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1. Introduction

Let us consider a micropolar body, elastic and homogeneous, isotropic and
centrosymmetric. Under the effect of static loadings the body suffers deformation
described by two vectors, namely the displacement vector u (x) and the rotational,
vector cp (x).

Two asymmetric tensors — deformation tensor yJt and curvature-twist tensor
iCjt — are formed from these vectors. Both these tensors are connected with the u
and cp vectors by the following relations

( • • 0 yji = "i,j-Ckji<Pk, Kji = <Pi,k, hj, k=\,2,3.

The state of stress is characterized by two asymmetric tensors, the tensor of force-
stresses <jjh and that of couple-stresses, fiJt, They are connected with the tensors yJh

Kji by the constitutive equations as below:

(1.2) ffji^(/i+a) yn+Qi-a) y

where the symbols /< and A denote Lame's constants, while a, /?, y and c stand for

other material constants.

Substituting (1.2) and (1.1) into the equations of equilibrium

(1.3) (TJI.J+XI-0, eiJkffJk+fijt<j+Yt=O,

we obtain a system of equations in displacements and rotations [1—3]. It reads as
follows:

(fi+a) V2 u+(A+/*-a) grad div a+2a rotcp |-X = 0,
(1.4)

( ) V 2 4 ( / ? + c)graddiv cp+2a rot u+Y = 0.

Here the symbols A', and Yt represent the components of body forces and body-

couple vectors, respectively.
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Eqs. (1.4) have to be supplemented by the appropriate boundary conditions.
Under the assumption that on the surface A bounding the body the loadings (forces
/;, and moments rnt) are prescribed, boundary conditions will take the form:

(1.5) Pi-GjtVj, mi = /dnnj, / , ./=l,2,3.

where the symbol n3 denotes the components of the unitary n normal to the surface A.
Now — passing to the plane problem of the theory of micropolar elasticity —

let us assume that all causes and effects depend solely on two variables, xx and x2.
In this case the system of six equations (1.4) becomes partitioned into two systems
of equations independent of each other.

The first of them, wherein the following components

(1.6) US(W 1 S M 2 ,0 ) , cps(0,0, p,)

of the vectors u and cp appear, has the form:

(1.7)

Kv+e) V?-4a] <?3+2a (3, u2-d2 uJ+Yi-0.

In the above system of equations the following notations have been introduced:

e = diuL+d2u2, V\=d\+d\.

In the second system of equations, (1.9), the following components of the u and
ep vectors appear

(1.8) u=(0,0,w3), <p = (^,r/>2,0).

The system has the form:

[(7+fi) V?-4a] <Pi+(P+y-e)d1 K + 2 a 5 2 H 3 + y 1 = 0 ,

(1.9) [(y+8)Vl-4a]<p2+(p+y-e)d2K-2ad1u3+Y2=0,

Gu+a) Vj u3+2a (5j (p2-d2 (pl)+X3 = 0,

where ic = dl (p\-\-d2 <p2.

The deformation of the body described by the system of Eqs. (1.9) will be called
the "second" plane problem of micropolar elasticity. It will be the object of our
subsequent considerations. We shall attempt to give the general solution of the
system of Eqs. (1.9) making use of appropriately chosen functions (elastic potentials).
We shall give also the singular solution of this system of equations for the infinite
elastic space.

2. The solution of the system of Eqs. (1.9)

It follows from (1.8) and from the definition of deformation tensors (1.1) that —
as regards our "second" plane state of deformation — there appear the following
components of the tensors y7, and Kn:

(2 1) ^ i = - f / > 2 . ^32 = f i , 7i3 = 3, u3 + q>2, y23 = d2u3-(pl,

d d d d
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Applying the relations (1.2), we see that the components of the force- and
couple-stress tensors, i.e. an and /.iJh are described by the matrices

(2.2) o =

where

0
0

031

0
0

ff3 2

0"l3

C 3 2

0

An
Mzi
0

Mil 0

t'22 0

0 /<33

"i3 = (//•{-a) 5, w3+2a p 3 , (T31=(/<-a)31 w3-2a f»3,

"23 = 0 '+a)3 2 « 3 - 2 a r/>,, cr32 = ( / /-a) 52

(2.3)

The equations of equilibrium, Eqs. (1.4), become here reduced to the three
equations

(2.4)

The solution of the system of homogeneous equations (1.9) will be searched in
the form

where <P and W denote the elastic potentials.

