K

Nr ;; '"Z

PolttechiTka Warszawska B U L L E T I N

DE

L’ACADEMIE POLONAISE
DES SCIENCES -

SERIE DES SCIENCES TECHNIQUES

Volume XIII, Numéro 5

VARSOVIE 1965



BULLETIN DE L'ACADEMIE
9 POLONAISE DES SCIENCES
* Série des sciences technigues
Volume XIII, No. 5 — 1965

APPLIED MECHANICS

Two-dimensional Problem of Magnetothermoelasticity III.

by
W. NOWACKI

Presented on February 4, 1965

In our previous papers, [1] and [2], the dynamic problem was considered con-
cerning the propagation of magnetothermoelastic waves in a perfectly conductive
medium, the latter being in a constant primary magnetic field. In the present paper,
we drop the assumption of a perfect conductivity of the medium considering a medium
with finite conductivity. To begin with, we take as our starting point three groups
of equations. The first of them is composed of equations of electrodynamics of
slow-moving media, [3], namely:
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In Eqgs. (1)—(4) the symbols h, E stand for the vectors of the magnetic and electric
field intensities, respectively, j denotes the vector of the current density, H — the
vector of primary, constant magnetic field, u — the displacement vector, yg — the
magnetic permeability factor, ¢ — the velocity of light, and, finally, 2y — the electric
conductivity.
The second group consists of equations of motion of an elastic medium supple-
mented with terms derived from Lorentz forces
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and of the expanded equation of heat conductivity
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The notations used in the two last equations have the following meaning: in Eq.
(5) X denotes the vector of the body force and ) — the temperature referred to the
natural, undeformed and unstressed state of the body; u, A are Lamé’s isothermic
constants and y = (344+2u) a;, where «; is the coeflicient of linear expansion.
Now, in Eq. (6) # denotes the thermal diffusivity, 0 = W/pc, where W means the
quantity of heat produced per time and volume unit and ¢, is the specific heat of
constant deformation. Finally, n = yTy/k stands for the coefficient describing the
coupling of the field of temperature with that of deformation, T denoting the
absolute temperature of the body in its natural state (i.e. for 0 = 0); k is the coefficient
of thermal conductivity.

Eliminating the quantities E and j from Egs. (1)—(3), we obtain the following
relation
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Taking into account that
®) rot rot i = grad div i — 42k,

as well as relation (4) we reduce Eq. (7) to the form

8" - Vzﬁ*6%=—ﬁrot(f)ﬁxﬁ)-
ot ot
Egs. (5), (6) and (8) describe the propagation of magnetothermoelastic waves in
a medium with finite conductivity.
In the sequel we assume (without loss of generality) the primary magnetic field
to be reduced to the component  H = (0, 0, H) acting along the x3-axis.
In this case we have

: ¢
j = T {a;h; e d; ﬁg, 53 kl —_— 61 .’13, al flz — 52 hl}-
- c
(9) II=_;;{()2E3—“()3E2,L)JE["—();E},();EQ—-C);g.E‘l},
. o Hj . o Hs . O
;=10(E1+—~E——u2,Eg——Tm,E3 r WS
Equations of displacement (5) take the following form:
o Hs o
uV2ui+(A+p) 0re — yo 0-+X + an J2=eu,
(10) o Hy -
pV2 Uyt (Atp) 0pe — p0a 0+X0 — == = Quz,

U2 uy+(A+p) 03¢ — y03 04Xy = gus,

C = Exp = (351{5.
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Equation of heat conductivity (6) undergoes no changes and the system of Egs.
(8) reduces to a sole equation

= . oh_ . o
an Véhy = b5, = PH ;-

Now, passing from the spatial problem to the two-dimensional one we assume that
all causes inducing the wave propagation in an unbounded space are independent
of x3. Thus, assuming Q = Q (xy, X2, 1), X7 = X3 (x, X2, 1), ] = 1,2, x3 =0 the
third equation from the equation group (10) will be dropped. In the remaining
equations all derivatives of functions with respect to xy should be equalized to 0.

With these assumptions the magnetothermoelastic waves are described by the
following set of equations

(12) V2hy — Bhy = fH; e,
o Hy ..
(13) uV2 ui+-(A+4-p) 0y e — oy 04X — 5 0y hy = ouy,
o Hj "
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(15) Vfﬁ_; 0—ne=20

where e = 9y uy+0; uy, V3 = 0} 403

The system of Eqs. (12)—(15) can be partially disjoined, namely by introducing
a decomposition of the displacement vector u = (uy, s, 0) and of the body forces
vector X = (X, Xa, 0) into two parts: potential and rotational.
(16) u=0,P— 0y, u=0P+oy
amn Xi=p0@?— 029, Xo=p0(79+0 ).

