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1. Introduction

In this paper we shall be concerned with a simply connected body. The body
is assumed to be micropolar, isotropic, homogeneous and centrosymmetric. Under
the effect of external forces and heating the body becomes deformed. This deforma-
tion is characterized by two asymmetric tensors, namely the deformation tensor
y4: and the curvature — twist tensor ;. The following relations hold [1]—[4]:

(1.1) V= Wi,5 — Ekji Wk,  XKji = O]

Here the symbol u stands for the displacement vector, ¢ is the rotation vector, while
€xg1 is the well known Cartesian ¢ — tensor (its components are -1 (—1)is i, j, k
is an even (odd) permutation of 1, 2, 3; they are zero, if two subsripts are equal).

The state of stress in the body is defined by two asymmetric tensors: The force-
stress-tensor and the couple-stress-tensor. The relations between the state of stress
and the state of strain are given by the following formulac:
(1.2) o= (u+a) yu+(u— @) yig+@Ayrr — v0) dij,
(1.3) g = (v +8) 2p+-(y — &) sas~+Porrr 64s.
Here the symbols w, 4, a, B, v, & represent the material constants. 0 = 7" — T,
where T denotes the absolute temperature. The above relations should be supple-
mented by the equation of equilibrium
(1.4) o, i+X1 =0,
(1‘5) Eijk Ujk—l_ju.ff,j'{“}q = 0) “‘9.}" k = 1, 2: 3.
In the above equations the symbol X denotes the vector of body forces, while Y
stands for the vector of body couples. The loadings p; and the moments m; appearing
at the surface 4 of the body are connected by the following relations
(1.6) pi= 04 hy,  Mg= [png,
where n is the unary vector of the normal to the surface 4.
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In this paper we are going to determine the integrals

(1.7 I :fyk;ch, Iz=f?¢kde,
7 v

yer =divu, g =divw.

The first integral denotes the increment of the volume of the simply connected body
due to its deformation. The second integral defines the mean value of the quantitty
div w in the simply connected body. Since

(1.8) [divody = [wmdd= [, .4
¥ A Hillsuae
where wy is the projection of the vector w onto the direction of the normal n; the

integral I = _j' wn dA represents also the mean value of the quantity w, on the
4

surface 4 bounding the body.

2. Application of the theorem of reciprocity of work

In order to determine the quantities I, I, we shall make use of the theorem of
reciprocity of works for the static problem [5]

@1 [ (puuitm 0p) dA+ [ (X wi+Ye o) dV-+v [ i 04V =
A V v

= f(p; ui-+my wi) dA+ f (X w+Yq ) dV—I—vf-ykkO’ av.
4 v v

2
Here v = 3 Ka;, where K = A+ T is the module of compressibility and a; is the

coefficient of linear thermal dilatability. In Eq. (2.1) we have two systems of causes
and effects. To the causes in the first system we shall assign the external forces
pi, mi, X3, Yy and temperature 0, while to the effects: displacements #; and rotations
w;. The causes and effects of the second system will be marked with “primes”.
In order to determine the integral I; = [ yxx dV we assume that the second

v

system of causes refers to the overall unary tension in isothermic state. Consequently,
we have to assume

(2.2) X;=0, Yi=0, m=0, 0'=0, p,=1mn.
Since in this case there is

(2.3) 0‘;; = 1dyj, ?;j =

we have
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From Eq. (2.1) we obtain

(2.4) fmm dA = h{fp; Xt a'A+f X;JudV} +3a f 0dv .
A

As
fm uy dd = fu;;,de=Il
A V
we get
(2.4") I -——'J Ver dV = —{fpg X4 a'A—l-fX; J\idV} +3a fﬂdV
v

The changes in the volume of the body depend here solely on the loadings p;, body
forces X and temperature 0. The moments m; and body couples ¥; do not exert
any influence on the changes of the volume of the body.

