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In paper [1] the author counsidered the problem of mixed boundary conditions
in a solid body in the case of steady heat flow. The method employed in that paper
will here be extended to non-homogeneous mixed boundary conditions and to
the problem of unsteady heat flow., However, the formulation of the method in the
present paper differs from that given in [1].

Let us consider the simply connected region B bounded by the surface S, and
let this surface consist of three smooth surfaces Sy, Sy and S5 intersecting along a
and # (Fig. 1). We assume that inside the region B there

act heat sources W (P, (), Pe B, varying in time, and G

that the surfaces S; (i = 1, 2, 3) are subject to heating. S

The appropriate temperature field T'(P, 1) is described

by the heat conduction equation
®V2 T(P,t) — T (P, 1) = — M (P, 1),

® 2 2 »

Vot - 27 + 32 Fig. 1

A s
where »# = E is a material constant, A—the coefficient of heat conductivity, p—the
density and c¢—the specific heat. The function M (P, t) represents the intensity of
1 ;
the heat sources, thus M (P, 1) = —G;- W (P, 1), where W (P,1) is the amount of

heat generated in the unit volume per unit time. By T we have denoted the time
derivative of the temperature, T'= 90T}/ot.

We assume that T'(P, ) satisfies the initial condition

(2) T(P,0)=f(P), PeB
115—[125]
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and the following boundary conditions

T(Ry,t)= ¢ (R, t) on the surface S;, R;€S,

0T (R, ¢
(3) (6:_2' =¥ (R2= t) ” 1] SZ: RZ € SZ,
T(-Rh t) =3 (R.h t) 33 39 S?,s R3 € S3 a
We introduce the general notation
OT (R, 1) .
T(Rf,f):?li(Rﬁf): _an—=1pf(Rh t)s 1=1’23 3.

Observe that the functions ¢y, 95, 3 given on the surfaces Sy, S;, S3 are known,

while vy, ¢, and 3 are unknown functions on the same surfaces. One of these
: OT (Ry, 1) ;

functions, p, (Rl,r)=T on the surface Sy, will be assumed as the

unknown function of the problem considered.

Let us determine the Green function G (P, Q, f) which satisfies the heat con-
duction equation

@) N2 G(P,Q,1) —G(P,Q,)=—06(P—0)6(t), P,QeB,
with the homogeneous initial condition
®) G(P,Q0=0
and the homogeneous boundary conditions

0G (R, 0,1t

—ET;;:—)= 0 on the surface S;, R;eS),
(6) oG (st Qn t)

T— =0 33 EH SZ: RZ € S2s

G (R.’u Q: ‘) =0 3 3 SS! RJ € SS .

We determine the function G in what is called the “fundamental system”, where
the surfaces S} and S, are thermally insulated, and the temperature on the surface S3
is zero. The Dirac function occurring on the right-hand side of Eq. (4) expresses
the instantaneous concentrated heat source acting at the point Q. The integral
from the right-hand side of Eq. (4), over the volume B and the time 7 is equal to — 1.

Let us perform on Egs. (1) and the boundary conditions (3) the one-side Laplace

transformation given by the formula S

) Fp,p)= [FP,)e™dt, p>0.
o

Here we assume that the action of the heat sources and the heating on the surface S
begin at the instant ¢ = 0.
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Then we obtain Eq. (1) in the transformed form
®)  *V2T(P,p)—[pT(P,p) —T(P,0)) =—M(P,p), T(P,0)=f(P).
The Laplace transformation performed on the boundary conditions (3) yields

‘I_—'(-Rlx P) = &1 (Rl! P), RI € Sl!

aT’ (Rz, p)

(9) T = %32 (RZ’ P): RZ € SZs

T (RS'! p) ==t 63 (RS: P), R.’- € S3'

Proceeding similarly with Eq. (4) and the boundary conditions (6), we obtain:

oG (Ry, O,
| ~—a‘;—m=0, RiE S,
[1 G
(11) 0G (Ry, O, p) —0, ReS,
on
G(R;,0,p) =0, RyesSs,

