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1. Introduction

In this Note we shall be concerned with an elastic, isotropic and homogeneous
body, filling the region B bounded by the surface 4. The body, when acted upon
by external forces and heated, will undergo deformation. A displacement field
u(x, 1) and a temperature field 0 (x, #) will form in the body, depending on the
position of the point x and the time . These fields are described by the following
system of differential equations [I]

(1.1) uV2 u+-(A+u) grad div u+X = pu-+y.grad 0,
I, N
(1.2) V20——’-‘~0—ndwu— =2

The notations used in the above formulae read as follows: 0 = T — T stands for
the increment of temperature, T' denotes the absolute temperature, T\ — the
temperature of the body in natural state, the strains and stresses being equal to 0.
X means the vector of body forces and p — density. The quantities g and 1 are

2
Lamé constants for the isothermal state; y = 3Ka;, where K = A+ ?yis the bulk

modulus and «; — the coefficient of linear thermal dilatability. » = Ap/c., where
Ag is the coefficient of thermal conductivity and ¢, — specific heat at a constant

T /4
strain. Finally, n = —’;—n and 0 = a0 where W denotes the quantity of heat produc-
0 b

ed per volume and time unit. A dot above the symbol of function denotes its time
derivative: § = %—?, u= i—i:— Decomposing the displacement vector into its poten-
tial and solenoidal parts

(1.3) ' u= grad D+froty, divy =0,

and decomposing the vector of body forces in a similar way

(1.4) X = p(grad ?+rot o)

583—[785]
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we reduce the system of Egs. (1.1) and (1.2) to the form [2]

1
(1.5) Df@:mﬁ—?ﬁ,
1
) 1
(1.6) X =—"_209;
2
%)) DO —nV2 = —%—.

The following notations were introduced in Egs. (1.5)—(1.7):
1 o2 1 9

i=V— 55 o=L2, D=V-—g,
(1.8) RPN |2 "

P, ol el
Eliminating the temperature from Eqgs. (1.5) and (1.7) we obtain the equations

m 1
(1.9) | QO = -——,‘—Q~c—il)z9,
S 1
(1.10) O __Tgﬂ',
where
’ by

.Q=ijD—mn()eV2, az=§?.

Eq. (1.9) describes the longitudinal thermoelastic wave, while Eq. (1.10) —
the transverse one.

In classical elastokinetics, the adiabatic process being assumed, we have to
deal with the system of displacement equations

s V2 u+(As-+us) grad div u+X = ol

(L.11) .
0 = —npmypxdivu.

The Lamé constants us and ;s appearing in these equations refer to the adiabatic

vrTo Y

TD, My = At 2pi Yr

Lamé constants in isothermal conditions.
Representing the displacement u by Eq. (1.3) we obtain the following wave

equation

state and 7, = = (347+2uy) as where u, and A, are

1 1
1.1 2(p = — — Ry = —
( 2) lep a%"?'s X a%a’
where
j_ —i—2.u 1/2 P 1/2
“1=( : 0 ‘) > ﬂzz(—;‘ s Ms =g, As = Aptyrnpx.
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Somigliana [3] and Duhem [4] have shown that representing of (1.3) in terms
of the potentials @ and ¥ affords the complete solution of Egs. (1.11). Sternberg
in [5] gave conclusive arguments for the completeness of the general solution of
coupled equations of thermoelasticity (1.1) and (1.2) for the (1.3) representation
under the assumption that the functions @ and ¥ verify the system of Egs. (1.9)
and (1.10). We shall deal with this problem in par. 3 of this paper.

The system of Eqs. (1.1) and (1.2) may be also dissociated in another way,
namely by introducing the vector function ¢ and the scalar function % connected
with the displacement u and the temperature 6 by the following representation

A-2p Atp y
1013 u= D — div (I'e)+ — grad »,
(1.13) w g (I'p) Ay
A+-2
(1.14) 0 = 9o, div [+ F’D%w,
where
I'= D—F?}az.

The functions ¢ and are supposed to satisfy the following equations

X

2 =

(1.15) 2 Qe T 28 0,
Ou

; Qu+———=0.

(1.16) -+ G20 0

We obtain Egs. (1.15) and (1.16) by substituting, respectively, (1.13) and (1.14)
into the differential equations of thermoelasticity (1.1) and (1.2).

The representation (1.13) and (1.14) was first given by Kaliski [6] and somewhat
later, in a different way, by Podstrigacz [7] and Riidiger [8.]

Let us remark that the representation (1.13), (1.14) is a generalization on the
problems of thermoelasticity of Galerkin’s functions of stresses used in electrostatics
[9] or of those given by Iacovache for classical elastokinetics [10].

However, the method of deriving the relations (1.13), (1.14) used in [6]—[8]
does not ensure the completeness of the solutions. The demonstration of completeness
of the solutions for the representation (1.13), (1.14) will be given in par. 2.