The changes of the volume of the body may be described in a particularly simple
form if no external forces are acting. In this case there is

(2.5) I = 3a,,f 0dV .
¥

Let us remark that the increase of the volume of the body depends only on the
distribution of heat in the body and on the coefficient of thermal dilatation.

Formulae (2.4') and (2.5) are identical with those known fromthe classical theory
of thermoelasticity [6], [7]. Let us consider now the 1ntegra1f oye dV. In virtue
of Eq. (1.2) we have

J‘O‘de= 3Kfy;;de—9agfﬂdV.
v 4 4

Taking into account (2.4"), we get finally

(2.6) [owdv = [ pixidd+ [ Xexiav.
V A Vv

If no external loadings are acting (the body, being, however, heated ), there is

(2.69 f orr dV = 0.

vV

Eq. (2.6") is identical with Hieke’s formula [8] in classical thermoelasticity.
Let us return to the theorem on reciprocity (2.1), assuming that the body was
subjected to overall unary twisting. We assume:

2.7 X;=0, Y;=0, p=0, 0 =0,
and

my=1em, g =155
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Substituting the above expressions into Eq. (2.1), we get
(2.8) fx;-.:;dV= f(p;u}-{-m; wy) dA-+ f (X ui+Y: wy) dV—l—e:f Oy dV .
A ¥V v

V

Here use was made of Gauss’ transformation

fﬂ.)i nydd = f w,p,,;;dV= iju; dav.
A Vv v
Solving Eqgs. (1.3) with respect to #;, we obtain

, 1 2
x”=?§3;j, .Q-'—'ﬁ""?‘y
Hence,

2.9 (i
(2.9) w; = 30"
Since oy; = 0, there is

r 1 r ' r l ’ r r
Yap = 3(“c.5+”1. D=0, yu= B} (g, j— w5, ¢) — &gs wp = 0.

From the above formula we have

r ’ r 1 ’ r
(2.10) Us 1= €kfi Pk » U 3= EGM'JW:, W ;= VYex = 0.

Introducing these values into (2.8), we obtain
1
(2.11) kak dv = _iﬁ_{f YixidV+ f mi Xy dA} —i—f Xy uy dV+ f piu;dA.
v v p % A

Making use of the equation of equilibrium (1.4), of the relations
‘}’;‘s = f-f;j — Ekji w,;;

and of the constitutive equation for a4 and a};, we shall transform the expression
[ peréi dd+ [ Xiuiav+v [ Oypav=Pp.
4 v 4

As a result we obtain

P= [ [onuij+90yi) dV = [ [on (yjit+een op)-F0yp] dV =
v v
r ’ T AF ‘1
= f oxyndV+ f aji Exji Wy dV = j Oy Vit AV —— | exji xp o5 dV .
v v 14 39 4

Since oy = 0. Eq. (2.8) — wherein the term P appears — will take the form

1
(2.12) I, = fx;;;,— dV = ?ﬁifmg Xt dA-i-f Y; x;dV—]—fs,wg Xk Oy dV} 5
14 A v v
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Let us consider now the integral [ ugx dV. Making use of the relations (1.3) we get
v
Pk = 38k .
Introducing the above expression into the formula (2.12) we obtain

(2.13) [ av = [ mixidd+ [ Yexiav+ [ eunxuonadv.
V A V V

The mean value of the quantity uzr depends on external loadings.
In a particular case — for m; =0, ¥Y; =0 — we have

(2.14) . f,um.- dv = f kst Xk o dV.
V V

This integral becomes equal to zero if the stress tensor oy; is symmetric.

