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1. Introduction

Let us consider a micropolar body, elastic and homogeneous, isotropic and
centrosymmetric. Under the effect of static loadings the body suffers deformation
described by two vectors, namely the displacement vector u (x) and the rotational,
vector ¢ (x).

Two asymmetric tensors — deformation tensor y;; and curvature-twist tensor
ic;; — are formed from these vectors. Both these tensors are connected with the u
and ¢ vectors by the following relations

(1.1) Y=t =k Py Kn=@ux» iJk=1,2,3.

The state of stress is characterized by two asymmetric tensors, the tensor of force-
stresses o, and that of couple-stresses, 1. They are connected with the tensors y,
K;; by the constitutive equations as below:

(1.2) gu=(u+a) yut(u—a) vy 85s  pu=04 &) -y —2e) i+ Prg 0+

where the symbols x and A denote Lamé’s constants, while a, #, y and ¢ stand for
other material constants.
Substituting (1.2) and (1.1) into the equations of equilibrium

(1.3) 0y, i +Xi=0,  epoutuy, i+ Yi=0,

we obtain a system of equations in displacements and rotations [1—3]. It reads as
follows:

(ptta) V> ut(A+ p—a) grad divu+2arotep -X=0,

1.4)
( (y +&)V? p—daep- (f+y—e)grad div g 2a rot u4-Y=0.

Here the symbols X; and ¥; represent the components of body forces and body-
couple vectors, respectively.
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Egs. (1.4) have to be supplemented by the appropriate boundary conditions.
Under the assumption that on the surface 4 bounding the body the loadings (forces
p; and moments n1,) are prescribed, boundary conditions will take the form:
(1.5) pi=cuhy, my=ppny, ij=1,23.

where the symbol 1, denotes the components of the unitary n normal to the surface 4.
Now — passing to the plane problem of the theory of micropolar elasticity —
let us assume that all causes and effects depend solely on two variables, x, and x,.
In this case the system of six equations (1.4) becomes partitioned into fwo systems
of equations independent of each other.
The first of them, wherein the following components

(1.6) u=(uy, 1,,0), @=(0,0, p,)
of the vectors u and ¢ appear, has the form:
(ut+a) Vi uy+(A+u—a)d, e+2ad, p3+X,=0,
(1.7) (u+0a) V2 uy +(ht-pu—a) 0, e—2ad, p3+X,=0,
[(y-+2) V3 —4a] p3+2a (0, us— 05 uy)+Y3=0.
In the above system of equations the following notations have been introduced:
e=d, iy +ou;, Vi=0310;.

In the second system of equations, (1.9), the following components of the u and
¢ vectors appear

(1.8) u=(0,0,u3), @=(p,, p2,0).
The system has the form:
[(y+e) Vi—4a] p,+(B+y—e) &, k+2a 8, us+Y,=0,
(1.9) [(y+e) VI—4a] p,+(B+y—e) 0, k—2a 0, uy+Y,=0,
(u+a) V3 u3+2a (9, 92—03; ¢))+X3=0,
where k=0, p,+3, p,.

The deformation of the body described by the system of Eqs. (1.9) will be called
the “second” plane problem of micropolar elasticify. 1t will be the object of our
subsequent considerations. We shall attempt to give the general solution of the
system of Egs. (1.9) making use of appropriately chosen functions (elastic potentials).

We shall give also the singular solution of this system of equations for the infinite
elastic space.