Let us use the Green formula
: e oG
2T P2
(12) Jh[f(GV. T—TV2G)dB = ff( ———T— ()”)ds

and introduce into (12) the appropriate quantities from the formulae (8)—(11).
Bearing in mind that

[[[T@.p)o(P—Q)dB,=T(Q p),
B

we obtain from (12)

13) T@Qn= f [£(P)G (P, Q,p) dBp+ | j [ G(P,Q,p) M (P, p)dBy+
+ % f [1 (R, p) G (Ry, Q, p) dSg, + # f f 2 (Ra, p) G (Ry, O, p) Sy, +
,_‘,‘J-J. (}03(R3, aG(RE: Qrp) dS

Observe that the integrals occurring on the right-hand side of (13), except for
ffwl GdSy, can be determined, since the functions y,, ¢, fand M are given, and G

has been obtained from (4). Eq. (13) can be represented in the form

(14) T(Q,p) =To(Q, )+ # [ [ 91 Ry, p) G (Ri, Q,p) dSg,,
5y
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since the temperature 7 (Q, f) can be regarded as the solution of the equation

(15) #V2 Ty (P, 1) — T (P, 1) = — M (P,i), PeB.
with the initial condition 7'(P, 0) = f(P) and the boundary conditions
[)Tﬂ (Rls ’) C)T{] (RZ’ I)
—_— 0, A T e - R 3 t N R S‘),
(16) on Rlesl on 1!”2( 2 ) 2 €02

Ty (RB’ :) =P (RZ!! ’)s R;3 € S3,

for the fundamental system described above.
Performing on Eq. (15) and the boundary conditions (16) the one-side Laplace
transformation, and using the Green formula

(17 f”(cvzn—rﬂv’a)dﬁ ”( 2Ty — T c;f)dg’

we arrive, after simple rearrangements, at the relation

(18) To@.p)=[[[/P)GP,0,p)dBp+ [ [ [ M(P,p)G(P,0,p)dBp+
B B

_ _ B 0G (R, O,
+xfffP2(R2,P)G(R2, 0,p) dS“=_"ff‘P3(R3,p) G(;HQ p) S,
5, s: T

Performing on the expression (18) the inverse Laplace transformation, we obtain

19 To@0=[[[/(P)GP Q. 1)dB+
B
—l—fdrf”M(P,r)G(P, 0, t — 1) dBp+
0 B

$
+,¢J‘df ” 2 (Ry, 7) G (Ry, Q, t — 1) dSj,, —
0 A

‘ 0G (Rs, 0, t— 1)
Y f dv ff @ (Rs, 7) e dSg,.
0 5

Consider now the expression (14) and perform on it the inverse Laplace trans-
formation to obtain

t
20)  T@N=To@)+x[dr [ [ yi(R,7)G(R,Q, 1t —7)dSy,.
0 S,

In this formula an unknown function w, (R}, 7) occurs on the S} surface.

Let us now pass with the point Q € B to the point R; e S;, on the surface Sj.
Bearing in mind that T'(Rj, f) = ¢ (R}, f) is the boundary condition on Sj, we
obtain from relation (20)

t
Q) RO =ToRy, D +x [ dv [ [ 91 (R, 7) G (Ry, R}, t— 1) dSp, .
0 5,



[129] Mixed Boundary Problems in Heat Conduction 119

The only unknown function in this integral equation is v, (Ry, f). Having deter-
mined this function, we obtain the temperature 7'(Q, ) from Eq. (20).

Let us observe that the Green function G (P, Q, ) can be expressed in terms
of another Green function which is defined as follows, Let us consider the function
K (P, Ry, f) satisfying the heat conduction equation
(22) #V2 K (P, R,,{)— K (P, R}, ) =0
with the initial condition K (P, Rj, 0) = 0 and the boundary conditions
0K (Ry, Ry, 1)

on
23 OK (Ry, Ry, 1)

on a

K (R, R;,f)=0, Rye Sy.

