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1. Introduction

In this paper we shall be concerned with an “elastic, Homogeneous, isotropic
and centro-symmetric body. Under the effect of external loads the body will suffer
deformation. A displacement field u(x, #) and a rotation field w (x, ) will form
in the body changing with the position of the point x and with time 7. The deformation
state is described by two asymmetric tensors: asymmetric deformation tensor
¥si and curvature-twist tensor xs. As known [1]—[3], there is:

(L.1) Vit = U4, 5 — Ekif Wk, Xjt = W, 1. :
The state of stress is characterized by two asymmetric tensors: force-stress tensor
gy and couple-stress tensor py;.

The state of stress and that of deformation are connected by the constitutive
relations
(1.2) op = (u+a) yu+(p — @) yig+Ayer dig,
(1.3) ugt = (y+8) %51+ — ) %e5+Prrr &y, \
where w, A are Lame’ constants while «, 8, ¢ and & denote new material constants.

The system of equations of motion consists of the equation of balance of linear
momentum and the equation of angular momentum

(1.4) oyi, 1+ Xi— o = 0,
(1.5) ; Eijk Ok~ gi. 4+ Y1 —JL:?i =0

In the above equations the symbols X; and ¥; denote the volume density of
body forces and body couples, respectively, e stands for the alternator used,
o — for the density and I represents the characteristic of the body.

Introducing (1.2), (1.3) and (1.1) into (1.4) and (1.5), we obtain a system of two
coupled vector equations deseribing the displacement and rotation fields [1]—[3]
(1.6) Oz u+(A+u — a) grad divu+-2arotw+X = 0,
(1.7) Ogw—+(f+y — e) grad divew+-2arot u+Y = 0.
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The following notations were introduced in the above system
O; = (uta) V2— 00}, 0= (y-+e) V2—4a—Joj,
o 0 02

v

oxi 0xi’ % =25

2 =— —

Egs. (1.6) and (1.7) are equations of elastokinetics; they are derived under the
assumption of adiabatic process. Material constants appearing in these equations
are measured in adiabatic state of the body.

The system of Egs. (1.6) and (1.7) may be disjoined by decomposing the vectors
u and w into potential and solenoidal parts [4].

Putting
(1.8) u=grad @+rot¥, div¥ =0,
(1.9) w = grad 24rotH, divH=0,

we get from Eqgs. (1.6) and (1.7) — assuming the absence of body forces and
moments — the following system of wave equations

(1.10) 01 2=0,
(1.11) 03 2=0,
(1.12) Q¥ =0,
(1.13) QH =0,
where:

01 = (A+2p) V2— 0], O3 = (B+2y) V2—4a—J3,
0 = Oz Og+4a2 V2,

Eq. (1.10) describes the longitudinal wave, Eq. (1.11) — the rotational wave,
while Eqs. (1.12) and (1.13) the modified (as compared with that of classical
elastokinetics) transversal wave.

2. Stress functions. Theorem on the completeness of solutions

In static problems of the classical theory of elasticity an important role was
played by Galerkin’s functions [5], in dynamical problems the same role was devolved
upon Tacovache’s functions [6], particularly when deriving basic solutions. N, Sandru
[7] elaborated the functions of this type for the asymmetric theory of elasticity
making use of the general algorithm constructed by Gr. C. Moisil [8].

In what follows we advance a different—and we hope it to be simpler—method
of getting the stress functions which permits to avoid the cumbersome solutions
of determinants of 6th order. Finally we shall demonstrate the theorem on the
completeness of stress functions.
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We take as the starting point of our considerations the differential equations
(1.6) and (1.7). Eliminating from these equations first the quantity w and then u,
we obtain the following system of equations

2.1 Qu-grad div IM'u+-[14 X —2arot Y =0,
(2.2) Ow-t-grad div O w1, Y —2arot X =0,
where

23)  Q=0,04+462 V2, I'=(A+p—a)ds—4a?,
6 = (B+y—¢) Oy — 42
Let us consider first the system of Eqs. (2.1); we rewrite it in the operator form
(2.4) Lig (up)+04 X — 20 8135 Yi, 3 =0, i,j,k=1,2,3,
where
Liy = Q64+40; 05 I

We introduce the vector stress function ¥ connected with the components of the
displacement u by the following relations

&1 Lz Lys Ly &1 Lya Ly Lz &
(2.5) uy =8 Lyy Lps|, up=|Ly &z Lp3|, uy=|Lp Lpy &3f.
83 Ly Las L3 {3 Ly Ly Ly &3

Now, after some simple transformations it is seen that the vector u is connected
with the vector § by the following relation

(2.6) u= [J, 4% — grad div I'C.
The procedure to be applied to Eq. (2.2) is quite similar; we get the dependence
2.7) w = [z O30 —grad div On,

where 7 is the second vector stress function.
Introducing (2.6) and (2.7) into (2.1) and (2.2), we obtain the following system of
equations for determining the functions € and

(2.8) Q0 046 =— 04 X+2arot Y,
(2.9 20,03 =—02Y+2arot X.

