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1. Introduction

Within the framework of the classical theory of elasticity, the Love's function
[1 ] verifying the biharmonic equations plays an important role in solving axi-symmetric
problems.

In this Note we shall attempt to obtain an analogous function (strictly speaking,
two analogous functions) for axi-symmetric problems in micropolar elasticity.

The state of strain is described in micropolar elasticity by the following system
of equations of equilibrium in displacements and rotations [2]:

(1.1) (fi+a) V2U+(A+,M — a) grad div u+2arot cp+X = 0,

(1.2) (y+e) V2 <p+(y+/S - e) grad div cp—4a<p+2a rot u+Y==0.

Here, X denotes the body force, Y the body couple, u (x, /) the displacement and
cp (x, t) the rotation. The quantities a, /?, y, e, fi, X are material constants. The
functions X, Y, u, cp are functions of the position x.

Passing with Eqs. (1.1) and (1.2) to the (r, 6, z) coordinate system and assuming
that both the causes and effects are independent of the angle 0, we obtain from
Eqs. (1.1) and (1.2) two independent of each other systems of equations:

de 8wo
^ 2 ^

I \ [ur duz\
(1.3) (y+e)\V2 - —) ?o+2a^— - -^-J - *acpa+Y0 = 0,

de 1 d
a) V2 u,+(A+p -a)-fe +.2a— -^ {rtpfi+X, = 0,
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and

dx due
pr-4acpr+(nY ~ «)~^ ~ 2 « - £ + Yr = 0,

(1.4) (p+a) [W2 - - ) «4+2a[— - — ) +Xe = 0,

fix d
(y+e) V2<p2-4a<pz+(P+y- «) " ^ +2a-^ (mB) + Yz = 0.

In the above equations the following notations have been introduced:

u = (ur, lie, ih), <P = (<pr, fa, q>z), X s (Zr, Zfl) Af«),

1 5
Y 3 ( F r , 7,, 3 ^ , e = — —

1 3 3

It is seen that the state of displacements and rotations n = (ur, 0, uz), <p = (0, <ps, 0)
appearing in the system of Eqs. (1.3) may be induced by the action of body forces
and body couples in the form:

X=(Xr,0,Xz), Y B ( 0 , 7 . , 0 ) ,

with boundary conditions chosen appropriately. Let us quote, as an example, that
such a state may be induced by the action of a load parallel to the z-axis (e.g.
Boussinesq problem for an elastic half-space).

The state of displacements and rotations

u = (0,u0, 0) , tp = (cpr, 0, cpz),

appearing in the system of Eqs. (1.4) may be due to the action of body forces and
body couples

X = (0,XB,0), Y = (7, ,0, Yt),

the boundary conditions being chosen appropriately. E.g., such a state of displa-
cements and rotations will appear in the elastic half-space z > 0 loaded on the
surface z = 0, by the twist moments with vectors directed along the z-axis.

2. Generalized Love's function for the system of Eqs. (1.3)

Let us consider the system of Eqs. (1.3) under the assumption that X = (0, 0, Xz).
Thereafter we put into Eqs. (1.3) the quantities

dv dco
(2.1) M)' = ~37' V^Hi' «z = w.
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We take into account that

8v 8
dr dr

I \8w 8
V 2 - — — - = —V2H>.

r2 / dr 8r

Introducing the above expressions into Eqs. (1.3) and (1.3)2, we obtain a system of
equations, wherein only the operators V2 w, V2 v, V2 co appear. Integrating these
equations with respect to r and taking into consideration Eq. (1.3)3 w e get the follow-
ing system of equations:

8w
~8~z

8w

(2.2) 2a — + [(y +e) V2 - 4a] m - law = 0 ,

02
- a ) — ( V 2

This system of equation may be written also in the form

Lvv V+Lva, Oi+Lvw W = 0 ,

(2.3) Lav V+Lma C0+Law W = 0 ,

Lwv v-\-Lwu> co-\-Lmm w — 0 .

