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1. Introduction

Within the framework of the classical theory of elasticity, the Love’s function
[1]verifying the biharmonicequations playsan importantrolein solving axi-symmetric
problems.

In this Note we shall attempt to obtain an analogous function (strictly speaking,
two analogous functions) for axi-symmetric problems in micropb]ar elasticity.

The state of strain is described in micropolar elasticity by the following system
of equations of equilibrium in displacements and rotations [2]:

(1.1) (t+w) V2u-t-(A+pu — o) grad divu--2arot X =0,
(1.2) (y+e) V2 +(y+p — ¢) grad div ¢ —4dap+-2arotu+Y = 0.

Here, X denotes the body force, Y the body couple, u (x, f) the displacement and
@ (x,7) the rotation. The quantities a,f,y, & u, A are material constants. The
functions X, Y, u, ¢ are functions of the position x.

Passing with Egs. (1.1) and (1.2) to the (r, 0, z) coordinate system and assuming
that both the causes and effects are independent of the angle 0, we obtain from
Eqs. (1.1) and (1.2) two independent of each other systems of equations:

1 de dp
(n+a) (V2 o= '1—2') tp+(A+p — a)a—l‘ — 2a 2z +X,=0,

1 aur Buz
(1.3) (y+e) (V2 — “;5—) tpg—]—2a( g -67) — 4ag+Yy =0,

e 1 @
(u+a) V2 ug+-(A+p — a)E -!-2&;— a—r(rqoa)—i—X; =0,
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and
1 ox Oulp
-+ \Ve — ) or—dagr+(B+y — ) 57 — 205+ ¥ =0,

1 dpr  Ops
(14)  (puta) (V"' = ;‘2—) uﬁ-Za(—E == ) +X, =0,

) il
(y+e) V2 p; — dag:+(f+y — &) = +2a—— (rug) -+ Yz = 0.
Y 0z or

In the above equations the following notations have been introduced:

u= (ur, U, ﬂz), (P = (Q”r: Yo, '?’2) 1 X= (Xi": Xﬂ, Xz) ]

Ouz
oz’

1 2
YE(Y»}-, Yo, Yz), e=—r—a(urr)+

1 8 + 3993
T a T

It is seen that the state of displacements and rotations u = (ur, 0, 1), @ = (0, @, 0)
appearing in the system of Egs. (1.3) may be induced by the action of body forces
and body couples in the form:

XE(erOsX3)3 YE(OJ ],:']’0):

with boundary conditions chosen appropriately. Let us quote, as an example, that
such a state may be induced by the action of a load parallel to the z-axis (e.g.
Boussinesq problem for an elastic half-space).

The state of displacements and rotations

u= (0»“91 0) ] P = (‘P"’ 0’ (pf-) s
appearing in the system of Eqs. (1.4) may be due to the action of body forces and
body couples

X=(0,%,0, Y=(Y,01Y),

the boundary conditions being chosen appropriately. E.g., such a state of displa-
cements and rotations will appear in the elastic half-space z = 0 loaded on the
surface z = 0, by the twist moments with vectors directed along the z-axis.

2. Generalized Love’s function for the system of Egs. (1.3)

Let us consider the system of Egs. (1.3) under the assumption that X = (0, 0, X3).
Thereafter we put into Egs. (1.3) the quantities

dv dw

(2.1) W=y =, =W,
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We take into account that

Introducing the above expressions into Eqgs. (1.3) and (1.3),, we obtain a system of
equations, wherein only the operators V2w, V29, V2 @ appear. Integrating these
equations with respect to r and taking into consideration Eq. (1.3)3 we get the follow-
ing system of equations:

[(2—!—2#) V2~(A+p—a)ﬁ]w—2aici+(ﬂ+p )——"0
dz2 0z
v
(22) 2« e +[(y+e) V2—da] w —2aw =0,
i) 02 02
(tu—a) 5 (Vz = ——) v-+2a (vz — ﬁ) o+

02
[(wa) V(i p—a) 5 | W Xe =
This system of equation may be written also in the form

Lyy 9-+Lyo 0+Lypw =0
(2-3) Loy 9+Low ®+Loww=0
qu ‘U'l‘Lm w—]—me w=20.

Let us now introduce the stress function y (r, ) connected with the function », w, w
by the following relations

0 Lyw Low Lyy 0 Lyy Loy Lyw 0
(204) V= OIfmmme; w= LNUOLCHW, = LmuLmOs

% Lwo Luww Luwy % Lww Lwv Lyw X
wherefrom we find that

dv 02
(2.5) Ur =2 = T A 9,
6 00 _ oa (b2~ (V2
(2.6) P =—-=2a(A+28) 5~ (V2 7),
3

where
= (y+8) (A-+p— 0) V2 —da (A+4),

= (A-+2u) V2[(y+e) V2 —4d].
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Substituting (2.5)—(2.7) into the last of Egs. (2.3), we obtain the equation
28)  (A+2u) V2 V2 [(uta) (y+e) V2 —dape] 1 (1, )+ Xalr, 2) = 0.

