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1. Introduction

In our previous papers [1], [2] the theory of Cosserat’s medium was extended
on the problems of coupled thermoelasticity. The displacement vector x and tempe-
rature 0 where assumed as in the papers quoted as independent functions. The

1

rotation w and displacement z vectors were connected by the relation: & = — ot u.

In the present Note both vectors, # and « are considered as independent functions
and so is the temperature 6, [3]—[7].

In what follows, constitutive equations are derived basing on the thermody-
namics of irreversible processes and on fundamental equations of coupled thermo-
elasticity. Finally, variational theorem and the theorem on reciprocity are formulated.

2. Equations of energy and of entropy balance

The principle of conservation of energy referred to an arbitrary volume ¥ of
a body, bounded by the surface A, has the form:

d 1
2.1) = [E- (ovi vy+Jwy wi)-+ U] dVv = f(Xg ui-+ Yy wy) dV+4
v v

+ f(pg Vi-+mi wi) dA — f qinpdA.
A

A

Here ©; = m, wi = i, U denotes the internal energy, and g« — the component
of heat-flux vector. X; denote the components of the body force vector referred
to a volume unit, and ¥; — the components of the body couple vector. The quan-
tities p; and my are connected with the asymmetric tensors oy; and g by the following
relations

(2.2) pr=oung, Mi= Wzny,
505—[801]
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where my stands for the component of the unit normal vector, oy is the force-stress
tensor, uy — the couple-stress tensor. Taking into consideration equations of mo-
tion [5]

2.3) o4+ Xt = oui,
(24) €isk Opk+pgi, 3+ Yi = Jax,
and making use of the divergence theorem, we obtain the following equation
2.5) [ 40— o @11 — e W)+ i, Jari}dv =0.
v

If the integrand is continuous, then the relation

(2.6) U = o5 pputpus 23 — Qi
holds locally. In Eq. (2.6) there is

2.7 Vit = Wi,j — Ekji Wk,  #ji = O4,5.

The equation of entropy balance can be written in the form ([8], p. 29.)

. i Ng
(2.8) deV = -—f 7~ dA+ f@dV.
v A v

S being the entropy referred to the volume unit, 7 — absolute temperature. The
second term on the right-hand side of (2.8) denotes the rate of production of energy,
due to heat conduction.

Eq. (2.8) transformed, in accordance to the divergence theorem leads to the
following local relation

2.9 §=0——"+

Eliminating g4,4 from (2.6) and (2.9) and introducing therein the expression for
the Helmholtz free energy F = U — ST, we obtain

(2.10) P = opputppintTS—T (c—) o+ q}:‘: ‘_).
Since the free energy is a function of independent variables y;;, x5, T there is
(2.11) F=£;:ﬁ+—ap—;;ﬂ+ iF—dT.

OVji 05 oT
Assuming that the functions @, gi, o1, uje do not explicitly depend on time deri-
vatives of the functions yji, #5, T and defining the entropy as § = — —3——; , we

obtain, comparing (2.10) with (2.11), the following relations

U _OF  _ OF el
A MG M g P o 9t <0
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The second law of thermodynamics will be satisfied, if @ = 0 or if

Tiqi -

(2.13) ——l

This inequality satisfies the Fourier law of thermal conductivity
(2.14) kijeT 3= — qu, k{j O=—q, T= Ty+-0,

T, denotes here the temperature of the body in natural state where stresses and
deformations are equal zero. From (2.9) — taking into account the last relation
of the group (2.12) — we have

(2.15) TS = — qi,i = kiz 0,45-
For an isotropic and homogeneous body we get
(2.16) TS = kb, 43,

where k is a constant.

3. Constitutive equations

Let us expand the expression for free energy F (yji, %4, T) in natural state of
a body in the environment (y; = %4 = 0, T = T}) into a Taylor series, we obtain
for an isotropic centrosymmetric body, the following form

+a w—a A yte
R ynt 5 yigt 5 Vkk Ynu = V1 Vi 0+

(1) F= £ I

y—¢ f m

-+ 2 #yt i+ ?xm Hun — Vg #px 0 — ? 024-...