Introducing Egs. (16) and (17) into Egs. (12)—(15), we obtain the following system
of equations

1 02 1
(19) (Vf—c—l%,g%)@~mﬂ—£%£%k3.=——-:—%ﬁ,
[t oy —2
21 (V?—ﬁ%)h3~ﬁﬂgv§§j=0, cl=(ﬁg—zﬁ)i,62=(%)*-m=%-

Let us observe that Eq. (18) may be solved independently of other equations, which
are conjugate. If in an unbounded space we have Q = 0 and ¢ = 0, then the only
factor inducing a motion are the body forces, X = o (—dzy, 01 ¥, 0). Thus, @ = 0,
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0 =0 and A3 = 0. In the unbounded space only a transverse wave, purely elastic,
propagates with constant velocity ¢, = (#/p)!/2. In this case we have

e=01u+ou; =0, ;=1%(01u—0u) =%V,
and the state of stress described in a general form by the formula
(22) o1y = 2 e15-+(Ae — y0) by

reduces to three quantities

(23) o =0y =—2ud 0y, o12=pu(;— %) p.
From the formulae (9) we have
= H. H
=0, &= oy, B=—520y, an-aB=0.

Let us now consider the case, where y = 0 and in the unbounded space sources
of heat Q are acting and body forces X = o (01, ¥, 02, ¥, 0) derived from the potential
¥. In this case we have u = 0 in each point of the unbounded space. We have at
our disposal the conjugate equations (19) and (21). Then in the unbounded region
longitudinal magnetothermoelastic waves @, h; and Q will arise.

We shall now eliminate the function A3 from Egs. (19)—(21). As a result we obtain
a system of two equations; their right-hand sides represent the causes inducing the
wave movement.

1
(24) Dlmfdi—mplﬂ—aﬁviaﬁ=——plﬁ
(25) D20—1;Vf<1'5=—%.
We have introduced here the following notations
DV""ODVZI‘) 2V°162
LN = 5y x 0 HH=VETUagas

26 A o Hj i a4

© dmp e’

Here, the symbol gy stands for what is called the Alfven velocity. The disturbance
provoked by the existence of the primmary magnetic field is characterized by the
term afVi® in Eq. (24). Let us observe that in the particular case of perfect conducti-
vity, i.e. for Ay = oo and, consequently, § = oo, Eq. (24) reduces to the form

I = 1
(249 (14+a) V%@—?{Q) —mﬂz——é—%‘ﬁ,

or

1
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in conformity with the equation derived in [1]. If, in addition, H3 = 0, Eqs. (24)
and (25) transform into the known equation of thermoelasticity. To determine the
potential @ we may make use of the equation

1 m 1
27) DD, — — % Vi(erDi+eyDy)] P = — B0 ‘E?"Dl Dy 9.

The following notations have been introduced here

ep = nmx, &y= afx, c);=-—a-.
t
In the equation of longitudinal wave, i.e. in Eq. (27), the coefficient &, characterizes
the conjugation of the temperature field with that of deformation, while the coefli-
cient ¢, describes the conjugation of the electromagnetic field with that of deforma-
tion. True, Eq. (27) is very complicated, however, it appears from its very structure
that the magnetothermoelastic wave @ is a damped wave and undergoes dispersion.
After determining the function @ as a particular integral of Eq. (27) in an un-
bounded space, we substitute V; @ into Egs. (20) and (21). The solution of these
equations leads to the determination of functions 6 and hy. The function @ being
known, we are able to determine certain mechanical quantities.

(28) Ifszaf@, Eijzaiaj@, €=V2@, w3=%l’ak£¢2-—f)zlﬂ)=0.

The stresses oi; may be obtained from the formula (22), Eq. (19) being taken into
account, The corresponding formulae read as follows

" #nff_gk; 2y
o1y = 24 (Dyj — 6, Vi P)+o (& — )+ a2 W=12
(29) Hal
“ feo L1313
o33 = — 2uVi D+0 (D — N+ =

Electromagnetic quantities are given by formulae (9).
The function 6 may be obtained equally as a particular integral of an equation
derived by means of elimination of the function @ from Eqgs. (24) and (25)

1 | 1
(30)  [D1D2O0f —— &V (exDiteg D] 0 = —— (D OO — afa Vi) 0 —
s
——5 9 ViDy 9.
€1

Similarly, eliminating functions @ and 0 from Egs. (19)—(21), we obtain the
following equation

?Nﬁf‘f; ﬁf:ﬁ
= Vi Q-+ & Vi .
1

1
31 [D1D2 00 — - 0uVi (er Dyt D)) by =

To solve Egs. (27), (30) and (31) it is a difficult and cumbersome operation. We will
attempt to simplify them. First, we obtain a notable simplification if we consider
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the wave propagation at Q = 0 as an adiabatic process. In such a case, we have
0 = — nxe and, consequently, the Eq. (19) will be reduced to the following one

( zﬂLﬁ) _MoHihy 1

@ st

_ (2wt , e
where ¢{ = T , Where p, 4 are Lamé’s constants measured in adiabatic

conditions.
Eliminating the function A5 from Eqgs. (32) and (21), we obtain

1
(33) (D1} — aPo, V) @ = — g D.
1

The quantity ¢; appearing in the operators as well as in the right-hand side of Eq.
(33) is regarded as an adiabatic quantity. Eq. (33) describes the longitudinal magneto-
elastic wave. After determining the function @ from Eq. (33) we determine the func-
tion Ay from Eq. (21).