This is the sought for generalization of Love’s equation known from the classical
theory of elasticity on the micropolar elasticity.

The state of displacements u = (ur, 0,1;) and rotations ¢ = (0, ¢, 0) here
considered is connected with the state of stress by the following relations

o 0 oy 0 Mo 0
2.9 o=|0 0w 0|, p=/|uor 0 poz,
o 0 0z 0 g O
where
aﬁr Uy
O = 24 5 + e, ogp = 2.1:7 -+ e,
6‘ug
Ozz — 2#"__' +;e
(2.10)
(6;:,, i ﬁur) (aur 6uz) o
7= E\or oz] *\oz  or L
aﬂ'g au,-) ( 5”7' 31{;)
oo =l e+ o) ol = )~ 20m.
and
3(,!’9 !I‘n) (390& f{’u)
b= (a,-‘ e
s qﬂu) (afpa f;,ﬂu)
2.11 =y |——— |\ —=—+—
@) b ( or r N

69:9 aq}a
Moz =(y —&)—=—, o = (?'i-ﬁJE-

Expressing the above stresses by ur, ¢g, #; from the formulae (2. 5) —(2.7), we get
finally

K
d 1
(2.12) Op = — & lz,u- 2 - i(ﬁ"x)],
d ar
O =2 (W_ 6') x+2(‘Px)],

where

¥ = V2[(u+a) (y+e) V2 —4ap].
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d 02
Orz = 7= [(ﬂr'l‘a) By 2u5 5 () +402(A+2u) V2 x] .

(2.13) : u
Oor = 2~ [(.u — @) Oy —2u 7= (I'y) — 402 (2+2p) V2 x]
and
02 1 2
poro = 2a (A+-2pu) (y+8)—a; =y~ & o V2%,
2 1 @
por =2a(A+-2u) | (y — &) 75 — (y+8) | V4
(2.14)

02
poz = 20(A+2p) (y — &) 5 == (V2 ),

a2
Ho = 2a(2+2p) (y+¢) 7= (V2 7).

Now, let us pass to the classical theory of elasticity putting a = 0 in (2.5)—(2.14).
Introducing, moreover, a new function

(2.15) L(r, 2) = (y+e) V2 x(r, 2),
we obtain from (2.5)—(2.7):

2L 2L
@16) w=—G+w 355 =0, h=0+2)V2L—(+w) 7o

Eq. (2.8) transforms into

(2.17) V2 V2 L(r, z)+ Xa(r,2) =0,

A+2u
and — for X; = 0 — becomes a biharmonic equation.
The following formulae will describe the stresses [3]:

0

I 2L
Urr/‘u = E L;‘VzL_Z()‘_l—ju') arz ]

oL

3‘22 2/1
LVLﬁr(-l-ﬂ) =

onfp =

0z
(2.18) ol 2L
oulp = 5| (BA+4p) V2L—=2(A+p) 5|
d

i 02L
Orefpt = 7= L(f“t~1-21u) V2L—204m) 5|

tro = por =0, #zr‘—"—#rzzoo

In this way we arrived at the Love’s stress function L (r, z) known from the classical
theory of elasticity [1].
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Returning now to the micropolar elasticity we shall present, exempli modo,
the application of the stress function y.

Consider an elastic half-space z = 0 subjected to the action of a loading p (r)
in parallel to the z-axis in the plane z = 0. The solution of Eq. (2.8) may be written
in the form of Hankel’s integral

=]

(2.19) 102 = [ Z(2)Jo(Cn) dL,
1]
where

__ dap
(u-t+a) (y+e) ©
The function Z (z) is chosen so as to have (r,z) =0 for z —oco. The quantities

A, B, C, functions of the parameter {, will be determined from the following three
boundary conditions

(2.20) 0zz(r,0) = —p(), 02 (r,0)=0, f4o(r,0)=0.

Z() =(A+BY) e +Ce, 1= (24D, o

Here we make use of the formula (2.12)—(2.14), wherein the stresses ozz, 0zr, tro
are expressed by the function y.

3. Functions of Love’s type for the system of Eqs. (1.4)

We shall now consider the system of Eqgs. (1.4) putting ¥ = (0, 0, ¥3). Substitut-
ing into these equations the following quantities

_ an _619
Pr= ar ° ffe—E, Pz=0,

and bearing in mind

(W_i)a’?_ . (Vz 1)379_ o
R 12 _G}Tﬁqua’

we obtain a system of equations, wherein only the Laplacians V2, V24 and V2p
occur. Integrating Eqs. (1.4); and (1.4); with respect to r, we atrive at the following
system of equations

(B+2y) V2 —da—(B+y —8) 57 |1—2a 5 +B+y—8) 7 =0,
ad
(3.1 2“% +(u+a) V29— 2ap =0,

a2\ oy 2
'(ﬁ—!‘}'-— a)(V2-— E‘) y=y +2a (V = 7)@9-—!—

a2
ok [(y-i-a) V2—dat(y+B—e) 7> |e+Ya=0.
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We may write this system in an abbreviated form

Loy n+Lopo+Lnp 0 =0,
(3.2 Loy n+Loso-+Loo 0 = 0,

Loy N4Loso+Lee 01Yz = 0.