Making use of relations (2.12), we have

(3.2) o5 = (u+a) pji+-(u — @) yy+Q@Qyre — v 0) b4y,
(3.3) wgi = (y+€) 2+ — &) #gt-(Brar — v2 0) byy,
(3.4) S = vy Yrre+v2 2pp+ml+... .

Egs. (3.2) and (3.3) may be given the following forms

(3.2') 051 = 2uyan+2ayun+Ayee — v1 0) 84y,
(3.3 it = 2yxagn+2exupn+(Braxx — v2 0) b4j.

Here p, A are Lamé constants and «, y, &, f§ — new material constants. All these
quantities refer to the isothermic state. »; and », constants depend on mechanical
as well as thermal properties of the body. The brackets ( ) and [ ] denote the sym-
metric and skew-symmetric parts of the tensor, respectively.

Solving Egs. (2.3) and (3.3) with respect to y¢ and x4, we get

(3.9) Yy = g Oy 042" oapn+2a’ D’[ﬁ]+ﬂ.' 5015,
(3.6) #iy = 0ty Oty 029" pan-+2e" pyp+B' 9o,
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where
, 1 r 1 o 1 it 1
W Beggy BT ¥egp emdm i
' l ' ﬁ vl _"“'2
Y=—%x P e 4T 2T

K=2u+31, 0=2+3p.

The symbol a; in Eqs. (3.5) stands for the coefficient of linear thermal dilatation;
a, in Egs. (3.6) denotes the coefficient of thermal rotation. Since the volume element
free of strains and couple stresses on the surface undergoes—under the influence
of temperature—but voluminal changes, we have

y%= al 5{} 6, K%= 0!2 6”9:0,

Thus, we have to put formula (3.6) @ = 0, while in formulae (3.3) and (3.4) v, =0.
In order to determine the coefficient m — undefined as yet in the formula (3.4) for
the entropy — let us consider the differential equation

o em ] e (B o
! a?ﬁ # T Gl d?b'_ﬁ u,T i or Yo H '
y 08 Ce A
Since T =7 where ¢, denotes the specific heat of the body at constant
Wi

deformation, we get

Ce
(3.8) dS = vy dyye+—-dT .

Integrating this expression under the assumption that S'=0 for the natural state
of the body, we obtain

i
(3.9) S = ya—k—Hog?.
0
Taking into consideration the formula
(3.10) TS = 31 T‘J;:;k—i-cg T

and comparing it with Eq. (2.16), we obtain the following equation

1 G\
(3.11) 0,”—-—'9—?}1(1‘;"—‘)?];;.;=0, HZI'C/C.,, n = vy Tofk,
Fd Tg

In linearizing this equation, we assume that 0/T, is small as compared with unity.
Taking, moreover, into account heat sources within the body and denoting by W
the quantity of heat generated per volume and time unit, we obtain the following
expanded equation of thermal conductivity

1 ; 0
(312) 3,”—;6—?}1‘;)_2;;:—;, Q=Wfk.
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4. Differential equations of thermoelasticity
The constitutive relations (3.2) and (3.3) enable to express the equation of mo-
tion (2.3), (2.4) in terms of displacement vector u, rotation vector w and tempera-
ture 0. The following set of equations is obtained
4.1 (u+a) V2 g+ (A+p — a) uy, ji+2acpiy ok, 7+ X = QaH""l 04,
(4.2) (y+e) V2 0i+(B+y — &) 0y, ji+-2aek; ur, § — 4awi+Y; = Joy .
We have to supplement the above equation with the equation of heat conductivity

1 . Q
2 —_— — AL = =—— —
(4.3) V20 = 0 — 1 yrx b

Now, all the three equations here derived will read — when put in vector notation —
as follows

4.1 (u+a) V2 u+(A+p — a) grad div a4+ 2arot o+ X = gf:—l—vl grad 0,
(42)  (y+e) V2o+(B+y — e) grad div & +2a rot it — daw+ ¥ = Jo,

1 P o
; 910 = el i TG |
(4.39 V20 39 ny div u L

These equations are interconnected and coupled. Only in the case of stationary heat
flow the equation of heat conductivity becomes independent of the remaining two.
Egs. (4.1)—(4.3) should be supplemented with initial and boundary conditions.
Initial conditions take the form
w0 =fi(x), w0 =a@),
0 (50 =h), o0 =/h).
If, on the boundary, the loadings p; and moments m; are prescribed, then
(45) Pi (}’ f) =03 (}’ t) g (}) ] mi (K, I) = W {:Y.: I) nj (1) 3

xed, t>0.

