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In [1] was demonstrated the theorem on reciprocity of thermo-magneto-elasticity
of isotropic bodies in the case of perfect electric conductivity of the body. In [2]
we find an analogous theorem for isotropic bodies of finite clectric conductivity.
In the present paper the theorem of [2] will be generalized to the case of anisotropic
bodies.

Fundamental equations

To begin with, we will consider the equations of linear theory of thermo-magneto-
-elasticity for slowly moving bodies, taking into account the thermoelectric effects
[3]. The symmetry relations and thermodynamic discussion of the fundamental
equations [3] are given in [4]. The results of the latter refewnce will be made use
of in the present paper.

Similarly to [2] we shall start from the full, linearized set of equations of thermo-
-magneto-elasticity disregarding the second-order terms, which is admissible, if
we assume that pye and g do not differ very much from unity.

The equations of thetmo-magneto-elasticity for a homogeneous anisotropic
body are:

Equations of electrodynamics

47 I 1.,
roth=—j+—D; rotE=——b;
[+ c c

12 ) [
b = Hik flk; Di = &ip [Ek‘F' "E(M X Bo)k] = ;(ﬂ XH{]} ~ gix Ex ;
(1.1) .
divhb =0; divD = — 4mge ~ (eix Ex),1;  divje= — d_: ;
} Nik . T
Jv =1 Ex — wax T, 6+~ (u>< Bo)k+-0cui;  jeo = Jitjiz,

where, in agreement with the assumption that ux, e are near unity, we shall use
an approximate expression for Di.
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Equations of elasticity

- 1 B
(1.2) — euitou,kt — (X Bt B — Xi = 0,

Oix = Eikmn emn — i T,

Heat equations
(1.3) BT+ Ay ey — (kyy T, 3), s+ (g jor), s = f -

The symbols are conventional and similar to those of [2]: E, h are the perturbed
electric and magnetic field, respectively, j — vector of current density, jz — vector
of external current density, &, pix — tensors of electric and magnetic permeability,
respectively, 7 — tensor of electric conductivity, T'— perturbed temperature,
o — density, Eigmn — tensor of moduli of elasticity, a;x — tensor of coefficients
of linear thermal dilatation, A;; — tensor describing the influence of the strain on
the temperature field, st;z — tensor describing the influence of the density of the
current vector on the density of heat flow, ki — tensor of coefficients of heat con-
duction, »;x — tensor, relating the gradient of the temperature field of body forces,
f— function expressing external heat souices.

The coefficients A and ai in Eqs. (1.1)—(1.3) are interrelated by known rela-
tions obtained from the classical thermodynamic relations (7 aix = Aix). The sym-
metry relations for the coefficients 7k, g, 7ir, kix, etc., and their interrelations
follow from the second law of thermodynamics and Onsager’s relations [4].

In addition to the above equations for the body under consideration we have,
in the case of a finite body in vacuum, the equations of field in vacuum

1 2
(1.4 ( == ;%5) (H0, E0)=0.

In the case of a finite body the set of equations should be supplemented with
the boundary conditions on the bounding surface 4, where there are prescribed:
stresses or strains (or mixed conditions), the temperature or its normal derivatives
and the continuity conditions of the field. In what follows we shall give a set of
Egs. (1.1)—(1.5) for the Laplace integral transformation:

0
(L5) u(o,p) = L {ule 0} = [un)e?dt, et
oo
It is assumed that the initial conditions are homogeneous and every action inducing
the motion starts at # = 0,.. The theorem on reciprocity will be discussed for the
integral transformations.

Theorem on reciprocity

We shall consider two sets of causes and effects. One of those sets will be denot-
ed by “primes”, the other will be written without “primes”. We start from the
identity (1.2) after subjecting it to the Laplace transformation. We can easily find
the equation:

2.1) (Ecj'f“aq T) E;, — (E;,—l—- i f") e .
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On integrating (2.1) over the region B, we find
2.2) f (oy E;j - E;j ey) dV+ f agy (T'E;, — T'ey) dV.
B B

Bearing in mind that ¢ ey = o1y 44,7, and making use of the divergence theorem
and Eq. (1.2) written in the form

23) o5, 3+ Ty, 1 — ot+Xe = 0,
where 1
(2-4) Tij = E [bi H}+ H; bj = 51; H;p bg]

is the Maxwell’s tensor, we obtain
03 [ & — X w)dv+ [ (o —pl' w) da+
B 4
-+ f aij (TE;; —T'ey)dV = I(Tij ey — ?;j ey)dV,
B B
where
(2.6) P = (oyy+Tuy) ny.