2. Theorem on the completeness of solutions

Let u(x, f) and 6 (x, ) be the solutions of the system of Egs. (1.1) and (1.2)
in the region B for —oo < t < 0. Then there exists a vector function¢p and a scalar
function v such that the displacement u(x,?) and the temperature 0 (x, f) are
represented by (1.13) and (1.14), respectively, and the functions ¢ and y satisfy
the wave Egs. (1.15) and (1.16).
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In virtue of the Stokes-Helmholtz solution there exist functions @ (x, ) and
% (x, f) such that

(2.1) u(x, t) = grad @+roty, divy=0.

Let us substitute (2.1) into the system of differential equations of thermoelasticity
(1.1) and (1.2). We obtain then the following equations

2
(2.2) grad (07 D+ A-[—2 rot CB oyt ——F— F2a =mgrad 0,
0
(2.3) DO — 3o V2D = — =

Now, if we eliminate from the above equations the temperature 0 and make use
of Eq. (1.16) we obtain

DX Yy
(2.4) grad (20)+ —— Fam 2 — rot (D2 %)+ -i-]-—2;; = -; grad (2y) = 0.

We shall now define the function ¢ in terms of the scalar function £ and the vector
function n

(2.5) ¢ = grad {+ rot 1.

2—1—2
Substituting (2.5) into Eq. (1.15) and performing the differentiation operation D
on the latter, we arrive at the following result

DX
(2.6) grad (DR 0+ —— 1-1—2 — rot (DR[3 n)+ —E-Z,u =0,

Comparison of Eq. (2.4) and Eq. (2.6) shows that the functions { and 7 have to
satisfy the following differential equations

@7 Du§r:=¢~§v,u,

(2.8) Qn=x.
Let us perform the operation £ on the relation (2.5). Then, taking into account
Eq. (2.8), we get
!
(2.9 Q¢ = grad (PO)+ —— "om —rot %.

We introduce the term rot x from Eq. (2.9) into the formula (2.1). In this way,
taking into account Eq. (2.7) we obtain the representation of the displacement n
by means of the functions v, ¢ and {.

2 A-
(2.10) u= j— 2 @cp-{- grad y+-grad DDZ———IE}E-Q)C




(789] On the Completeness of Stress Functions in Thermoelasticity 587

Taking into consideration that

"
A-2p

A
o V2

2F=
(2.11) 0i¢ T 2u ,

3¢+

we reduce the operator at £ in Eq. (2.10) to the form

A2 A ) Y
- '“Q) . +‘”(D— y”‘)vzz::——‘ufvzc.
Iz Iz At I

(2.12) (DD%

Substituting Eq. (2.12) into (2.10) and taking into account the following relation
resulting from (2.5)

(2.13) divep = V2(
we reduce (2.10) to the form
A2, A
(2.14) u= —; e Q¢ — ‘u# div (') + %grad P

which is in agreement with the representation (1.13). We have still to demonstrate
the consistency of the representation (1.14). To this end, we perform on Eq. (1.1)
the operation of divergence and make use of the relation divu = V2 @, which
results from (2.1). Thus, we obtain

1 4
2.1 2y2 @+ ———di = —V2]),
(2.15) 03 v2 &+ l+2‘udwx Z—I-Z;sv
Then, taking advantage of Eq. (1.16) we eliminate the function @ from Egs. (2.3)
and (2.15). As a result we obtain

7 A-2u

(2.16) Q0+ oo divX =

13 Qyp.

Finally, let us perform the operation of divergence on Eq. (1.15). This leads to the
formula

2.17) div X = — div (03 Qe).

1
A2p
Substituting (2.17) into (2.16) and subjecting the equation transformed in this way
to the operation 2-1 we get the relation

A+2
(2.18) 0 = 5o div 32 e+ —“& Of .

which is in agreement with the representation (1.14).
This concludes the proof of the completeness.

A particular case of coupled thermoelasticity is the theory called technical
theory of thermal stresses, wherein the coupling of Egs. (1.1) and (1.2) is neglected
by disregarding the term 7 divu = 0 in the equation of heat conductivity. It may
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be easily shown — putting 7 = 0 in Egs. (1.13)—(1.16) and introducing the functions
G = D¢ — that the following representation holds:

42 Au
2.19) n=E g I e+ Lerady,
2 p
A+-2p
(2.20) 0= Ofv.

The functions G and y have to satisfy the following equations

(2.21) mh m’G+l—=o

. 1 2 Z-{—.’Z‘u ?

Qu
2 —_ =
(2.22) DO+ % -2 0.
Finally, in the particular case of classical elastokinetics we have
As+2 As+ .
(2.23) u= ” o G — sﬂ#s divG, 0= —npmpxdivu.
& &

where the function G satisfies the repeated wave equation

(2.24) O} O3 G+ 0.

28‘1’2,“3 -

The representation (2.23), (2.24) was given first by Tacovache [10] and the

theorem on the completeness of this representation by Sternberg and Eubanks [11].
3. Connections between the potentials @, x and the functions @ and

Let us consider the homogeneous system of Egs. (1.1), (1.2). Introducing the
representation (1.13) and (1.14) we reduce this system to the wave equations

(3.1) 0392 =0,
(3.2) Qp =0.