=R —R)O() R,RES,

0, RQESE,

The first condition of (23) expresses the fact that there exists in the thermal insulation
a concentrated and instantaneous gap at the point Rj €S, thus

t
jdrff6(R1--R;)d(r)dSR1=I.

Sy

Applying now the Green formula (12) to the functions K and G, we arrive at the
following relation:

@4 [[[R@R,p)6P—Q)dBp=1x [ [ G (Ri,Q,p) 8 (Ri— R} dSp,,
B &

whence we obtain

(25) K(Q, Ry, ) = %G (R}, 0, 1).

Introducing the latter relation into Eq. (21), we have
¢
(26) g (R, )= To (R}, D+ [ dr [ [ p1(Ri,7) K (Ry, R, t—7) dSg,.
0 S,

We shall now present another version of the method of solving Eq. (1) with
the mixed boundary conditions. As the unknown function of the problem we choose
the function @, (Ry, f) = T'(Ry, 1), on the surface S.

The problem will be solved by means of the Green function G* (P, Q, 1) satisfying
the heat conduction equation

@7) V2 G* (P, 0, 1) — G* (P, 0, 1) = — 8 (P— Q) § ()
with the initial condition G* (P,Q,0) =0 and the boundary conditions
(28) G*(R,Q,)=0 ReS;; G*(Ry0,0)=0, RyeS,,

G*(R3,Q,f)=0, R3ES3.
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The fundamental system is here represented by the region B with zero-tem-
peratures on the surfaces S; and S,. Employing now the Green formula (12) for
the functions 7and G*, and taking into account the boundary conditions (3) and (28),
we obtain

@) T@pn=[[[rP) G 0p dBp+ [ [ [ M (P, p)G*(P,Q, p)dBp+
B B

a* (Rh Qa p)
on

— d c. = JG* R 3 X
—x [ [ 1R, p) dSﬁl—forpz(Rz,p)___(_;I_Q_pldSR’ +
S, A

= 0G* (R, 0,
—x [ [ 43(Rs, ) ____(a; Q.7) e
Sy

which can also be written in the form

(30) TQ.p) =T (@0 —x [ [ 92 (Ro,p)
5y

da* (‘RZ! Q: p) ds.. .
on .

Observe that the quantities occurring in the function 7% (Q, p) are known. The
function 7, (Q, f) can be determined by solving the heat conduction equation

(31) W2 TE (P, 1) — Ty (P, 1) = — M (P,1), PeB,
with the initial condition Ty (P,0) = f(P) and the boundary conditions
(32) Ty (R, 1) = @1 (R1;7)  RyeSy;

To (R, ) =0, RyeSy; Ty (Ry,0)=qp3(R3, 1), R3esSs.

Performing on Eqgs. (27), (28) and (32) the one-side Laplace transformation, we
obfain from the Green formula a relation which, being subject to the inverse trans-
formation, takes the form:

@) T5@0=[[[1®)G*P.Q 0B+

&
-I—jdrfff M (P, 7) G* (P, Q, t — ) dBp +
0 B

: 0G* (R, Q,t—1)
—x [ dv [ [ o (R, ) Iaf LA
0 Sy
f aG*(R‘Q'}t'_T) '
—u [ dr [ [ g3 (Ry, ) 30n dSy,.
0 83

Performing the inverse transformation on Eq. (30), we have

: 0G* (Ry, O, t — 7
G4 TQN=T3@Q0—x[dr [ [g(R7) (Zaf ) is,,.
] Sy

Now, on the surface S, the boundary condition

oT (Ry, 1) _

©2) on

P2 (R 1);  RyeSs.
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is given. Let us use this condition passing from the point Q € B to the current point
R, € S,, and perform the operation d/dn’. In this way we obtain from Eq. (34)

; 0Ty (Ry, 1) 4 02 G* (R, Ry, t—7)
G8)  wa(Ryt) == ——x | dr f [ vy gy ——= By

Here we have denoted by d/on’ the normal derivative at the point R) e S;. The
unknown function ¢, (Ry, 1) will now be determined from the integral equation (36).
The temperature 7'(Q, f) can be obtained from the formula (34).

