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1. Initial equations

Three groups of equations of magneto-thermo-elasticity will constitute the start-
ing point for our subsequent considerations. They are:

a) equations of electrodynamics of slow-moving media, [1]—[2]

4n
(1.1) roth=—j,

c

o Oh
(1.2) rot E= =

|
(1.3) ;—AO[E-I > (a;XH )
(1.4) divh=0,
b) equations of motion

(1'5) ij, 5+Tf-j,j+Xi — eaﬁs fsj = l: 2: 39
and

c) coupled equation of heat conductivity, [3]
l - . -
(1.6) : - VZB-—-;B-'qdwu=0.

In Egs. (1.1)—(1.6) the following notations are used: & and E stand for the vectors
of magnetic and electric fields, respectively, j is to denote the vector of the current
density, H means the vector of primary constant field, # — the displacement vector,
po — the magnetic permeability, ¢ — the velocity of light and Ay — the electric
conductivity.

The stress tensor is denoted by oy and the Maxwell tensor of the electromagnetic
field — by Ty X is the vector of body forces and ¢ — the density.
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The term 6 = T — Ty is the difference between the absolute temperature, T,
and that characterizing the natural thermic state of the body, T; ¢, means the spe-
cific heat of the body, its deformation being assumed constant. x = Ayfoc, is a
coefficient, Ay denoting the heat conductivity of the body.

Making use of Egs. (1.1)—(1.3) — after eliminating the functions j and E —
and of Eq. (1.4), we obtain the following equation:

drrpig A
(1.7) V2h— Ph= — prot (ux H), st L0,

c2
In the sequel we shall take advantage of the Duhamel—Neumann’s relations

(1.8) o1y = 2ue+(Ae — y0) b5, e = exk,

as well as of the relations between the deformations and displacements

(1.9) ey =%, w0, i,j=12,3.

Maxwell’s tensor appearing in (1.5) may be expressed by the components of the
h and H vectors:

(10 Ty=% (b Hyhy B — e HOY, )k =1,2,3.

Equations of the electrodynamics, (1.1)—(1.5) refer to a body with finite electric
conductivity. An elastic body is here considered — as may be seen from the formulae
(1.8) — as isotropic and homogeneous.

2. Variational principle of magneto-thermo-elasticity

Let us consider the expression
y)
(2.1) W= f (;asu &4 -+ ? 92) dV,
B

where — beneath the symbol of the integral — the homogeneous quadratic function
of deformation is given. Let us now compare this expression with the neighbouring
state where the displacements u; undergone changes by the virtual quantity duy,
and the deformations ey — by dei;. In this way we obtain

(22 SW = [ (2ueis Serj-+-Aede) dV .
B

Taking into consideration the Duhamel—Neumann’s relations, (1.8), we transform
the variation 6 W to the form

(2.3) SW = [ oijdei;dV+y [ 08edv.
B

B
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Performing a transformation on the first of the integrals and taking advantage of
the theorem on divergence and making use of Eq. (1.5), we get

(2.4) fodm dv+ fpf Sy dA — gfi};ém dV =
B i B

= aW—y_]‘ BéedV—i—fTuéaqu,
B B

where (oy+Tij) nj = pi.

Eq. (2.4) is a generalization of the d’Alembert principle of virtual works on the
problems of magneto-thermo-elasticity.

This equation ought to be supplemented with two further equations since only
two causes, namely X; and pg, appear in this equation in explicit form.

We have to adjoin to Eq. (2.4) the relation
Cs Ty (.
2.5 - 'yf 0dedV = f OnydSidA+ ?f 060dV+ T fS-; oSy dv,
0 0.
B A B B

derived from the equation of heat conductivity (1.6) by M. A. Biot.

The symbol § in Eq. (2.5) denotes the vector connected with the vector of the
heat flow ¢ and the entropy s by the following relations

(2.6) g="Ty8, s=—div(S).

‘Taking into account the Fourier law of the heat conductivity

2.7 q= — Aograd 0,

and the relation for the increment of entropy with time [3]

(2.8) —divg = 5Ty = c.0+yTy e,

‘we obtain the following connection of the vector § with temperature and dilatation

& __ﬁﬁ S H_i@_l
(2.9) Si= 7 % L= T, Toe.

Introducing (2.5) into (2.4), we have

2.10)  3(W+P+D)= [ XedudV+ [ pidudd — o [t buav—
B A B
— fﬁm Sy dA —f Ty tssudV.
A B

We have introduced here the function of heat energy P and the dissipation function
D introduced already by M. A. Biot. There is

Ce T[) - ; TD .
—=_— —— 2 =
@11) P o f 02dv, D e f(si) av, 6D 7 sz 88 dv.
B B B
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For Ty —0 Eq. (2.10) reduces to the variational equation of coupled thermo-
elasticity. '

It remains to find an expression, for the last term of Eq. (2.10) by the function
hj, making use of Eq. (1.7). For the sake of simplicity (with no prejudice to the
generality) we assume the vector H to be directed along the x3-axis, what means
that H = (0, 0, H).

