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In [1] is derived by the present authors the reciprocity theorem cf magneto-
-thermo-elasticity of isotropic bodies in the case of perfect electric conductivity
of the body. The present paper contains a generalization of heat theorem to isotropic
bodies having finite electric conductivity taking into consideration thermoelectric
effects.

1. Fundamental equations

We start out from the set of elastic equations of magneto-thermo-elasticity [2]
for slowly moving bodies, taking into consideration thermoelastic effects.

The thermodynamic discussion and the symmetry relations for these equations
have been given in [3].

Our point of departure will be the full set of linearized equations of magneto-
-thermo-elasticity, bearing in mind thermoelastic effects [2] and disregarding coupled
terms of secondary character only (cf. [4], [5]) which is admissible if we assume
that po differ but little from unity. In addition, it will be assumed for simplicity
that in the case of a finite body in vacuum the density of the spatial charge is, in
vacuum, equal to zero.

The equations of magneto-thermo-elasticity have, for a homogeneous isotropic
body, the form.

1. The equations of electrodynamics

t’__4:ft . e OF
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(1.1) rot E = S
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divh =0, div D= edivE = 4np., le}cT-—?,
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L S | P
j=n E+T atx —xpgrad 0,
(1.1)

jc:f+jz-

1 ou ou . ; . :
the term o s X B|— o X H||in the expression for D ~ ¢E being rejected,

in agreement with the assumption that e~ 1.

2. Equation of elasticity

0%u
(1.2) yvzu—[—(ﬂ.-i—p)graddivu—ygrad9+%(jc><ﬂ)—-géx—2—+,¥=0,
3. Heat equation
i o 1 00 de Fo 0
(13) v % ot ot ‘o)™ %’
e = div u.

Egs. (1.1)—(1.3) are coupled. The symbols E, k denote the perturbed electric
and magnetic field, j — vector of current density, j, — vector of external current
density, H — vector of primary constant magnetic field, # — vector of displacement,
¢ — velocity of light in vacuum, 8uy — dielectric constant and magnetic permeability
of the body, n — electric conductivity, 6 — temperature, p — density, 4, u — elastic
constants, y = (34-4+2u) @, where q; is the coefficient of linear thermal dilatation.
Furthermore, %y is the coupling constant between the temperature gradient and
the density of current and Ay = 7 a constant of the Peltier type relating div j
with the heat emitted.

A 3
In addition, the symbol x; = -Ei}—where Jo is the coefficient of heat conduc-
E

tion, ¢, — specific heat with constant strain has been introduced in (1.3). We have

T
also v=1-9-, 0=

v Q¢

state and W — density of internal heat sources.

where Tp is the absolute temperature in the natural

The states 7 and # are interrelated by an equation following from the Onsager
symmetry relation (cf. [3]), mn = #y Tp. In what follows these constants will
be expressed by independent symbols, bearing in mind the above relation,
however.

The above equations are completed with the Duhamel—Neuman relations
between the stresses, the strains and the temperature field

(1.4) o1y = 2uey + (de — y0) oy.
Eqgs. (1.2) can also be written in the form

(1.5) Oug +Tuy,g — ol + X1 =0,
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where Ty Maxwell’s tensor which, after linearization is expressed in the form:
[l
(1.6) Ty = —4—n— [hi Hy + hy Hy — 045 hy Hy] .

In the case of a finity body in vacuum we have, in addition to the above equations
for an elastic body, the field equations in vacuum. They have the form

(1.7) (vz —-}2— a}) (K0, E0) = 0.

The above set of equations must be completed with the boundary conditions
on the surface of the body A. The quantities prescribed on that surface may be
the stresses or strains, the temperature or its normal derivatives and the continuity
conditions of the field [5].

The set of Egs. (1.1)—(1.7) will now be subjected to the Laplace transform
defined thus

=]

(1.8) u (x¢, p) = L{u (x4, 1)} = f u(xi, e Pde, itd.
0

The initial conditions will be homogeneous, it being also assumed that any source
producing motion will start action at the instant of time 7= 0+,
The reciprocity theorem will be discussed for the integral transforms,

2. Reciprocity theorem

Let us consider two sets of causes and effects. One of these sets will be denoted
by primes the other being left unchanged. We start out from the identity (1.4) after
subjecting it first to an integral transformation. We find easily the relation

(2.1) (o4 +yB0u) ey = (055 + 90" Byy) &4y
On integrating (2.1) over the region B we obtain

(2.2) [ Guly — a4 5) av+y [ (@' —8'8)dv=0.
B i

Bearing in mind that o4 & = 047w,y and making use of the divergence theorem
and Eq. (1.5), we find the relation