A further simplification of Eq. (33) may be obtained if we assume ¢ = aZ/c} < 1,
i.e. if we assume the primary magnetic field to be of low value H = (0, 0, H3). Then,
considering « as a small parameter and expanding the function @ into a power
series, with respect to the quantities

(34) D = Dy+ab+a2 Dy+...,

we determine the functions appearing in (34) from the following set of equations

@8  Gisucemeavesn

.............

If the wave motion is induced by a heat source, a considerable simplification of
Eq. (2.7) will be obtainetl by discegarding the conjugation of the field of deformation
with that of temperature, i.e. assuming &, = 0. In this way we get

4 m
(36) DDy —— V1P =——Di0, ey=apn.

If, here again, a = a3/c? < 1 then, applying the perturbation method and expressing
@ by the series (34), we obtain the following system of equations

m
Dlqujo:—?Q,

Dy O0f @ = foiVidr—1,
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To illustrate our considerations let us quote a simple example. Assume that
in an unbounded space act body forces distributed uniformly along the x3-axis.
The body forces are due to the potential & and there is & = Jpet®t § (r)/2nr. Then

the particular integral of Eq. (27) may be presented with the help of the Hankel's
integral

37) D (r,1) = e'm (2+ifo) (2+q) o (L) dt
’ {(2+ipo) ((P+0)( P~y +422 [er(22+1Bw) +e5 2+
iw w
q= _?L’— » O= E.

The complexity of this integral is obvious. Proceeding by approximation characte-
rized by Eq. (31) we arrive at the following result

9y €' 24-ifw) &Iy (&r) d
- . j(c ﬁz)Co(C)C'

2me} (824K (£24k3)
where

K3+ki = Biot-qey — 02, ki ki = — ifwa?.
The quantities k; and ky are roots of the equation
k4+k2 [Biw-+qey — 02] — ifwa? =0
they are conjugated quantities and are chosen so as to have
kﬂ=ap+f‘b8, a§>l, bﬂ>l, ﬁ=l,2,

Under this assumption the conditions of radiation in infinity will be satisfied.
The function @ may we presented in a closed form:

fwt

Py
(39) @ = 22 Re {k2 12 [(k} — iBw) Ko (ky r) — (k3 — iBo) Ky (sz')]}’

where Kj (2) is the modified Bessel’s function of the third kind.
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B. HOBALIKMH, O JABYXMEPHOWM IIPOBJEME MATIHUTOTEPMOYIIPYT'OCTH.

B samerke obcy:xmaetcsa npobieMa PacnpoCTPAHEHIA ABYXMEPHEIX BOJH, BLI3BAHHLIX B He-
OrpaHdueHHol cpeje AeiicTBHeM MACCOBBIX CHJI, & TAKXKE HCTOMHMKOR Tenna., Ympyras cpeja
HAXOEHUTCA B MOCTOSIIOM TEPBMYHOM MATHMTHOM IOJE, TAK 4TO (PAKTOPHI, BLI3LIBAIOLING BOJ-
HOBOE JBHIKCHUC TIPHBOASAT K 0OPA30BAHMIO TEMIEPATYPHOTO M DICKTPOMATHHTHOTO Toaeil, corn-
PSACHHBIX € ToneM pedopmamu. ITosaras, ¥TO MACCOBBIC CHITBLI M MCTOYMHUKM TEIUId HE 3aBlH-
CHMEI OT MEPEMENHOM X3, NPEIToNaras Jajee, YTo NePHYHOEe MATHHTHOC TOJIC JICliCTRYeT BIOEL
OCH X3, IONYMAETCH DasfielicHIle BOIHOBOTO JIBMKEHMA HA NPOJOJLHLIC M IIONEPETHBIC BOJHLL

Tlonepeunas BONHA He MOXBEPTASTCS 3ATYXAHHIO HH IMCIEPCIN; B HPOTHBOMOJIOKHOCTE TOMY,
NPOJOJILHBIE MATHHTOTCPMOYIIPYIHE BOJIHBL NOJABEPTAIOTCS 3aTYXaHHIO M JHCIEPCHIL.

Haxonel, npejyioskes METoy MPHEMOKCHHOIO PEelieHis YPABHEHHS POONLION BOTHb NpH
HCIIONL30BAHUN MeToa neptypbarit,