2. The solution of the system of Egs. (1.9)

It follows from (1.8) and from the definition of deformation tensors (1.1) that —
as regards our “second” plane state of deformation — there appear the following
components of the tensors y; and x;:

@2.1) Y31=—¢2, Y32= 01, P13=0 U3 +02,  V23=0u3—g,,

1 =0y 01, Kun=0,0:, Ki,=0,0,, Ky =03 0.
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Applying the relations (1.2), we see that the components of the force- and
couple-stress tensors, i.e. a;; and g, are described by the matrices

0 0 9o iy My O
(2.2) =0 0 03], p=|f M2 0
03y 032 0 0 0 Haa

where
gia=(u-ta)d,us+2a p,, o3,=(—0a)d, us—2a¢,,
Goy=(ut+a)d, us—20¢,, o3=(u—a)d,us+2a¢,,

(23)  111=290; 1+ (@1 01102 02),  H22=2y 0> 02+ B0, 91102 02),
ti2=(y+e) 0y o2 +-(y—8) 02 @1, Hay=(p+&) 0, 9, +(r—2) 0, 02,
H33=B (0, 1+05 92).

The equations of equilibrium, Egs. (1.4), become here reduced to the three
equations
023—033+0; Wy +05 o +Y,=0,
2.4 O31—013+0, f12+0;3 22+ Y2=0,
' 0, 613+0; 023+ X3=0.
The solution of the system of homogeneous equations (1.9) will be searched in
the form

(2.5) p,=0, P+, ¥, ¢@,=0d,d—-0,V,

where @ and ¥ denote the elastic potentials.

Introducing (2.5) into Eqgs. (1.9), we get the following system of equations:

0, [(B+29) V3 —4a] &0, [((-+6) V3 ~4a) ¥+2au5] =0,
(2.6) 0, [(B+2) V? —4a] d—20, [((}p-}_s) VIZ _43) 'f’+2rm3] =D
(u+a) Vi uy—2a Vi ¥=0,

or
[ —8,(*Vi-hHo= 2, (IPVi-1Y,
Hta
S _
(2.7 8, (v Vi=1) d)—ma- ,(1PVi=1) W,
5 2a ;
vi Uy =y V2 =0,
where

by 010t

pE=— =

40 dap
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Let us remark that the relations (2.7), and (2.7), represent the Cauchy—Riemann
conditions for the functions P=(v2Vi—1) & and Q=(/* Vi—1) ¥. Taking profit
of the relations (2.7), and (2.7), we obtain the following equations:

(2.8) V2 (12 V2—1) =0,
2.9) V2 (12 V2 —1) ¥=0.

Solving the above equations — boundary conditions being taken into account —
we obtain the functions @ and ¥ searched for.
Introducing the functions @ and ¥ into the relations (2.3) we obtain:

G|3=2a02 (p, 0'13‘:—2(1{?, (p,

(2.10) dap dap
03| = “2032 ¢+_"—__81 y}, 0’33=2f10| 'p_l—_-_ ()2 W,
H-ta jH-a
and
11 =(f+2y) V2 &—2y0% D+2y0, 0, ¥,
@.11) Haa=(B+2y) Vi @2y} =2y 0,0, ¥,

1“33=ﬁvf @, py=—(y+e) V.l ¥+2y 5; Y+2y0,0, P,
Hay=(y+e) V2 ¥—2902 W+2y0, 0, P.
Let us remark that
(2.12) M+ 22 =2(+BV] @, poy—p2=2V] V.
Now, we can easily derive [rom the relations (2.1) the following conditions of
compatibility
‘Jf ’\‘22'1'6‘.:: K11 =0y 05 (KK12+K21),
(2.13) 03 K13—0% K, =04 03 (K32 —K11),
01 (Pa2+723)=02 (y13t+731)-

The above equations may be written in stresses, use being made of the relations

(1.2)

V%(!fu'i‘ﬂzz}=ai 02 (fy2+24)

i f
A2 A2y et
05 flyy 105 fay 200+5)

2.14) (‘}i‘af)(!hz‘f’ﬂu)"l"i'vf (Hya=p21)=0y 03 (22— 114),

01 (0231+032)=0,(013+03,).

Putting (2.10) and (2.11) into (2.14) we demonstrate that Eqs. (2.14) are satisfied
identically.

