s QR+Jo=0 3
3.9 Os E—2au,+Jn=0,
(O2+a2 po?) u,+2a V2 E4+X,=0,
where: [J3=(2y+p) V? —4a—Jo2.
Eliminating the functions u, and = from the two last equations, we arrive at
(O2 [s+4a? Vf) E=20JV§ n—0a Xs,
(ﬁlz Cat4a® Vi) Uy =20X, -Jéz 7.
Here: [1,= Oa+a p* 05.

The first of (3.4) equations represents the equation of the microrotational longi-
tudinal wave; it is identical with that describing the wave of this type in undisturbed
micropolar medium. Egs. (3.5) represent the propagation of the transverse wave.
The first of them corresponds to the microrotational transverse wave, while the

second —to the displacement transverse wave. Both are disturbed. For H;—0
both of them reduce to the equations of micropolar elasticity. The system of

(3.5)
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Egs. (3.1) cannot be divided into potential and solenoidal parts by means of the
decomposition of the vectors u=(u,, 0, u;) and ¢=(0, ., 0).
Let us express the displacements u;, u3 and the rotation ¢, by the functions

Fy, M;, F5 in the following way:

uy=(01 O0e—1T0%) Fy+20 [0, 05 M,~0, 85 I'F;,

9= —2a 00, 8 Fy-+[ O~ (u—a) (02 O+

(3.6) +02 O0.)] Ma+2a 0, 0, Fs,
Uy=—0; 83 TF,—2a [y 8, My+(C1; Oo—I02) Fs,

Oy =(-+2p+a3 p) Vi—pd?, I=(htp—a) Os—4a?.

Substituting the above relations into Egs. (3.1), we obtain the following equa-
tions —independent of each other —describing the functions F;, M, Fs:

[l]1 Ca E];"F(af OEh'l'ag Eh)] Fi+X,=0,
(3-7) [Dl Oa D1—rfaf L_.|1+a§ D1)] M2+Yz=0,
[O11 Dl Oy~ 1 (02 044+02 01)] Fs+X,=0.

The above equations are a generalization of the Galerkin’s vector on the problem
of micropolar magneto-elasticity.

Eqs. (3.7) may be used for finding out singular solutions of Egs. (3.1) in the
infinite elastic space.

The considerations set forth in this paper will be dealt with more amply in
Proceedings of Vibration Problems.
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B. Hosauxu, [syxmepnas npodjieMa MHKPONOJSPHON MATHHTO-YNPYTOH cpebl

Copep:xanne. PaccMoTpeHa MUKPONOMAPHAS Yrpyras, W30TponHasf, ORHOPOAHAS H LEHTPOCHM
MeTpuieckas cpera. YIoMsHyTas cpefa HaXOMUTCA B HOCTOAHHOM, TIEPBOHAYAIBHOM, MATHUTHOM
moje H. JeifcTsne cuia M MACCOBBIX MOMEHTOB BHI3LIBACT HehopMauuio CPedsl, a Takke BO30YH#-
JAeT AeKTpoMaruuTHoe none. B nepsoit wacti pabGoThl MPHBOXATCH OCHOBHBIC YPABHCHUS Mar-
HHTOYIPYTOCTH TIPH NPEAMOIOKEHHI HIASAIbHO ONpOBOHALICit cpebl. Bo Bropoit wacti paboTot
paccMOTpeHa JByXMepHast TipoGiiemMa, He3aBHCHMAast OT TIEPEMEHHOH Xa, TIPH TIPEATIONOKEHHH,
yro H = (0,0, H;). Tlyrem pasnoxkenwus BekTOpa NEPEMCILCHUA HA MOTCHIMAJILHYIO M COJICHOM-
JIAJTLHYIO HACTH, NOJIy4eHsl BOMHOBLIE ypaBHeHus. B Tperseit vacTH paboThl PACCMOTPEHO JBYX-
MepHoe rofre gedopMaLHK 3ABHCHMOE OT Xy K X3 Mpy npexnonoxenuw, wro H = (0, 0, H,). Vpas-
HEHHI ABMRCHUSA 37ICCh PAIMOKEHBI HA [BE HC3ABMCHMbIE CHCTEMBI YpasHeHit, Oxua u3 Hux cBo-
IHTCA K ODBIKHOBEHHLIM BOJIHOBBIM YPABHEHHAM IyTeM XEKOMIIO3HIMH BEKTOpPoB ofopoTta (Bpa-
LEHMA) HA MOTEHOIMAJbHYIO M CONMCHOMAANILHYIO YACTH, APYras CHCTEMA CBOAWICS K BOJIHOBLIM
YPABHEHHAM NPH MCOONLIOBAHMK (DYHKIUHH HANPAKESHHIL