Let us now introduce the stress function % (r, z) connected with the function v, co, w
by the following relations

(2.4) V 0 Lam LmW

% Lwm Lww

wherefrom we find that

(2.5)

(2.6)

a> —

Lw 0 Lm,
L 0 L
Lwv % Liviu

w =
Lav

Lav

Lvov

Lva

Lm

0

. o
»%

Ur =
8r drdz

dr ¥(v^),

(2.7)

where

Uz = w =

6 = (A+2/«) V2 [(y+«) V2 - 4a].
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Substituting (2.5)—(2.7) into the last of Eqs. (2.3), we obtain the equation

(2.8) (X +2//) V2 V2 [(ft+a) (y +«) V2 - 4a/*] % (r, z) +Z Z (r, z) = 0.

This is the sought for generalization of Love's equation known from the classical
theory of elasticity on the micropolar elasticity.

The state of displacements u = (ur, 0, Uz) and rotations cp = (0, cpo, 0) here
considered is connected with the state of stress by the following relations

(2.9)

where

arr

0
Ozr

0
an
0

Orz

0
Ozz

0

0
0

0

0

-Vke, ooo = 2,M h/le,

(2.10)

(T23 = 2 / i - r Y?,e,

du.

dz

8ur dz

— —I +2a(pe,
oz or '
oz or

dr

and

(2.11)

s)
3950

dz dr '

dcpo

dcpo

= (y+e)
dcpo

~dz

Expressing the above stresses by ur> <pe, uz from the formulae (2.5)—(2.7), we get
finally

•

82
\ /,/ I 5

(2.12)

where
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3 [ 32
Orz ~ ~r~ 10*+a) ®t ~ 2p "5~7 (T%) -\-Aa2 (A +2u) V2

or L uz
(2.13)

Ctzr

and

= IT r ~ a) ®* ~ ̂  "5"

32 1 5

32
—

82
j (V2 Z ) ,

32
^zo = 2a (A+2^) (y+8) - ^ (V2 x).

Now, let us pass to the classical theory of elasticity putting a = 0 in (2.5)—(2.14).
Introducing, moreover, a new function

(2.15) L(r,z)-(y+a)V*X(r,z),

we obtain from (2.5)—(2.7):

d*L 82L
(2.16) «r=-&+f*

Eq. (2.8) transforms into

(2.17) va

and — for Xz = 0 — becomes a biharmonic equation.
The following formulae will describe the stresses [3]:

52 Z,

3L

(2.18) 3 [ 32L
WA* = "gj [(3A+V) V2 L - 2 (A +p) - ^

8

,MrO = /"Or = 0» f*zr = ^ r z = 0 .

In this way we arrived at the Love's stress function L (r, z) known from the classical
theory of elasticity [1].
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Returning now to the micropolar elasticity we shall present, exempli modo,
the application of the stress function %.

Consider an elastic half-space z > 0 subjected to the action of a loading /; (;•)
in parallel to the z-axis in the plane z = 0. The solution of Eq. (2.8) may be written
in the form of Hankel's integral

(2.19) X(r,z)= f Z(z)J0(£r)d£,
6

where

4cifi
Z(z) = (A +BC) e-^+Ce-vZ, v = (£2+<r2)I/2,

The function Z (z) is chosen so as to have (r, z) -*• 0 for z -*• oo. The quantities
A, B, C, functions of the parameter £ will be determined from the following three
boundary conditions

(2.20) oa (r, 0) = - p (r), azr (r, 0) = 0, ^ (?•, 0) = 0.

Here we make use of the formula (2.12)—(2.14), wherein the stresses azz, azr, fzrB

are expressed by the function %.

3. Functions of Love's type for the system of Eqs. (1.4)

We shall now consider the system of Eqs. (1.4) putting Y = (0, 0, Yz). Substitut-
ing into these equations the following quantities

dtj - 8$

and bearing in mind

. l \ 8V 0 / 1 \ M c

we obtain a system of equations, wherein only the Laplacians ?2 ^ 72 ^ a n c i y2 g
occur. Integrating Eqs. (1.4)x and (1.4)2 with respect to r, we arrive at the following
system of equations

82 1 d&

V2-4a - (ji+y - s) — J ^ - 2 a —
do

- e ) - ^ - = 0,

dri
(3.1) 2 a —
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We may write this system in an abbreviated form