Besides, we may derive the formulae (2.4') and (2.12) in another way also. Let
us namely multiply the equations of equilibrium (1.4) and (1.5) by x; and integrate
them over the region of the body. We obtain

(2.15) f (o, 1+X1) x¢dV =0,
v

(2.16) f (Si;x G‘jk-{-,ujs,j-i-yi) xidV =0.

v

We shall transform the above equations making use of the theorem on divergence
and of the relations (1.6)

2.17) [pixida+ [ XixiaV = [ owav,
A v v
(2.18) [mixidd+ [ Yixidv+ [ ey xiopdV = [ pdv.
A v v 4

It is seen at once that the formula (2.18) is identical with (2.13) and (2.17) with (2.6).
Taking advantage of the expressions

(2.19) okk = 3 (Kyxe—20),  prr = 324,

derived from the relations (1.2) and (1.3), we obtain successively
1
2.20) - L= WU‘U‘ X dA+fX;xi dV} +3a;fﬁdV,
A v V
1 :
(2.21) I, = —i-c?{fms xi dA-+ fY; Xi dV-i-fSk.ﬁ Xk Ot dV}.
A vV v

As this way to the final result proved to be quite'simple, it may be readily used
when considering a more complex structure of the body.
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Let us consider an isotropic and homogeneous — although not centrosymmetric
body. The relations between the state of stress and state of strain will be given by
the formulae [9]:

(2.22)  on = (p+0a) yut(p — @) yiyt+xesn-tomg+yrx+exxe — n0) diy,
(223)  pji = (y+e) mju+(y — &) xay+2yn+oyi+(Brrr-+oyrx — £6) 04

Here u, 4, a, B, 9, &, %, 0, 0, are material constants. Contracting the tensors oy
and gy, we obtain

(2.24) okr = 3 (Kygx-+1oxr — n0),
(2.25) wik = 3 (D +Lypr — £0), 3I'= y+40+430.

Introducing the above expressions into the formulae (2.17) and (2.18), we obtain

I 1
(2.26) L+ 'Efg = -é—f{fpg xidA —]—~JX¢ X dV} +31}!3dV,
A ‘

1 1
(227 bt 5 h= 3_9= f my xi dA -+ f Yi xi dV -+ f — dV} 43¢ f 0dv.
A v V V

We have to solve these equations with respect I; and I. It is obvious that the incre-

ment of the volume of the body I; = AV as well as the mean value of the integral

I = [ wxx dV depend on all the component of external forces and the tempera-
v

ture .

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF H:RSIC TECHNICAL
PROBLEMS, POLISH ACADEMY OF SCIENCES

(ZAKLAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW
TECHNIKI, PAN)

REFERENCES
[1].A. C. Eringen, E. S. Suhubi, Int. J. Engin., 2 (1964), 189.
[2] — , ibid., 2 (1964), 339.

[3] V. A. Palmov, Prikl. Mat, Mech., 28 (1964), 401.

[4] W. Nowacki, Proc. of the [UTAM Symposia, Vienna, June 22—28, 1966, Editors: H.
Parkus and L. Siedov, Springer Verlag Wien—New York, 1968.

[51 — , Bull. Acad. Polon. Sci., Sér. sci. techn., 14 (1966), 568.

[6] E. Trefftz, Matematische Elastizititslehre, Handbuch der Physik, Vol. VI, Berlin, Springer,
1926.

[7] W. Nowacki, Arch. Mech. Stos., 6 (1954), 481.
[8] M. Hieke, Z. angew. Math. Mech,, 35 (1955), 285.
[9] E. W. Kuvschinski, E. L. Aero, Fiz. Twerd. Tela, 5 (1963), 2591.

B. HOBALIKMI, ¢§OPMVJibl CINIOIDHOM TEPMOVIIPYIONl JE®OPMALIMUA
B MHUKPOIIOJISPHOM TEJIE

B macTosmeit paGote sripenens! IOPMYNBI HA H3IMeHeHHE 00BeMa OJHOCBAIHOTO, YNPYIOro,
MUKPONIOJIAPHOIO TeNa, & TaKXe HA CpeAHee 3Hauenue IuBepreHumy obopoTa B TakoM Tene, Ymo-
MAHYTHIE (QOPMYNBI NONYYEHBl IO ABYM METOHAM: IYTEM NPHMEHEHHS TEODEMBI O B3aHMHOCTH
pabor, a 3aTeM HENOCPEACTBEBHO, MCXOAA M3 YDABHEHHH paBHOBECHA Tena.