The direction of the H-vector being assumed as already stated we will express
the last integral of Eq. (2.11) — making use of the relation (1.10) — in the form as
below

H
(2.12) f Tij beyy dV = #:ﬂ f [h;(éu;. 3+0u3, 1) — hy del dV =
B B
po H tho H
2= o f(hj 6”1,3 — hg, 56) dv—+ 4n fh; ny (5“3 dv.
B B

Assuming H = (0, 0, H), we may write Eq. (1.7) as follows
(2.13) V2hy— Bhy = — BH (i3 — 838), j=1,2,3.

Let us now introduce the symmetrical tensor @;; chosen in such a manner as to
have

(2.14) By=—Hizs =193
Introducing (2.14) into (2.13), we obtain

2.15) Biji = B (1,3 — 83&) H—hy),
whence

(2.16)  Pyy,1= B (us,3—0;3e) H—hyl,  6Dis, i = P [(duys,3 — 53 6e) H — hy].
Multiplying Eq. (2.14) by é®y; and integrating it over the region of the body, we get
2.17) [ @iy+hy,0) 6By dv =0.

B

We make use of the theorem on divergence to present Eg. (2.17) in the form
(2.18) i Dy 6By dV+ [ hy0@yncdd— [ hyé®y,edv =0.
B A B

Introducing the second relation of (2.16) into Eq. (2.18) and summing up with respect
to j, we obtain the following equation

@219) [ Dyé0yav+t [ hyoDiymdd — pH [ hy(Ouy, 3 — hy de) av+
B A B

+B [ hyohydv = 0.
B
Introducing the functions

B la s _
(2.20) F=p | Pududv, L= f hyhydv,
B B
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and eliminating from Egs. (2.12) and (2.19) the integral [ (hs, uy, 3 — hy de) dV
B

and subsequently introducing Eq. (2.12) into Eq. (2.10), we obtain a general form
for the variational principle for the problems of magneto-thermo-elasticity

221) 6(W+HP+D-+F+L)= fX; ouydV -+ fpsétudA—g fﬁgémdlf——
B 4 B

— | Oni6SidA — .. hi 6@ijngdA — M hynyduy dV
4np ) A TSR
A A

In a particular case of an ideal conductor there is 7y = oo, consequently, f# =
also and Eq. (2.21) simplifies to the form

(2.22) é(W—I—P+D+L)=f s O dV - fp;éu;d/{ —-Qfagéu; dd —
B A B

- fﬂm ssyda — o fﬁ:;n;ém av.
4
A A

Neglecting the terms representing the electromagnetic processes we reduce
Eq. (2.21) to the variational equation of thermoelasticity. Assuming, in addition,
that the mechanical vibrations occur in adiabatic conditions (§ = — #xe) we arrive at

223)  oW+e [womadV= [ XowdV+ [pidmdd, pi=oyn,
B B A

what means that we obtain the expression for the variational formula of classical
elastokinetics.

The variational principle, Eq. (2.21), may serve to derive the energetic theorem,
if we compare the functions w;, 6. A in the point (x) at the moment ¢ with those
actually appearing in the same point after a df time lapse.

Thus, introducing into Eq. (2.21)

au{ .
by =——dt=wvydt, 060=0dt, Si=S8udi=——0;,
(2.24) ot
6Dy = dju dt = — hydt, oW = I:th, and so on,

we obtain the following formula [4]

d
(229) = (K4 WAP+D o+ in — f Xeowav+ [ provda+
A

B

.

4x
A

v (o0 aat Hibrwdt =10 T pharia
TO n Jlif,n 4‘[1 u3 njny »
A A
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where

0,1\* Ho
Yo = A TD. (—T; dv, xh:m hy i hy i dV.
B B

In the particular case of an ideal electric conductor there is Ag = oo and f = oo,
Then Eq. (2.25) simplifies to the form

d
E (K+WAP+L)+y = f XivdV -+ fpg vy dA-+
A

B

) poH [,
+ﬁfﬁﬂ_ﬂdA_K u'_l,hjﬂjdA.
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B. HOBALIKUM, ITPOBJIEMA JIMHEMHOM CBS3AHHOMN MATHUTO-TEPMO-VII-
PYT'OCTU. 1. BAPUALIMOHHASI ®OPMVYJIUPOBKA MATHHUTO-TEPMO-VIIPYTO-
CTH.

ObocHoBLIBASCE HA YpaBHeHHAX ABmkends (1.5) ¥ HCMONL3IYSA YPABHEHHSA TEIUIONPOBOXHOCTH
(1.6), a Taxxe ypasrerwe (1.7) s BEKTOpa MHTEHCHBHOCTH MATHHTHOIO ITONA, BeIBEAEHA oOmas
BapHalMoOHHAA HOPMYNHPOBKA Ui 1pobaeM MarHuTO-TepMO-ynpyroctu (2.21).

Ha ocnosanuu 3710it GopMYIHPOBKH BEIBEICHA OCHOBHASA SHEPTEeTHYCCKAas 3aBHCHMOCTL (2.25).