Remark that — in virtue of Boggio’s theorem [12] — the solution of Eq. (3.1) may
take on the following form

(33) ¢ ='+eop"
the functions ¢’ and '’ satisfying the equations
(3.4 Qo' =0,
(3.5) O3e" =0.

Introducing (3.3) into the representation (1.13) and taking into account Egs. (3.4)
and (3.5) we obtain

A2 A+
(3.6) u= —‘uﬂ.Qtp” = iuiu grad div I'(ep'+e'")+ %grad P.
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Let us transform now the term Q¢ '’ taking into consideration 2 = (1} D — mno, V2
and making use of the relation (3.5). After some simple transformations, the relation
(2.11) being taken into account, we get

Atp
e o 2 r
3.7 Qe 2 (V2T'").
In this way, taking into consideration (3.7), we may write (3.6) in the form
Atp ) , . y
(3.8) u= T [V2I''" — grad div (I'@'-+T'p' )]+ ;grad Y.

Since there is
grad div(l'p'") = V2 (I'p'")+rotrot (I'p'’),

we obtain from (3.8):

At y . iy Y

3.9 u= _.“— [—rot rot(I'e'’) — grad div (I'")]+ _,u— grad .
Now we may easily reduce the relation (3.9) to the Stokes-Helmholtz representation
(3.10) u = grad @+4roty, divy=0.

Comparison of Eqgs. (3.9) and (3.10) leads to the following representation

A+
G.11) o=—t div(ﬂ:p’)—l—%fp,
A+

(3.12) X = — L rot (I'p"),

where the functions @, y are connected with the functions ¢, .
Let us perform on the representation (1.14) the operation D. Making use of
Eq. (3.5) we obtain the following relation

A2u
(3.13) DO = no; div (D3 ") + TDI:IHJ.
We shall now transform Eq. (3.4) which may be also written in the form
(3.14) (0} D’ —mnoy V2’ = 0.
Taking advantage of the relation (2.11) we obtain
(3.15) D' =~ HT‘“ Vi’

Substituting (3.15) into (3.13) and taking into consideration Eq. (3.2) we arrive
at the equation

A+
(3.16) D&:nmvz[_ “div(fcp’)Jr%w].
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Since, in virtue of Eq. (3.11), the expression in square brackets in Eq. (3.16) equals
D, we have
(3.17) DO —noe V2D =0.

This is the homogeneous equation of heat conductivity (1.7).

We have now to check whether the functions @, y expressed by the functions ¢
and yp satisfy the homogeneous wave equations (1.9) and (1.10).
(3.18) QO=0, [Bx=0.
It may be easily verified, in virtue of (3.2) and (3.4), that

)
(3.19) b = %.qu 2T v (e =0,

and also, in virtue of (3.5),

. -
(3.20) Dix=— ; rot (I'O3¢'") =0.

It was shown in par. 2 that the representation (1.13)—(1.16) leads to the
completeness of the solutions. The reduction of (3.11) and (3.12) performed in this
paragraph supplies an alternative proof for the completeness of solutions (1.3),
(1.9), (1.10).

In the case of the theory of thermal stresses, where the coupling of the temperature
field and displacement field is disregarded we obtain in lieu of the transformation
(3.11), (3.12) the following one

A-u

(3.21) b =— div G+ %w:

A+

(3.22) ) G s rotG, G =Deg.

The displacements u and the temperature 0 are given here by the representations
(2.19), (2.20). They have to satisfy the homogenenous equations

(3.23) }03G=0, DO}yp=0.

It may also easily be shown that the functions @, ¥ given by the relations (3.21)
and (3.22) verify the following equations

(3.24) 0i®—mb=0, [QOix=0, DO=0.
In the case of classical elastokinetics the formulae (3.21) and (3.22) transform to
As+
(3.25) G Gl
s
As+
(3.26) = =T G
Us

in agreement with the result obtained by Sternberg [5].

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF BASIC TECHNICAL PRO-
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B. HOBAUIKUI, O INOJIHOTE @ YHKITUN HATIPSKEHUI B TEPMOYIIPYTOCTH

B paGore [okazaHa MONHOTA PCINEHHS IMPOGIEME! COTIPANEHHOH TePMOYIPYTOCTH HONyYeH-
HOTO B Pe3ynpTaTe BBEACHHA (yHKUMHA HATPsKeHMS ¢ M . OnpeneNeHbl TAKKe CBAZH MEMIY
DyHKIMAMIL @, 4 H IIPEACTABIEHUEM ITEPEMEIIECHNS # ITyTeM MCIIOJIL30BAHMS CKATIAPHOTO MOTeHIAA~
ma D ¥ BEKTOPHOTO MOTEHLHANA ¥.

B saxmovenne OUCKYTHPYETCS TEPEX0[ OT MPOGICMLI CONPsiKEHHOI TepMOYNpPYrOCTH K TaK
HA3BIBAEMOIT TCXHHYCCKOI TEOPHW TEPMHMECKHX HANPSKCHMIA,



