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In our previously papers [1] and [2] the Green functions for the dynamic thermo-
elastic problem were derived. In this Note we are concerned with the determination
of displacements and temperature accompanying the deformations in an unbounded
thermoelastic semi-space for the case of a concentrated force and heat source.
We assume that this force as well as the heat source are slowly changing in time.
In the quasi-static problem the inertial members in equations of motion can be
disregarded and, consequently, the fundamental equations of thermoelasticity may
be formulated as follows:
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Eq. (1) is an expanded equation of heat conduction, whereas Eq. (2) represents
the displacement equation of the theory of elasticity. These equations are mutually
coupled. The notations adopted in this paper are: u stands for the displacement
vector, X — for the vector of body forces, 0 = T'— T, denotes the difference
between the absolute temperature 7" and the temperature characterizing the natural
thermic state of the body, Ty; Q is the function describing the intensity of heat
sources. u and A are Lame’s coefficients with reference to the isothermic state:
# = Aploc, denotes a coefficient, wherein: 1, is the heat conductivity constant,
o — density and ¢, — specific heat of the body, the deformation being assumed
constant. Further, 9 = yTp/Ay where: y = (3A-+2u) at, a; being the coefficient of
linear heat dilatation. Finally, Q = W/pc,, where W represents the quantity of
heat generated in a volume unit of the body in a time unit. Functions %, X, Q, 0 are
the functions of position and time.

Decomposition of the displacement and the body forces vectors into the poten-
tial and the solenoidal vectors respectively leads to:

(3) u=grad ¢ +rotp,
(4) X = p(grad 9 4-rot 7).
227— [369]
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We reduce the system of Eqs. (1) and (2) to the system of the following three equa-
tions:

5 ( 2 : )D 0 V2 9
(5) V&= -;th — N0 V2 = S
1
(6) Vg —ml = — —5 40,
i
. 1 A+2u y )7 0
2 = i e 3 ———— 2:-——, i}
(7 V2 y 2 L > m 25 et - 0 57

Let the concentrated force, varying in time and acting along the x; axis be ap-
plied at the origin of the coordinate system. It means that

X = 8 (x;) d (x;) é (x;) 5” 1.

Now, let us assume that this force starts its action at the moment ¢ = 0F,

We perform the Laplace integral transform on Egs. (5)—(7). Introducing the
transformation of the function:

¢
Lig®l=2@ = [g@We™d, p>0,
0 .

and assuming homogeneous initial conditions, we reduce Eqs. (5)—(7) to the forms:

®) (qu-i-)@—nﬂz&'m{),
. » I .
) Vip — mb = — — 9,
€
= 1 ~
(10) Vip=——y.
Cy

The quantities & and E will be determined from the formulae:

e 1 = 1 R
(11) 3 (x,p) =— s fXG‘,P)-grad (m) av (x'),
~ l == 1
(12) N e 5 fXGC‘, ) X grad (W) av(x"),
B
whence

o 1 1\ . . 1 IR
JG,p) = — %01 (ﬁ)f(p), % =0, x2=@03("§) 7,

< 1 (1) -
(13) x3=~%az(;)f(p), R=(3+x+ )",
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After eliminating the function ¢ from Egs. (8) and (9), we obtain

qe
4moct m

Ly & p
(14) (V2— )8 = dy (*1—2‘) fn, p2= ;(I + &), e=nmu.

The function expressed by Eq. (15) is the particular integral of Eq. (14)

e PR

- 1) 1
(15) 0=£A61( R —F)f(j}), A=

dmpcim (1 + &)

On performing the inverse Laplace’s transform we arrive at

f 1+e - RACGLF
(16) G(x,t)ﬁ—eAax{ﬁ‘ff()]/4:”(: pl_z’%_—_g]dr}'

Inserting Eq. (15) into (9), we get the following differential equation:

—fR

= e LY 1
(17 V2 = Bo, (a R + -E)f(p), B=Am =

4moci (] -1—8).

Taking into account that

z(xl_ 2y Zie‘” - ze"”"‘
vZ]=—® "w]~Pr

we obtain the particular integral of Eq. (17) in the form:

o0 B 2e
(18) p(x,p=—= 2 l +J—D—(~l+x)Rexp[-—R'|/(l_-:ﬂ]

After carrying out the inverse Laplace transform on function Fp’, we have

(19) ¢ (x, 1) = 01 lRf(r) -+ a0 )Rj f(z) erfc( l/ - 1:}) ﬂ"r.’] ,

where

7).