Thus we get two independent of each other systems of equations. These equations
proved, however, to be inconvenient since on the right-hand side of the equations
there appear operations of differentiation upon the body forces and moments.
If, however, instead of the representations (2.6) and (2.7) we take the relations

(2.10) u = [; Osep — grad div I'ee — 2a rot (03,
(2.11) w = [J; 03¢ — grad div O — 2a rot [, ¢,
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where ¢ and ¢ denote new stress functions, then, introducing (2.10) and (2.11)
into the system of Egs. (2.1) and (2.2), we get the following relations

O (20 p+X) — 2a ot (2013 +Y) = 0,

02 (2034 +Y) — 2a rot (.QI:Iicé—I—f() =0,
wherefrom we derive the following equations - ‘
(2.12) 01 QX =0, [0;Q2+Y=0,

suitable for the determination of the stress functions ¢ and . Egs. (2.12) coincide
with those derived by N. Sandru in a different way. _
The theorem on the completeness mdy be formulated as follows:

THEOREM. Let u(x,1) and w (x,t) be the sohitions of the system of Egs. (1.6)
and (1.7) within the interval —oo << t < oco.

We assert that there exist vector functions § and n such that the displacements u
and the rotations w are expressed by the representation (2.6) and (2.9), the functions
satisfying the wave equations (2.8) and.(2.9).

The starting point for the demonstration of this Theorem will be the representation
of the vectors u and w in the form of Stokes-Helmholtz solution, (1.8) (1.9).
Introducing (1.8) and (1.9) into Egs. (2.1) and (2.2), respectively, and taking into
account that

2.13) Q = [y Cy+4a2 V2 = [0 Cly— V2 T'= [p O3 — vo.
we obtain the following system of equations

(2.14) grad ([, Cly @)+rot (2 ¥)+[s X — 2oty =0,
(2.15) . grad (02 Os 2)+rot (QH)+[1, Y —2arot X = 0.

Now we shall make use of Egs. (2.8) and (2.9) and express the vectors § and 0 by
their potential and solenoidal parts

2.16) ¢ = grad 9-+rotA, divA =0,

(2.17) | v = grad cr—fl—rotx, divy =0.

Introducing (2.16) into (2.8) and (2.17) into (2.9), we get the system of equations
(2.18) grad (207 Clg 9)-+rot (2 [0) 04N +0s X—2arot Y =0,

219 grad (2 Oz O3 o) +rot (200 3x)+02Y—2arot X =0.

Comparing, on the one hand Eq. (2.14) and Eq. (2.18) and, on the other hand,
(2.15) and (2.19), we get

(2.20) Q) =0, Qo=2,
(2.21) 0 O0sA=%¥, O;03%=H.
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Performing on Eq. (2.16) the operation. []; [4, and taking into account (2.21);,
we have

(2.22) O 048 = grad (0O 04 9)-+rot .
Eliminating the term rot ¥ from (2.22) and (1.8), we arrive at
(2.23) u= grad @+ (04 & — grad [J; (04 9.

Taking into con_sidcratioﬁ Eq. (2.20);, the dependence (2.13) and the relation
divl = V2 ¢ resulting from (2.16), we reduce Eq. (2.23) to the form

(2.24) - u=([; 048 —grad div I'C.

Thus we obtained the relation identical with that derived previously, (2.6). Performing
on (2.17) the operation [, (3, and taking into account the relation (2.21);, we
arrive at = ' '

(2.25) 02 O2n = grad (O, O3 o)+rot H.

The elimination of the term rot H from (2.25) and (1.9), making allowance for
Egs. (2.20)5, (2.13) and the relation divy = V2 g, leads to the representation

(2.26) w = [ O3n— grad div Oy,

which is in accordance with (2.7).

Thus, the Theorem on the completeness of solutions arrived at with the use
of the stress functions € and n is demonstrated.