It follows from the relations (2.14) — the equations of equilibrium (2.4) being
taken into account — that the following equations hold true:

(2.15) (2 Vi =1) (uy1+p22)=0,
(2.16) (? Vf"l)(!hz‘ﬂzl)“o-
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Introducing the dependencies (2.12) into the Egs. (2.15) and (2.16), we return
to the differential equations (2.8) and (2.9). The last equations have to be supplemented
by boundary conditions. If on the edge of an infinite cylinder with the axis directed
along the x; coordinate the loadings p; and the moments 1, and /m, are prescribed,
the boundary conditions will assume the form:

(2.17) Pa=0Ofy,  my=py iy, my=p iy, j=1,2.

Let us consider the case of an elastic half-space x, > 0 loaded on the edge x,=0
by the forces p;=/(x,) acting within the plane x,, x;. At n=(l,0, 0) boundary
conditions are reduced in this case to the following ones:

(2.18) 0130, x2)=/(x2),  1:1(0,x2)=0,  2:2(0, x2)=0.

In view of the relations (2.10) and (2.11) the boundary conditions are expressed
in the form of the functions @&, V.

The solutions of Egs. (2.8) and (2.9) will be written in the form of Fourier
integrals

| o .
(2.19) b =— [ (Ae=1-4-Be™™1) ¢~ %2 ¢,
l". 27{ —.00
(220) W= — I (Ce—;.n +De %) o lixa d{;’
where

] 1/2 ’ if2 R
ol i TR o [ T
’?“'(Q +"2) s P—(Q iq,{!) I_l' L.

Since we know three boundary conditions — Eqs. (2.17) — and the Cauchy—
Riemann relations — Eqgs. (2.7); , — we are able to determine the constants
A, B, C, D. Basing on (2.7), we can write

ip
(2.21) A=
H-a

The functions @ and ¥ being known, we determine the displacement u; — from
Eq. (2.7); — and the rotations ¢, and ¢, — from the formulae (2.5).

Let us now consider the case discussed above within the frame-work of the
classical theory of elasticity. Assuming the function u; (x;, x,) as the sole unknown,
we obtain the symmetric tensor of stresses with the components

(2.22) O13=03 =0, Uy, O3=03;=[0; U3.

Introducing (2.22) into the known equation (2.4); we obtain the Poisson’s
equation which makes it possible to determine the quantity u;. It reads as follows:

(2.23) UV us+X3=0.
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In the case of an elastic half-space x;=>0 loaded in the plane x, =0 by the
forces ps (x,)=/(x,) we have to solve the homogeneous differential equation (2.23)
with the boundary condition

(2.24) 713(0, x3)=p |0, ”3]_.;, o=S(x2).

The integral

AN A (9]
e —— : fxi—ilxy .‘
(2.25) U3 1/2?1_ _J [ e t dC.

is the solution of this problem.

3. Singular solutions in an infinite elastic space

Let us consider the non-homogeneous equations (1.8). The moments and the
body forces will be expressed by the relations

(3.1) Y,=J(@, 048, x), Y.=J(0.0-8, ).

The above expression is equivalent to the decomposition of the vector Y=
=(Y,, Y;,0) into the potential and solenoidal parts. Introducing (3.1) into the
system of Egs. (1.9), we get:

(u+a) Vi uz—2a V2 ¥4+X;=0
(3.2 0 {l(B+2) Vi—4d] ®+Jo} = —6; {[(+e) V2 —4al Y+ 2au, +J 7} ,
9 {[(B+2y) Vi —4a] @+Jo} =0, {[(y+e) Vi—4a] ¥+2au;-+Jy} .

After some simple transformations we arrive at the following differential equations

1
(3.3) Vf("z V?"")‘p: “'34;(51 Y40, Y,),
3.4 V(R Vi-) e £ 0
(3.4) 10 l—llph'z_ﬂxs _;{!m @, Y,-2,Y,),
| 1
(3.5) V‘-f(PVf'—l}h'g:—;'(KZVf——I.)Xf—z:(az Yl_al Yz}.