(4.4)

5. Variational principle

It is easy to show that the following equation holds
(5.1) f [(X: — ott) Sug+(¥i — Jaog) oyl dV+ j (pe Sui+my dwq) dA =
vV A
= f (o5t O jit-psi Oxze) dV .
Vv

In this equation the terms du¢ and dew; denote the virtual increments of the compo-
nents of displacement and rotation vectors. Thus, introducing the relations (3.2)
and (3.3) into the right-hand part of Eq. (5.1), we obtain the equation

(5.2) J‘ [(Xe — oite) dur+(Ye — Ji) Sl dV+ [ (pu S dvg) dA =
4 A

= OW — jv,@ade,
v
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where
oW = [ [u+a) yn dyst+(u — a) yis Syus+Ayue Syun
v
+(y+-€) 21 Oxgit-(y — &) 240 Ois+Brre Or] dV.

Eq. (5.2) ought to be supplemented with an additional formula since only four
causes, namely X;, Y3, pi, mq, appear in this equation in explicit form. We introduce
the vector H connected with the vector of neat flow ¢ and the entropy S by the
following relations

(5.3) G=ToH, S=—div(H).
Taking into account the Fourier law of heat conductivity
(5.4) g= — kgrad 0

and the relation for the rate of entropy (3.10)

(5.5) —divg =Ty S = v Ty yrr+ec. 0,

we obtain the following connection of the vector A with temperature 0 and y, 2z

k
(5.6) Hi=— }Eﬁ,t, — To Hy,t = ¢ 041 yik-

Multiplying formula (5.6) by dH; and integrating it over the region ¥V, we get
T
5.7) f(ﬁ,ﬁ?" H;)ﬁﬁs av=0.
Vv

Now, integrating (5.7) per parts, applying the divergence theorem and making use
of the relation

{5.8) — Ty 6Hi 4 = ce 60+ Oyx,

we get the following formula
Ce TI] .
(5.9) 00Hy, dA + —?-.; 060dV + i HidH;dV = — | Ovy dypedV.
A v v Z

Connecting Eqs. (5.2) and (5.9), we obtain the final formulation of the variational
theorem

(5.10) OW-+6P+06D = j [(X; — pig) dug+(Ys — Ja) dewi) dV+
V

+ [ (pr bty dwi) dA— [ 00H, dA.
A A
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Here there is

(5.11) P= 2;’10 fﬁl dv, D= %fﬁ; Hidv,
v v
where P is the heat potential and D denotes the dissipation function.

The variational principle, Eq. (5.10), may serve to derive the energetic theorem,
if we compare the functions wi, wg, 0 at the point ¥ and the moment ¢ with those
actually appearing in some other point after a df time lapse.

Thus, introducing into Eq. (5.10) the expressions:

Oug owi
ouy = —(Tdt = o df, dw; = 'Er—{ﬁ = Wy d.!‘,

: k
00 = Odt, OH;= Hidt = — T—O,g dt, and so on,
0

we obtain the following formula

d
(5.12) E(FH— WP)+0 = f (Xivi+-Yiw) dV+
v

k
-+ f(ps vi+mi wi) dA-+ T f 00,y dA,
A %3
where

1 k
K=? {(gm vi+Jwiw) dV, =Ff9,i9-th¥ 0.
- 0
¥ v

Theorem (5.12) may be used to demonstrate the uniqueness theorem for a simply
connected body. Such a demonstration may be carried out similarly as that given
in [2].

6. Theorem on reciprocity

Let us consider now two systems of agents and effects acting on an elastic body
contained within the region ¥ and bounded by the surface A.

As agents we regard: body forces Xi, body couples ¥;, heat sources Q, loadings
pt, mg on surface A and the heating of this surface (prescribed temperature or heat
flow).

As effects are regarded displacements u;, components of the rotation vector wq
and temperature 0.

The notations for the second system of agents and effects and of loadings will
differ from those for the first system by mark “prim” (’). We assume the initial
conditions of the problem to be homogeneous.