Eq. (2.5) can be transformed thus
@7 [ Kew; —X{w)dV+ [ (po; — pi ) dA+ [ ay (Tey—T'ey) dV =
B A B

= = = 1 i) =p 3 =
£5i— f (Tug,gu; — Tyg,gus) AV = —?f[)c XBo)iu; — (jo X Bo)ru] dV,
B B

where
pi=oyn.
From the heat equation we find in turn:
(2.8) f ks T, 0 T' — ky Ty T1dV = p f My (ey T' — ey T) AV +
B B
+ f [k Jor,¢ T — Tk Joy,s T1dV — J. (fT'—Ff'T)dv.
B B
Making use of Green’s identity and the relation (1.1), we transform
o [ 1 o,
(2.9) flgj(euT —eyT)dV = —j(f T— fT)dyr+— f(Tks}T_j ==
B D i P i
s Tk Lo L, =
~ kT )mdA+— [ G T — . D) V.
B
On substituting (2.9) into (2.7), we find:
2.10)  Top [ [ Kew; — X; w) dV—i-f(E;E; — Py wi) dA]+
B

- f(fT —~FT)aV = [ @ T.y— TT)) kyym dA+
A

— | @ oni =TT, 94V = — L [ (G x Bty — Gix Bl v
B B
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where use has been made of the famil'ar thermodynamic relation T ayy = Ay [4].
Let us consider now the set of equations (1.1). The sets of equations with and without
“primes” can be written thus

oy 47 P dn
sxrhi, x = J fat — o Cik Ex = ==l ja+ — (4ﬂ??£L+PEik) Ei+

dmpnere 4 '
2.11.1) -+ P’fm(“ X By — —%mTk,
2o P -
i By = — o M hi;

= 4 4mp 47
ekt by = st"‘ (drnix+peik) Ek+ __??'Uc (“ X Bo)k — —— #ix T ¥
' ¢
(2.11.2)
Eikl E;k = == ?#ﬂ, ?'1;: )
where & is the unite pseudo-tensor.

The term ¢ 0, has been omitted in the expressions (2.11), in agreement with
the assumption of linearity. On multiplying scalarly the first of Egs. (2.11.1) by
E’, and the second of Egs. (2.11.2) by & and subsltracting, we obtain bearing in
mind the familiar equation

(2.12) div(AXB)=Brot A — Arot B

an expression for div(E’Xh). Proceeding in the same manner with the remain-
ing pair of Eqgs. (2.11), we obtain an expression for div (EXh’).
On subtracting these expressions, we find after some transformations

2.13) é [div(E'xE) — div ExH)] = G, E—],E),

where use has been made of the symmetry relations for the electric and magnetic
permeability e (B) = exi (— B); pr (B) = uri (— B), which follow directly from
thermodynamic considerations (cf. [4]).

Bearing in mind the relations

= = 0P er s
Jet = Nk [EH- % (uxBo);c] — o T, ktjz,

=l T T =t P - = = =l
(215 juEi—jaE = = e [(w"X Bo)i By — (X By)r E; ]+
+“£k(ikE; - T:k E‘f)—F_j;i E; — o Ei
and also
(2.16)  (jexBo)i my — (j X Bo)i i = (WX Bo)ijoy — (@' X Bo)i ot =
= (J,XBo)i u; — (j, XBo) ug-+nix [(wx Bo)¢ Ey, — (' X By) Ex]-+
+ 54 [(Q'XBo)g ?_", E— (EXBo)s T:k]
we can proceed to formulate the reciprocity relation.