It may be shown in a similar way that there exist vector functions¢, tpsuch that
the displacements u and the rotations w are expressed by the relations (2.10) and
(2.11) and the functions ¢ and ¢ satisfy the wave equations (2.12).

3. Dependences between_the potentials @, X, 'V, H and the stress functions p, ¢

Let us consider the homogeneous wave equation (2.12) — the absence of body
forces and moments being assumed

(3.1) O:2¢ =0, [O38¢=0.

The solution of these equations — in accordance with a theorem of T. Boggio
[9] may consist of two parts

(3.2) @ =@+, =9+
The functions ¢’,¢" "', " verify the following equations
(3.3) Che' =0, Q¢ =0,

(3.4) s’ =0, 2" =0.
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Introducing (3.2) into (2.10) and (2.11) and making use of Eqgs. (3.3) and (3.4),
we obtain the following representation

(3.5) u =[], O4p"" — grad div I' (@' +¢"") — 2arot (3¢",
(3.6) w = [0, 03" —grad div O ($'+¢") —2arot (1"
Taking advantage of the known dependence

rot rot U = grad divU— V2 U,

and bearing in mind the relations (2.13), we reduce the representation (3.5) and
(3.6) to the form

(G.7 u = — grad div '’ —2a rot (3",
(3.8) w = —grad div @'—2arot O, @"".

Comparing the Stokes-Helmholtz representation (1.8), the representation (3.7)
and, finally, the representations (1.9) and (3.8) we obtain the following relations:

(3.9) & = —divIp', W= —2a[ld",

(3.10) 2= —divOy’, H= —2a[]@".

There are the sought for dependences between the potentials @, 2, ¥, H and the

stress functionsep, . Yet we have to verify whether the relations (3.9), (3.10) satisfy

the wave equations (1.10)—(1.13). It may be easily shown that, indeed, they do.
4. Stress functions for the asymmetric thermoelasticity

Basic differential equations for coupled thermoelasticity have the form [10]:

4.1) [z ut-(A4-u — a) grad div u+2arotw+X = v grad 0,
4.2) (4 w+(B+y — &) grad divw-+2a rot u+Y = 0,

1
*3) Da—qﬂdivﬁ=—%, D=v2——a,

where T denotes the absolute temperature, Ty stands for the temperature of the
body in natural state with no-stress and deformations. 0 = T — T, expresses the
increase of temperature. Q is related with the intensity of the heat source.
The quantities #, 9y, » are material constants. Eq. (4.3) is the equation of heat
conductivity in an expanded form.

Applying the same procedure as in Sec. 3, we assume for the vectors u and w
and for the function 6 the following representation constructed with the help of
two vector functions ¢p, Y and the scalar function &

(4.4) u = M[Jy¢p — grad div Nep — 2a rot [J3¢+» grad 4,
4.5) w = [J; (3¢ — grad div @ — 2a rot Mep,
(4.6) b0 = ng 0 div Qep+-[7; &,
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where
M:DDI—-V?}{](); VE,
N = DI"— vy 0 Oy

Introducing Eqs. (4.4)—(4.6) into Eqgs. (4.1)—(4.3), we obtain the following
system of wave equations

4.8) QOY+Y =0
(4.9) MY+ g =0.

3

In a similar way as in Sec. 3 may be shown the completeness of the functions

@®, P, 0.
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B. HOBALIKUI, O INOJHOTE ®YHKLMI HAIMNPSOPKEHNM B HECUMMETPHY-
HOM YIIPYTOCTH

B nacrosiuieit 3amMeTke BBIBEACHBI MO HOBOMY Metony dopmynst s QyHKUME HanpsKeHuii
B TEOPHH HECHMMETPH4HOH ynpyrocTH. [okasana nonHota hynxuuit manpsoxenuii. IToxasaHsr
TAKKE COOTHOIIEHMS Mexway norerumanamu Croxca-Ienbmronsua M QyHKUHAMH HANPSDKSHU,
Haxomewn, JaHO npejcTapienne NepeMerieHnii u, BpameHuil @ ¥ remnepatyps! (0 npu nomonm
JBYX BekTOPHGIX dyHkumit @ u ¢ w ckanapuolt Qynkuuu ¢, BblBeleHO BOIHOBOE YPaBHEHHE, KO-
TOPOMY NOJIKHLI YIOBIETBOPSTE YIOMAHYThIE (BYHKIMM,