Introducing (2.5) into Eqs. (1.9), we get the following system of equations:'

(2.6)

or

V?-4a] <P+d2[((y+e) V?-4a) V+2aH3]=0,

Vj-4a] * - ( j)

(2.7)

where

C2(V
2V2-1)& = c i , ( / 2 V 2 - I )

2a

4a '
I2-

(y+e) (ji+a)
4o.fi
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Let us remark that the relations (2.7) t and (2.7)2 represent the Cauchy—Riemann
conditions for the functions P=(v2 Vj -1) <P and Q=(l2 Vf — 1) ¥. Taking profit
of the relations (2.7), and (2.7)2 we obtain the following equations:

(2.8) V j ( v 2 V ? - 1 ) 0 = 0,

(2.9) V](12V]~ 1)^=0.

Solving the above equations — boundary conditions being taken into account —
we obtain the functions 0 and W searched for.

Introducing the functions & and V into the relations (2.3) we obtain:

<7 I3=2a<920, <723=-2ad, 0 ,

<2-10> 4a/, 4a/,
5, !F, ^ 2 205, ¥H

fi+a /.i+a

and

-2yd2
2 &+2ydx d2 V,

/ 2 2 ( / + ) 0 f - 2 } . ^ 0 - 2 y ^ d2 V,

/'33=y5V? 0 , /

/i2lm(y+a) V? l / ' -

Let us remark that

(2.12) /<M+/<22=2

Now, we can easily derive from the relations (2.1) the following conditions of
compatibility

d\ K22+d\ K, , =3] d2(ic!2+K2l),

(2.13) <?2 Ki 2 - d] K2 i = 3j <53 (;r22 - / C j , ) ,

The above equations may be written in stresses, use being made of the relations
(1.2)

Vf0

(2.14)

Putting (2.10) and (2.11) into (2.14) we demonstrate that Eqs. (2.14) are satisfied
identically.

It follows from the relations (2.14) — the equations of equilibrium (2.4) being
taken into account — that the following equations hold true:

(2-15) (v2Vj- l ) ( / /



[903] The "Second" Plane Problem of Micropolar Elasticity 529

Introducing the dependencies (2.12) into the Eqs. (2.15) and (2.16), we return
to the differential equations (2.8) and (2.9). The last equations have to be supplemented
by boundary conditions. If on the edge of an infinite cylinder with the axis directed
along the xz coordinate the loadings p3 and the moments m, and m2 are prescribed,
the boundary conditions will assume the form:

Let us consider the case of an elastic half-space x{& 0 loaded on the edge x, =0
by the forces />3=/(x2) acting within the plane x2, x3. At n = ( l ,0, 0) boundary
conditions are reduced in this case to the following ones:

(2.18) <7i3(0, x 2 ) = / ( x 2 ) , / / i t (0, ,V2) = 0 , / ' i 2 ( 0 , .Y2) = 0 .

In view of the relations (2.10) and (2.11) the boundary conditions are expressed
in the form of the functions <£, V.

The solutions of Eqs. (2.8) and (2.9) will be written in the form of Fourier
integrals

(2.19) * — 7 = - f
— oo

1 r°
fy i m ni /
(,Z.ZU) V — ,

\1% J
— cc

where
,112 / . . . 1 \ " 2

Since we know three boundary conditions —- Eqs. (2.17) — and the Cauchy—
Riemann relations — Eqs. (2.7) 1 2 — we are able to determine the constants
A,B, C,D. Basing on (2.7), we can write

iu
(2.21) A=> ~C.

The functions 0 and V being known, we determine the displacement u3 — from
Eq. (2.7)3 — and the rotations r/i, and <p2 — from the formulae (2.5).

Let us now consider the case discussed above within the frame-work of the
classical theory of elasticity. Assuming the function u2 (xit x2) as the sole unknown,
we obtain the symmetric tensor of stresses with the components

(2.22) (7,3 = 0-3, = ^ 3 , M3) a1% = aii-fidiUl.