~ o~ ~y

@3) [ Galg—Xia)dv+ [ (5 i —pi" ) dA+
B A

+y [ O =V dv = [ Ty —TyEg) v,
B B

where
(2.4) no=Cu+Tn, p"=0u+Tn.
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The relation (2.3) can be transformed to obtain
(2.5) f(% ty — Xg ) AV -+ f(}i; i — py af)quLyf(Bé'— B'e) av =
B A B

= f @iyt — Ty iy v = — 12 f [Go X Hu i — (G X ED il
B g B
where
pi=0yny, py=0yn.
From the heat equation (1.3) we find now

2.6) f@’vl’ﬂ—évzﬁ’)dlf’:vpf(Eﬁ'—é’@) av—

B

___I(Qﬁ’ ﬂ)dV+:er(ﬂ divje—Bdivj))av.

Making use of Green’s identity and the relation (1.1), we transform (2.6) to
obtain

(2.7 f(é’ﬁ—éﬁ’)drf:_l_f@’é—éﬁ') dv+
2 xvpﬁ
+LI(EE:“—§’E,,¢)Q’A—E‘1I(5’9,—-592)0?!/'
vpd ¥ B

On substituting (2.7) into (2.5), we find

~ oy

@8) [j(:i‘q iy — Xyi) AV + [ oy — iy ) dA] ~y[ @0~ ) av+
B A . B

—y [0 On—8) dd —yrmop [ (0’3o — 0 5p) dV =
B

A

= —*“’:"*" f [(Gox H)e ity — (3 HD)i ] AV
B

Let us now consider the set of Eqs. (1.1). The sets with and without primes
can be written thus

4 ep,_,
ot h=—J,+ —F ——-j'i'-—(éimp—l—sp)i‘f“l“ ”“"p(axﬂ)
4‘."5?1.'0
29.1) { — grad 0,
rotE———fo—aﬁ,
C
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. 4w ep~ 4x P o~
rot h —*'——)‘c‘i‘— *“}z —‘(4‘-"5‘?}'-1-%0)3' Fﬂ( "X H)
4y
293 § =1 grad 0,
rot E' = — fz—p?}’.

By performing scalar multiplication of the first of Eqs. (2.9.1) by E’, and the
second of Eqgs. (2.9.2) by h, subtracting and taking into account the known equation

(2.10) div(AX B) = Brot A — Arot B,
we find
s ¥ . % o T L
2.11) 7 div (E'xh) — div(EXI) =G.E—J. E).
Substituting into (2.11) the following:
(2.12) Jo= ?}’[F%‘ M(ﬁx H)] — o grad 0 + Jz,

and an analogous expression for je, we find

(@ xH)E — (ux H) E'] + .
+ %o (E' grad D — Egrad )+, E — j. E'.

&y P
@13) JE-JE = W:
The integrand in the right-hand member of (2.8) will now be transformed thus:

(2.14)  (GexH)uw' — (Jox H) = (uxH) j, — @' X H) jo =
= (Jax H) ' — (jyx H) u+y [E' (ix H) — E (@' X H)] +
+ o [(@' X H) grad 0 — (ux H) grad 0].

Taking advantage of relations (2.14) and (2.11), Eq. (2.8) can be expressed
in the form:

(2.15) wpf(iqi};—?;a;) dV—yf@s'—Q*a) dV + uvxy {(E’ grad  —
B B B

VxUo P

— Egrad ") dV~}'xn0pf(9’§c—ﬁ§:,) v+ 2 f[( "X H) grad ) —
B

V#p o

— (uX H) grad §'] dV—l—vxf G.E—J. Enav+ f{(}zxﬂ);'_
B B

—UexH)u]dV = — vup f(;?n};—};; ) dA +
A

yxf(ﬁ'ﬁ,,,—ﬁfi:,,)d,i—’r%f (B x B — (ExT)) i dA.
A 4
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which can be transformed thus:

2.16) ¥4 I‘(}f U — Xy f:i}d{f’-—yf@ﬁ’ —0'l)dv + mrng [E, grad § —
‘B B B
— Ey grad 0) dv + vxf(},: Ey— j: Ey) dV — yxnupf(ﬁ’gg —bpy)dv =
B B
v [ G — 0 dd o [ @ 805 da+
A A

- ix—: f[(ﬁ'xﬁ) — Exk)indA,

where Ey = E + (nx H) stands for the field in the system at rest. Eq. (2.16)

expresses the remproczty theorem of magneto-thermo-elasticity in its final form.
This equation should be completed with the appropriate equation for the vacuum
surrounding the body B.

Considerations analogous to the above show that with no currents and no electric
charges in vacuum it takes the form

(2.17) [ [(EOxh0) — ExEO)]ndd = 0.