Let us observe that the symmetry conditions have been used in the relations
(2.15) (cf. [4]) 7k (B) = nxs (— B).
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Combining (2.10) and (2.13) and taking into consideration (2.15) and (2.16),
we obtain

@17 Top [ Kiug — Xjw)dV — [(FT' = f'T) dV — e | @i, o+
B B B

=i’
-, = TDP T 5/ -
= T'jer,ddV+—= f[(JzXBU)i u; — (j, XBo) wi]dvV+
B
Top (oo, =
+ — ak J ("X Bo)i T, 1 — (uXBp)i T, ] dV+Ty f (T, K E;+
B
— T, E) dV+Ty f(j.;t Ei —jaE)dV=—T,p f (peuy; — pi wg) dA+
¥ A

o . S
+:! (T Ty — T kg midd+ Ty [ (B'xB) — ExW)ne dA.
A

Eq. (2.17) can now be transformed thus:
(2.18) ToPJ_! Xeu; — X; z_u)dV“‘j_!(fT’ —f'T)av+T, xw!(f‘,mfﬁ;-l*
— T3 Ey) dV‘|‘ToJ (Jzt Eyg — J 2t Egy) dV — “tkbf (T jop,e — T jor,0) AV =
- TuPAf(i_Js u; — pi w) dA + ks;J(T’ T,; —TT ) nidA+

cTy = = =
+ - [ (E ) — ExE)lm dd,
T4
where
- - P -
(2.19) Ey = Eit+ :(ﬂXBo)s

is the field in the system at yest.

Writing out the last term of the left-hand member of (2.19), we obtain finally,
making use of (2.14):

e20) Top [ i — Xy av— [ (FT' =T av+To [ @Bt
- T.,kEut) dV+T0! (f;t Eot —fﬂ El;i) dv — Rtk}! (T};:. £ f"fz:c,s) dv--
— T J (T B,y — T B, 0 dV — Tiwrn [ ATy =T T ¥ =
= —Top [ Govitf = pi ) dAd-+ky [ @' Ty —TT pmda+
o %zf [E ) — EXK))m dA.

Eq. (2.20) represents the final form of the theorem on reciprocity of magneto~
thermo-elasticity for anisotropic bodies having finite electric conductivity. Its phys-
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ical discussion is analogous to [1] and [2]. Eq. (2.20) becomes, for isotropic bodies,
the corresponding Eq. (2.16) of [2], if we use, in addition, the relation (1.1)
div jo = — ge.

In the case of a finite body B Eq. (2.20) should be supplemented with that for
the vacuum surrounding the body B and the boundary conditions — relations of
continuity of field. The considerations are the same as in [2], therefore they will be
omitted, referring the reader to that paper. If B becomes infinite, the surface inte-
grals fall off, If the field in vacuum is disregarded and 3 field components are prescrib-
ed in B in an explicit form and if we assume that the boundary conditions are
homogeneous in an appropirate manner, we can also make the surface integrals
vanish.

If we set 2 = = 0 in (2.20) we obtain the theorem on reciprocity of magneto-
thermo-elasticity without thermoelectric effects. If, moreover, we pass with 5 to
infinity and disregard the external currents we obtain the theorem on reciprocity
for perfect conductors. If now the body is assumed to be isotropic, we obtain the
theorem in the same form asin [1]. For obtaining the explicit form of the theorem
on reciprocity we should perform on (2.20) the inverse Laplace transformation.

Let us write as an example the first term of the Eq. (2.20). We have

@21) rufdvf[[xé (i) (x T)—X; g e T)] deslie

Similarly to the analogous equation of [2].

For applications of the theorem on reciprocity, in particular for the construction
of integral equations of boundary value problems, etc., the final remarks of [2]
remain valid.
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C. KAJINCKVH n B. HOBALIKUI, TEOPEMA B3AUMHOCTH JJI PEAJILHBIX
AHM30TPOITHBIX ITPOBOJHMKOB B MATHHUTO-TEPMOYIIPYT'OCTH.

B pabore npuBOMTCS [OKA3aTEIBLCTBO TEOPEMBI BIAMMHOCTH B MATHHTO-TEDMOYNPYTOCTH
JUIsl PEANTBHBIX AHM3OTPONHBIX NPOBOAHMKOB C YYETOM TEepMO3JIeKTpuviecknx sdgexros. Pa-
6ora npepcrasmsier coboi pacmmpenne pabot [1] u [2], rie aHamOrM¥HBIE TEOPEMBI IIONYHEHBI
I U30TPOIHEIX IPOBOJHUKOB HMUCAIBHBIX M PCATBHBIX.

Teopema MokeT OBIThH MCHOLIOBAHA JUIS DELICHHA PANA HPAKTHYECKMX 3aTa¥, Kak HAmp,
KOHCTPYKIMA HHTEIPATHHBIX YPABHCHHMII KpaeBwelX mpobieM M T.IL