»

2
erfc (z) = —;—J e~ gy,
V
z
The solution of Egs. (10) is well-known:

1 1
p1= 0,9, = T KBRS, y3=— mdz (Rf(D).

Since

& 1 1
otw-:a—{ﬁ'{ = C)Z(R), - al a2 (R)! == ()1 03 (R)}’
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we may represent the components of displacement, by the formula (3):

B 1 1
(20) uf) = [(7 - —@;) 0105 (R) + g—= 5£1]f 0+

eBx f(@) R]/ 142
+ 1+86161J.-—§-5rfc(2 x{t-—-‘r))dr
0

It we now transfer the point of application of the concentrated force from the
origin of the coordinate system to the point (&), and direct this force along the
xp~axis, we will obtain formulae for displacements and the corresponding tempe-
rature

(21) u = [(E : ) 950k (R) + - : 51k]f(1) +
i 2 87uR
ex f('.-:) R l/ 14e
+ — (3 ajdkj = crfo( sV ot = (r_T))d'f,

; 10 1+e¢ . R+
(22) 0" = — g40y {-—— — ff(?:) ]/4_” t— l—* m] (h-l--

Let us remark that displacement u{) consists of two terms, the first varying with
time similarly as the function f(¢), and the other in the form of convolution, cha-
racterizing the conjugation of the field of deformation with that of temperature.
The same holds true for the function 6%, Assuming f(f) = 6 (f) we obtain in virtue
of Egs. (21) and (22) Green functions for our problem, i.e. the action of the con-
centrated and instantaneous force acting at the point (£) directed along the axis x;

1
SR 51}«] o (1) +

+st 5 1 & RI/T}:
L *[?”(‘2‘ ” )]

- 1 EETE B0
4) 6" — sAd;;{ R a(t) — Vm BED [— T]},

R2 = (Ii — E;) (-\'t’ e Ei) .

In the concentrated force varies harmonically with time, ie. for X;(x, 1) =
=0 (x — &) 6 e~'", we obtain the equations of amplitudes, provided we replace
in the Laplace transforms the parameter p by the parameter —iw, wherein @ stands
for vibration frequency. Thus, function ¢, for instance, will take the form:

25) o@C,b) = %51 {R— .——kii—‘exp (_ Rl/-—iw (1 +£))}e““‘".

@) WPGE)= [(% = —S—L) 0500 (R) +

io (1 ¢&) R P
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The displacements and the temperature pertinent to harmonic vibrations are
given by the formulae

B 1
(26) u}k) = [(—— = —) 070 (R) + éﬂ;}e"“" +

2 8au 8uR

ineB 1 . R
+maja}; —R*exp — I t—'—c" —yR|»

Q27 W = _do {—1— exp (— iwt) . exp [— iw (r - ﬁ) — %0 R]}
R R ¢

where:

o _(wa)m (
=R \its © Ye—imR=

Let us now examine the non coupled problem. We apply the approximate
classical equation of heat conductivity:

w (14 E))HZ

(fw (14 s))'“
2x '

X

(28) A2 —— —=0,

instead of Eq. (1).

Passing from Eq. (1) to Eq. (28), we introduce into the results obtained the
quantities = 0, or & = 0 respectively.

In this way Eqgs. (21) and (22) can be expressed as:

A4 p [xgx; A43u ( 1)]
*) — ® -0,
(29) Uy 87u G+ 2p) | 3 ALp Ok R S, 0 0
It is to be noted that Eq. (29) can be written in this way:
(30) u (x, 1) = uf? () £ (1),

wherein f:}") (x) is the Green function for the static problem, given by the known
Kelvin’s formula. S

Basing on Green functions as expressed by Eqs. (29) and (24), we may formulate
further singularities. If we apply at point ((El -+ %1_, &, E;) the concentrated force
E'ng(r) acting along the x;-axis, and, on the other hand, at point (51 = fl—ji &2 ‘53)

1
the forceﬁf(r) acting along the negative axis x;, then after passing A&, —0
1

we obtain the following displacements, vy, and temperature, 0:
ous® oo™

y @=—P——o-.
0§, 0§,

For P =1 we get Green functions for the double force without a moment.
Assume at the point (£) a compression centre is acting, that is three dual forces,

(3IJ vy=—2P~P
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the first of them acting along the xj-axis, the second — along the xy-axis, and the
third — along the xj-axis. Denoting the displacement by the symbol {/; and the
temperature by 6. both due to the action of the compression centre, we have

(32) U; = — @y, UV + 0y, UP + 0y, UPY) = — (B_"—)f(f)aj( )