The two sets of Eqs. (2.16) and (2.17) are interrelated additionally by the conti-
nuity equations of the field, which for g~ 1, ¢ ~ 1 for instance, have, with no
surface charges, the form

(2.18) h~h; E=~Eo.

If wy, & do not approach unity, the conditions (2.18) are valid for tangential
fields only and will change for normal induction. If the field in vacuum is disregarded,
that is if the boundary values of the field are given in an explicit manner, the cor-
responding Eq. (2.17) falls-off, and Eqs. (2.18) express assigned values at the boun-
dary. If the boundary conditions are assumed in an appropriate manner to be homo-
geneous, the last surface integral in the right-hand member of (2.16) vanishes.

These integrals vanish also, if the region B is introduced to an infinite region.

Let us observe that for ge = 0, g, = 0 and if the terms with coefficients com-
posed of products of the small quantities » and #, are rejected, Eq. (2.16) becomes

(2.19) ’ vp f-(if Uy — X ) dV_yf@é'-Q'H) av +
‘i‘""f(}zﬁo'—'JzEu) dV = — ""pf(Pf Uy —Pg h‘t) dA +

+yx f((é 0,,—00",) dA+— f[(ﬁ’x;;) — (EXE)imdA.
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This equation represents that form of the reciprocity theorem of magneto-thermo-
-elasticity, in which the thermoelectric effects are disregarded. If the electric con-
ductivity in (2.19) passes into infinity, and if the external currents are ignored,
we obtain the reciprocity theorem for magneto-thermo-elasticity of perfect con-
ductors as obtained in [1].

This equation follows directly from (2.3) and (2.7), if we set 7y = 0 in (2.7),
and if we express the coordinates of Maxwell’s tensors in (2.3) in terms of equations
corresponding to the case of perfect conductor.

The remains the inverse Laplace transform to be performed on the general
reciprocity equation (2.16). Consequently, we obtain:

(x. 7) ; ouy (x, )
(2200 w»x de(x)le; (x,t — 'c) —X;(x,t—1) T] dr —
n

ﬁyde(x)f[Q (x,t—1) 0" (x,7) — 0" (x, 1 — 1) 0 (x,7)] dv 4
0

B

-i-vxde(x)f [js (e, t — 1) Ey (x,7) — jz (x, t — 7) Ej (x, 7)] dr+
B (V]

¢
- xvxode(x) f [Eq (x, t — 7) grad 0 (x, ©) — Ey (x, t — 7) grad 0' (x, 7)] dv —

B

00 (x 7) 00’ (x,7)
e f av (x) f [es ey 1 5) T]a::
B

___,rxfd/{(x)fl:pg(t r~z)6u¢(x, )_p;(x,:—r)t}mg?r)
A

+ yx fdA (x) f [0 (x,t — 1) 0n(x,7) — 0(x,t — 1) G:ﬂ (x, 1)) dr +
A 0

cxy t
+ s fdA (x)f[(E’ (x, t — DXh(x, 7)) — (E(x, t — 1) XK (x, 7))]s ne d.
A 0

3. Final remarks

The general reciprocity theorem derived in the present paper is applicable to
many problems such as the problem of constructing integral equations for various
boundary-value problems or the obtainment of the other type solutions. In view
of their variety and the lack of space the applications of the reciprocity theorem
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will not be discussed here. Some examples of application of this theorem will be
furnished in further papers devoted to the solution of various special problems
of magneto-thermo-elasticity.
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C. KAJIMCKWIA, B. HOBALIKUI, TEOPEMA O B3AUMHOCTU B MATHUTO-TEP-
MO-YIIPYTOCTH. 1I. ECTECTBEHHBIE ITPOBOJIHHKHA.

B pabote BhIBEAEHA TEOPEMa O BIAMMHOCTH B MATHHTO-TEPMO-YIPYTOCTH ZJIA €CTECTBEHHBIX
NMPOBOJHUKOB, NMPHMCM YYHTLIBAIOTCH OSHOBPEMCHHO TepMoanekTpmieckue apiexts, B ocoGom
CJIyvac BEIBEIEHHAS TEOPEMA CBOIUTCH XK RHIY mpemcraBneHHoMy B pabore [1], rue obcyxpanacs
npobiemMa BIAUMHOCTM B MACHMTO-TEPMO-YIPYTOCTH JUTA MACATLHBIX YNPYIHX IIPOBOJHHKOB.

Tonywennast B Hacrosiuelf paGore obw@as Teopema NPUTOAHA JUTA MHOTHX TIPHMEHEHMI],
B OCOGEHHOCTH ISl MOCTPOGHMS MHTErPANBHLIX YPABHEHHI B PA3MITHEIX NMpobrIeMax MarHHTO-
=T€PMO-YIIPYTrOCTH.