Introducing (2.22) into the known equation (2.4)3 we obtain the Poisson's
equation which makes it possible to determine the quantity u3. It reads as follows:

(2.23)
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In the case of an elastic half-space x^O loaded in the plane xt = 0 by the
forces ^ 3 (x2)=f(x2) we have to solve the homogeneous differential equation (2.23)
with the boundary condition

(2.24) ^ ( O , x2) = M Id, u3\Xl=0=f(x2).

The integral

(2.25)
\/2n

is the solution of this problem.

3. Singular solutions in an infinite elastic space

Let us consider the non-homogeneous equations (1.8). The moments and the
body forces will be expressed by the relations

(3.1) Y,=J{d,a+d2x), Y2=J(d2a-dix)-

The above expression is equivalent to the decomposition of the vector Y s
= (Yi,Y2,0) into the potential and solenoidal parts. Introducing (3.1) into the
system of Eqs. (1.9), we get:

(3.2) { { l

S2 {[(P+2y) V7-4a] <P+Ja}^d, {[(y+e) V 2 -4a]

After some simple transformations we arrive at the following differential equations

(3.3)

(3.4)

(3.5) V?(

y+t
where K2 —

V?(v>V>

V2(/2V2-1)

/ 2 V 2 - I ) W 3 =

- 0

1
n

*-

(«M

1
4a '

fi+a
3 4/voT(

1

. Y2),

; - , Y2),

Y2),

4a

The solutions of Eqs. (3.3)—(3.5) will be obtained by applying the double
exponential Fourier transformation. In this way we get

(3.6)

nj) w = -— / / I ¥ 1 ' v " ' w f." 9 r Y \\

-oo (, \ Z t \



[905] The "Second" Plane Problem of Micropolar Elasticity 531

(3.8)
2

where C2 = C?H-C|-
Let us consider the particular case of action of the concentrated force X3 =

p ~ ~
= 5 ( x j S (x2) P distributed uniformly along the x3 axis. Then, X3 = r—, Fx = 72

 = 0.

From Eqs. (3.6)—(3.8) we obtain

0 = 0,

The above integrals do not exist as improper integrals; nor can we assign to
them the principal value after Caiichy. We can, however, separate out of them the
part called "finite part", [4, 5]. Applying the method advanced in [5], we get

0 = 0,

r-Vxl+xj,
' i i

PK2

where Ko (z) is the modified Bessel's function of the third kind. The function V
being known, we are able to determine the rotations q>t and <p2 from the formulae

(3.11) <Pi = d2V, (p2=-8rV.

Let us consider also the case of action of the concentrated moment Yl =
= MS(x1) S(x2) with the vector directed along the A"3 axis. In this case there is

M M
?x=-z—, Y2 = 0, Y3 = 0. From (3.6)—(3.8) we obtain

2n

M dQ M([i+a) d£2 2a
( 1 1 2 ) 0 * W

fia

where
CO

J i-
b
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Let us now pass to the classical theory of elasticity. We have the following

equation:

(3.13) /iV?

The function

(3.14)

is the solution of Eq. (3.13). Hence,

(3.15) i i . f a . x j ) -

The displacement «3 being known, we are able to determine the stresses taking

profit of the formulae:

ffl3 = fl8l U3, ff23 = ^ 2 « 3 -
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B. HOBAU.KKM, ,,BTOPAfl" nJIOCKAH riPOEJIEMA MHKPOnOJWPHOtf
rocTH

B pa6oTe paccMaTpHBaexcsr flByxinepHaa 3aflafa MmcponojuipHofi ynpyrocTH, B KoxopoK BeK-
Top cMemeHtfK U H ( 0 , 0, «3) w BCKTOP BpameHHa <p = (0>i,9>i,O) 3aBHcaT eflmiCTBeHHO OT ne-

H x2. BBOflHTC« noTeHLnranti <P, W H npn HX Hcnonb3OBaHHH cHCTeMa Tpex flH4«J)e-
ypaBHeHHtt npoGneMbi (1.9) cBOflHTca K npocTWM sjuiiniTHHecKHM ypaBHeHH»M (2.8)

H (2.9). /̂ aioTCK ocHOBHWe peuieHra flHcJitJiepeHiiHajlbHiix ypaBHeHHit flJia 6ecKOMe îHoro ynpyroro
npocTpaifcTBa.