Let us perform on the equations of motion and the constitutive equations the

Laplace transformation, where
(=]

(6.1) w (%, p) = L [ui (x, )] = f ui (x, 1) et di .
0
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Now, we shall consider the integral
62 I= [Ku—Xu)dv+ [ (Go;— ¥ w)dV+
& ¥
+ [ (puity— pyu) dA+ [ (i oy — mj o) dA.
A A
It may be shown the above integral may be reduced to the formula
63) I= J [y yei 0 — vy yis0] AV .

Making use of equations of heat conductivity for both (i.e. with and without primes)
states, we obtain the expression

©4) — [@V20' =0 V20)aV—p [y v+
v v
A 1 AT A'E
+p [y 0dv+ = [ (@0 —0Q'Bav =0.
vV “p
. v Ty .
Since 7, =——, we obtain from (6.4):

(6.5) f["’l viud' — vy 0] AV =
v

[f(ﬁ 0,n—0606,) dA—I— =0 B)dV]

T Typ

Comparing (6.5) with (6.3) and (6.2), we arrive at the following equation
(6.6) p¢{ f (Xi uy— Xy w) dV+ f (Yi w;— Y1) dV+ f (pi 1wy — p; ug) dA-+
v v A

+ [ (mo;—mwi) da} =x [ @' 0,2—00,) dd+
A A

+ (@0 -0 Bav, ,_To*
for-gne. ;B

Performing the inverse Laplace transformation, we get the following final formation
of the theorem on reciprocity

¢
ouy (X, T X 1 —
(6.7) de(}) f [Xg x,t—1) —L-‘ﬁ—) —~ X2 MBLJ] dv-+
v 0
4
dw;(x, T L dwi(x, t—T
+ f‘”’(’""ﬂm"-f) D i D ey

f dA () f Lm G t—) ™ ‘("’ D il r)aL(xé::ﬂ“] dert:



[809] Couple-stresses in the Theory of Thermoelasticity, Il 513

i3
dw; (X, T dwq (x, 1 —
(6.7) + f dA(?r)f[m-; (Q,I—I)E%—Jn;(},r]ﬁuo—:ﬂ] dio=
A 0

]
=% fdA(:\:}f[o’(}a T) 6:1%(}, f—-‘c)—ﬁ(},f_-g) 0:‘-‘?(3‘:! r)] (h_-+
A 0

i
-i-—;:de(})f[Q(f\'-,rv—r) 6’ (%, 7)— Q' (%, 7) 0 (%,  — 7)) dlr.
¥ 0

In the case of a stationary temperature field and static loads, we obtain the following
set of two equations of reciprocity

(6.8) f(Xm;—X;m)dV+ f (Yiow,— Y o) dV+ f(pf uy— ppug) dA+
v i

¥

+ [ (mowj—mio)dd= [ vy 0 —vi yi 01dV;
A V
6.9) % [ (08, — 6" 6,s) dd+ [ (Q'0—Q0)dV =0.
V ¥

Temperatures 6 and 0’ in Eq. (6.8) are considered as known functions, obtained
from the corresponding equation of heat conductivity. Eq. (6.9) is a theorem on
reciprocity for the problem of steady heat conduction.
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B. HOBALIKWI, MOMEHTOBLIE HATIPSDKEHUS B TEOPMU TEPMOVIIPY-
T'OCTH. IIL

PaccmarpusaroTcs B3auMojelicTBus aedopMaLMOHHOTO M TEMOCPATYPHOTO mosieil B ynpy-
Toif cpene Koccapata, B KOTOPO# MONAraeTcsi HE3ABHCHMOCTb BEKTOPA MEPEMELUCHHIl it OT BEK-
TOpa BpALICHHA .

B uacrosmmeit saMetke, ssisoueiics o6obmwenvem pabor [1] w [2] asropa, BeIBEACHBI KOH=
CTUTYTHBHBIC ypaBHeHUs H ocHobHOe AuddepeHIHaNbHOe yPABHEHHE CONPSHKEHHOH TepMoympy-
FOCTH, @ TAKXKC NPUBOIATCH BAPHALMOHHAA TEOPEMA M TEOPEMA O BIAMMHOCTH,