Let us introduce the stress function ¢ (r, z) connected with the functions 7, @, g by
the relations

0 Ly Lye Ly 0 Ly, Lyy Lyp 0
(3.3) 7 =|0 Lpp Lop|, O =|Lay 0 Log|, 0=|LoyLso0].
Y Lop Loo Len 9 Loo Loy Lo
From the above equations we get
an 02
L
o0 J
(3.4) U == = 2a-a—r (&),
02
P =0 =0p— - (),

where

0 = (uta) (B+y —o) V2—4a2, &= (u+a) V[(B+2y) V2— dd],

E = (f+2y) V2 — 4a.

Substituting (3.4) into Eq. (1.4),, we obtain the equation
(3.5)  [(B+2y) V2 —4a] V2 [(u+a) (y+8) V2—4ap] p(r,2)+Y2(r, 2) = 0.
Eq. (3.5) is an analogon with Eq. (2.8). There is no counterpart of this equation in
the classical theory of elasticity. Putting a = 0 in the relations (3.4) and (3.5) we
obtain the equation
(3.6) (B+2y) (y+e) V2 V2 o+ Y. =0, g=uV2y,

and the relations
2 ¢
pr=—Wtr=255"

(3.7) il
il

7o = (B+2) V29— (B-+7 — &) =5

Eq. (3.6) and the relations (3.7) refer to a quasi-elastic body in which the rotation
¢ is the only possible. The state of displacement u = (0, #p, 0) and rotations
¢ = (¢r, 0, @) is connected with the state of stress

0 ow O Mrr 0 Hrz
(3.8) o=|or 0 ooz|, w=|0 pw O |,
0 o O Har O poz



254 W. Nowacki

[362)

where
duy Uy 1 0
“ﬂ*=#(a‘—,—-) O o
duy Uy 1 9
e s =
3.9)
( Oug a 0
0oz = b i (rug) — 2aqy,
dug
O = f~5 " “|“ T "_(’“B)+2a?’r:
and
6rrr Pr
Hrr —-2?’ +ﬁ" Hoo =2}’T +Bx,

z ar a az
(3.10) p,-,,"——'y( 4 q’)-f— (—955- tp),

or 0z 0z ar
(B(pg _1_9&)_ (arpr - 6qaz)
s oz or |

Expressing the above stresses in function y, we have

a2
org = 20 [(#—E-ﬂ] w2

02 1 ¢ 02
ogr = 2a [(,u-#—a) m* — (u+a) T E] (E'!}J) +2u [fplp = (Q‘(p)]
(3.11) 2
O = 2a 5 7 [(;z +a) (Zp) — Qw],
o2
0oz =207 — [(N —a) (51#}4—91#],
3 6
0 1
foo = =* ;;[2? = 73;(910)— p(D— Vzﬂ)w],
il 820
(3.12) Yoz = *F[Zy (—a—zi—~ éb)zp—ﬁ@—— V20Q) -;u],

ad 20 0
A A R Ll ey

20

B 0 8 0
pr =) o |P—r [V — 8555

(rug) — 200z,

(I'Hg) +2a‘?’z ’

1 2] _ 02
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Let us consider an example of the application of the function . Suppose a half-
space z = 0 loaded in the plane z = 0 by the twisting moments m (¥) with vectors
directed in parallel to the z-axis.

The function y will be expressed in the form of Hankel’s integral

w0, 2) = [ 2() Jo(0) 4L,
L]
where
Z(z) = Ae~%+Be~"+Ce "
Here
7= (24a)'?, »= (2402
and

o o dap

2y’ 7T e atm)

The quantities 4, B, C, functions of parameter £, will be determined from the
boundary conditions

prr(r,0) = —m(r), prz(r,0) =0, oy(r,0) =0.
The stresses prr, trz, 7o are expressed in function by the formulae (3.11) and (3.12).
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B. HOBALIKW 1, OBOBIEHHBIE ¢YHKIHUA JIOB B MAKPOIIOJISIPHON TEOPHIL
YIPyYrocru

B nacrosiwem coobiueHni aBTOP OrpPAHUYHBACSTCS OCE-CAMMETPHYCCKAMHA BONPOCAMU MHKPO-
nonspHOi Teopun yopyroct, s ynoMsHyTHIX npo6ieM BuiBegeHbl ABe (GYHKUHH HATIPAXKEHHI
% M Y, KOTOPBLIE HTPAIOT AHAJOTHYHYIO poNb Kak QyyHKIAH JIOB B KIACCHYECKON TEOPHH YIpy-
rocrd. Ilonb3ysach 3THMU (YHKUHAMH MOXKHO BLIPA3ATh BCE COCTABIAIOLIHC COCTOSHMS HATIDA-
sennsa. OyHKUHE ¥ M 3 yaosnersopaioT ypasnenaam (2.8) u (3.5).