+_ 1+sa=5 f(@) P[ R2(1+s)] r}

2 » Vat—aop P #G—2

!
— (D D 0) oy eld+e4 f)f(f)x
(33) Oy, 60 4 0y, 69 + 9y, ) — -
0
1 [ R2(1+B)]d i )
W —— —_————— e
Vamx (t —17) X1 4 (t—1) Lo o0&y

If the compression centre varies harmonically with time variable, we obtain

e A e R
(33) Uy=— o 0; — &Boy R X | —iw ‘“T)")’OR )

4 é_s(l-ke)Afw . ( R) J
(34) = R P|—io\t——|—y R|
For the non-coupled problem (¢ = 0) there is:
- A+ p ( )
35 T ¢ =0.

Assume now that a concentrated, varying with time a heat source is acting at
the origin of the coordinate system

Q(R, ) =5@R)S().

Elimination of function ¢ from Egs. (5) and (6) and performance of Laplace
transform yields

(36) (V2 —p98=— —Qf (P).

Particular integral of this equation constitutes the function

% 1 %
(37 I=gz e ™F (), R=(+3+2)"

After performation of inverse Laplace transform the temperature will be expressed
by the formula

R+
(38) G(Rf)“—ff()]/m(s ”’[ 4"((‘ s)]dr'
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Function g will be determined from the equation:
(39) V2p =mb.
The following function is the particular integral of (39):
(40) LN LAY )
axf2\ R R

When the inverse Laplace transform is performed, we get

@)  e(R, t)==m?mj{ff(r)crfc(}€ I/ ﬁj—ﬂ)dt—ff(r)dr}.
0 0

The displacement, being the effect of the action of the heat source, may be
obtained from the equation

(42) Uy = 5;} @y
If now the heat source is transferred from the origin of the coordinate system
to the point (&) we have to put R2 = (x; — &) (x; — &) in Egs. (38), (41) and (42).
Returning to the non-coupled problem, we insert ¢ = 0 in formulae (36)—(42).
Thus, for the static problem, there is

) 1
" 4axR’

(43)
The equation:
(44) V2p =ml,

yields the particular integral

(45) p= *gz—; R - const.
Thus,

m
(46) up =g (xs — &).

Let us apply the concentrated force varying with time at point (£), directed along
the xp-axis. .

The formula for the temperature at the point (£), induced by the action of this
force is given by the relation (15)

—fR

R

e L) ; :
@7 thfff,p)ﬂAa»(e —;)f(p), R=(&—5E—§).

Let us now apply the heat source at point (£') and determine the displacements
U2 at point (§). Eq. (42) yields:

-y

- m e PR 1\ . . ;
) U@ Ep = e (T = F) f(p), R=(¢—E&)E&—E).
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Comparing Egs. (47) and (48), we arrive at

??HPN P m
uZ &8, p), y=

(49) 0@, Ep) =

cie’
This relation may be derived from the theorem on the reciprocity [3].

In the transformed form, the theorem on the reciprocity, for an unbounded
region, takes the following form

(50) n [ &y — Xy av+y (@0 —3'0)av =o.
If we assume tlfat ’
Yi=0G—8omf(p, X=0, Oi=0G—-870),
0i=0, upr=ulb=10y,
then from Eq. (50) we obtain
mep [ 8 (6 —8) du f(p)uf (3, & p) dV () —
’ ~7[ 4G =W GE P VG =0,

whence

. nx oul (& E 1)
(51) Gl

in conformity with (49).
If the concentrated force and the heat source vary harmonically with time, then

(52) O0x (3, L=~ y
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B. HOBALIKWI, ®YHKIIUA TPUHA JJ5 TEPMOYIIPYIOM CPEJBL. 111,

B coobwenny npuoogarces B 3aMKHYTOM Buge (Bynkiuum I'pHAa xis aeiicreus coCpenoToueH-
HBIX CMIT, a4 TAKKe HCTOUYHME TEMICpaTyphl B GeckoHeuHoit Tepmoynpyroii cpene. Pewenus cipa-
BEAJIHBL] JUTA KBABMCTATHYECKOTO COCTOANMSA, B KOTOPOM W3MEHEIIHA COCPEUNOTOYENHBIX CHJI I HC-
TOMHITKA SIBSHIOTCS 3AMEIUICHIBIMI BO BPEMEHI, TAK YTO MOMKNO B OCHOBHEIX YPABHEHHAX TEPMO-
YIpVrocTi npeielpeds HHePLUAIbHBIMIL IEHAMIL,