Y+
where 2=
da

The solutions of Egs. (3.3)—(3.5) will be obtained by applying the double
exponential Fourier transformation. In this way we get

1 1 2 ? .
(3_6) Sw fj Ec__._“l-_c_l_i?.e—n.k kd‘” dé',
1 {tras
b =ik xx
67 v= “aﬂ) (& Bi—t, }”fgl ¢

———di L,
¢ (e +)
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ook X

s I S
(3.8) uy= 2rpl® :Lf ["“2 (C’ F) X:.'I_Effz Y, ¢, Yz)] EZ (;z__;_—lj dé, di,,
e 2

where (=343
Let us consider the particular case of action of the concentrated force X3=

P -
=0 (x,) 6 (x,) P distributed uniformly along the x, axis. Then, Xy = L Y=,
From Egs. (3.6)—(3.8) we obtain ®

®=0,

il r
P —  e—lux

W 8m? ul? Jf

3.9) ¢ (51 +

(c?- +— ) — i X

Uy= e ,m'z JJ . (§1+ l) dl, de,.

‘ ) dC dls,

— 0o

The above integrals do not exist as improper integrals: nor can we assign to
them the principal value after Cauchy. We can, however, separate out of them the
part called “finite part”, [4,5). Applying the method advanced in [5], we get

b=0,
P r , T
(3]0} Y= ?a K, T) —1n.#; r=yJ Xy X35

. Px (r)
313—2P*WK0 7]

where K, (z) is the modified Bessel’s function of the third kind. The function ¥
being known, we are able to determine the rotations ¢, and ¢, from the formulae
(3A]I) QD[={"}2 W, qqz=_a| l‘(}"

Let us consider also the case of action of the concentrated moment Y, =
= M3 (x,) 6 (x,) with the vector directed along the v, axis. In this case there is
M

b =-§, ¥,=0, ¥;=0. From (3.6)—(3.8) we obtain

S5 5 M a2 M (pu+a) 0Q 2u
= ——— W= — - = —

SO 167%av? dx,’ 1672 1% na dx,’ ¥ o

where

— ik kg

f =, dCz—2m!1[K (;')rlnrl.
J 2(,2 +__) h
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Let us now pass to the classical theory of elasticity. We have the following
equation:

(3.13] F‘Vf H}'{—X3=0‘
The function

) | i 1?3 e"'Ck-'fa ik
(3.14) U= 2 j_f z (,dg,.

is the solution of Eq. (3.13). Hence,

(3:18) Ws (e 3ad =~ J J X3 (11, 12) 10 [Gey =172+ (2 =72)21V2 dy, diyp,.
A

The displacement u, being known, we are able to determine the stresses taking
profit of the formulae:

Ty 3=H0, Uy, Oy3=M0; Us.
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B. HOBALIKMH, ,,BTOPASA” IUVIOCKAS TPOBJIEMA MHKPOIIOJISIPHOMN YIIPY-
rocTtu

B pabore paccMaTpHBaeTcs JBYXMEpHAS 3ala¥a MHKDPOIIOJISIPHOI YIPYrOCTH, B KOTOPOH Bek-
Top cmemrenus u=(0,0, u3) W BekTOp BpalieHus = (@, @2, 0) 3ABHCAT eAWHCTBEHHO OT mie-
peMeHHbIX Xy W X2. BeomuTca norvenumanst @, ¥ u npu uxX MCIONL3OBAHKMM CHCTEMA Tpex mudupe-
peHIHANLHLIX YpasHeHHH mpodnemst (1.9) cBOAHMTCA K NPOCTHIM JUIMITTHYECKHM YpaBHeHHIM (2.8)
M (2.9), Jaotest ocHoBHBIE pelrends audihepeHIHabHEIX YPABHEHUIT /st GeCKOHETHOTO YIpPYroro
NpPOCTPaHCThA.