Let us further consider the Green function K* (P, R;, t) which satisfies, in the
fundamental system considered, the heat conduction equation

37 %V2 K* (P, R;,{)— K*(P,R;,,#) =0, PeB,

with the initial condition K* (P, R;,0) =0 and the boundary conditions

(38) K*(R,Ry,0)=0 RyeS); K*(RyRyt)=0(Rya—R)(1) Ry R,ES,
K*(R3, R;,1)=0, R;eS;,

where

£
[dr [ [6(R—R)dSy, =1.
1] Sy

Performing the one-side Laplace transformation on the functions G* and K*, and
using the Green formula for the transforms, we arrive at the relation

@9 [[[K*® R, p) 6 (P—Q)dBp =
B

=—xfj 8( R, —R;)

oG* (.RZs Q: P) ds
on o

whence, by the inverse Laplace transformation, we obtain

. 0G* (R}, 0, 1

(40) K@ R, )= — w220
on

By virtue of (40) we can represent Eq. (36) in the form

OK* (R,, R;, t—1)
on'

dSg..

Rt

@) p(Ryn= ( LT iz fdf ff @2 (Ra, 7) ;

However, in solving the problems considered here, preference should be given
to the first version of the method, since the kernels G* and K* exhibit stronger
singularities than the functions G and K.

In the case of steady heat flow the problem simplifies considerably. The tem-
perature and the Green functions are now independent of time. Thus, in the first
version, we obtain for the temperature the following formula:

“2) T(Q)=To(@+# [ [ v1 (R1) G (R, Q) dSg,,
51
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where

@) T = [[[MP)GP, Q) dBp+x [ [ v2(R)) G (R, Q) dSp,+
B Sy
9G (R, 0)
-— R3) - — =2 dS .
xf!f ‘?’3( 3) s R,
and the unknown function w; (R) is determined from the integral equation
(44) g1 (R) = To(R) + % [ [ p1 (R)) G (Ry, R)) dSg,.
Sy

The here presented method of solving the problems of heat conduction with mixed
boundary conditions can be extended also to problems with discontinuous boundary
conditions. Let us consider, as an example of
such a problem, the semi-infinite cylinder insula-
ted on the portion S, of its end cross-section. Let
on Sy be prescribed the temperature 0 (f), on S3
the temperature T'= 0, and on S, — thermal insula-
tion (%g— = O). In this case we choose the funda-
mental system in the form of an infinite cylinder
with the boundary conditions 7’= 0 on S3, and
0T/0z=0 on S; and S3. In this system we determine the temperature 7 and the
Green function K. The unknown function %; = 97/0z will be determined from
the integral equation (26) which assumes, in the case considered, the form

]
0 (1) = To (x, ,0, 1)+ fa"r ffip(&,'q, ) K (x,7,0;&,0,t—7)dE dn .
0 A
A more detailed discussion of the method presented in this paper, supplemented
with examples, will be given in Archiwum Mechaniki Stosowanej.
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B. HOBALIKMI, CMEIIAHHASI KPAEBASI 3AJIAYA JUIS YPABHEHUS TEILIO-
[IPOBO/THOCTH

B uacrosmeii pabore MPHBONATCA, NPH NPHMEHEHUM METOHA, npeactasneHnoro » [1], nasa
BAPHAHTA PEIICHHA CMEIIAHHON KpaeBoil 3ajauu Uil YPABHCHHS TEIUIONPOBOMHOCTH, OMNHCHI-
BAIOMIEr0 HECTALMOHAPHEIH TEIIIOROI MOTOK.

Peenue 3a1a44 B 060UX BADHAHTAX IPHBOJUT K HHTErPAJIBHOMY YPABHEHHIO NEPBOro MOPALK.