Lnn Tj+Lqeo+L,,,, Q = 0,

(3.2) L$n r)+Lwo+Loe Q — o,

Lm r\ +Leu +Lee Q + Yz = 0,

Let us introduce the stress function cp (r, z) connected with the functions i], •&, Q by
the relations

(33) r, =

From the above equations we get

0 .L## LoQ

tp LQ& LQQ

JLtpj U -L-i]Q

L&tj 0 L&Q

T tn T
6V I QQ

Q =

Lm Lrfi 0
Lfty L${t 0

Lm LB$ ip

32
•<pr

(3.4)

8r

52

• - 4 a ] ,
where

Q = (/J, -j-a) (/3 +y — s) V2 — <

S*=>(fi+2y) V2 — 4a.

Substituting (3.4) into Eq. (1.4)3, w e obtain the equation

(3.5) [</J+2y) V2 - 4 a ] V2 [(/*+o) (y+s) W - 4a/i] y(v)+y»(r, z) = 0.

Eq. (3.5) is an analogon with Eq. (2.8). There is no counterpart of this equation in
the classical theory of elasticity. Putting a = 0 in the relations (3.4) and (3.5) we
obtain the equation

(3.6) (p+2y) (y+s) W V2 <p+Yz = 0, <p=

and the relations

f,

(3-7)

V 2 <p - - e)
82 cp

Eq. (3.6) and the relations (3.7) refer to a quasi-elastic body in which the rotation
tp is the only possible. The state of displacement u s (0, uo, 0) and rotations
cp = (<pr> 0, (pz) is connected with the state of stress

(3.8) a =

0
Oor

0

O>8

0
0

ffez

0
(A = 0

0

0

0
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where

'duo uo\ 1 3

dr r I r dr

duo He \ 1 3
Cfor =

(3.9)
duo a a

(ruo) — 2acpr,

duo a 8
cfzo = j « ^ 1 —(ruo)+2a(pr,

dz r dz
and

8<Pr • " ^ — +Bx
r '

dwr \ I dwr dcpi
(3.10)

\

8(pz dcpA ld<pr 8(pz

6r dz I ~ e \Tz dr I'

Expressing the above stresses in function f, we have

32 1 5 1

32 1 3 1 I" 32
-a)—- — (/n+a) —\(5y))+2a\0y) —

(3.11) ' ^ '' dA L 8Z2

32

82

Tz [2y lr2
8 \ I 8

Tz [2y T "37
3

(3.12) azz =

33

32/31 33

j ( )
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Let us consider an example of the application of the function ip. Suppose a half-

space z ^ 0 loaded in the plane z = 0 by the twisting moments m (r) with vectors

directed in parallel to the z-axis.

The function y> will be expressed in the form of Hankel's integral

150

y>(r,z) = J
0

where

Z(z) = Ae-^
Here

T = (C2+a2)"2

and
Aa 4a/j,

P+2y '

The quantities A, B, C, functions of parameter £, will be determined from the

boundary conditions

firr 0; 0) = - m (r), nrz (r, 0) = 0 , are (r, 0) = 0.

The stresses (xrr, f^rz, &ro are expressed in function y> by the formulae (3.11) and (3.12).
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B. HOBALI,KHft, OBOEmEHHHE <I>yHKlJHH JI0B3 B MHKPOIIOJIHPHOft TEOPHH
y n p y r o c T H

B HacTojmjeM cooSmeHHH aBTOp orpamraHBaeTCH oce-cHMMeTpjraecKHMH BonpocaMH MHKPO-
nojiapnoH TeopHH ynpyrocra. ^ J I H ynoivwHyTbix npo6jieM BUBeseHbi fl.Be ^ysKujni HanpaaceHitit
X H y>, KOTopue nrpaioT aHanorHBiyK) ponb KaK (JiyHKE(HH JIOB3 B icjiaccmecKoii Teopnn ynpy-
rocTH. nonb3yacb STHMH (JWHICIJHHMH MOKHO Bbipa3HTb Bee cocTaBnaromne COCTOHHHH Hanpji-

% H f yflOBneTBopaioT ypasHenHaM (2.8) H (3.5).


