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1. Introduction

The object of the present paper is to obtain the solution of the thermo-magnetic
-elasticity problem in the one-dimensional case of an elastic semi-space adjacent to
a vacuum with a thermal shock acting on the bounding plane. It is assumed that
the original magnetic field in the body and in the vacuum is parallel to the bounding
plane. The latter is assumed to be suddenly heated to a temperature remaining
constant. The electric conductivity of the body is assumed to be constant. The
essential physical feature is the existence of thermal, elastic and electromagnetic
waves and the radiation of an electromagnetic discontinuity wave into the vacuum,

A similar problem was solved, with qualitatively similar results, by the present
authors in [2], where a perfect conductor was considered. This problem has been
solved in an accurate manner. The problem of finite conductivity requires the solution
of the complete set of equations obtained in [1], and is much more involved owing,
among other things, to the fact that equations of much higher order are concerned.
Some additional effects resulting from the finite conductivity of the body are certain
discontinuity waves of mechanical and electrical nature propagating with the velocity
of light in the medium (in addition to discontinuity waves propagating with a velocity
of the order of the velocity of sound). If we reject, in the case of a good conductor,
the displacement currents, the discontinuity waves propagating with light velocity
become solutions of a diffusion character, corresponding to an infinite propagation
velocity of perturbations. This results from the fact that the set of equations of the
combined mechanical and electromagnetic field (thermal influences being rejected)
changes, with such an assumption, from the hyperbolic to the parabolic type. We
shall disregard the displacement currents, what leads to insignificant quantitative
changes. What more, in view of mathematical difficulties, we shall confine ourselves
to approximate solutions in two cases, for which a small parameter can be introduced.
In the first case the original magnetic field is weak and the electric conductivity
is arbitrary, in the second the original field is arbitrary and the conductivity is very
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160 S. Kaliski and W. Nowacki - [214]

high. No solutions of thermo-magneto-elastic problems are found in the literature
except the solutions of a broad class of thermoelastic problems [3], in particular
the one-parameter problem of the semi-space [4].

Sec. 2 of the present paper is devoted to a general formulation of equations
and boundary conditions of the problem. Sec. 3 brings an approximate solution
for finite electric conductivity in the case of conductivity of arbitrary magnitude
and a weak primary magnetic field. In Sec. 4 the same problem is solved for any
original magnetic field and high conductivity. In the conclusion, further problems
connected with the present one are mentioned.

2. General equations

According to [1] the general form of the linearized thermo-magneto-elastic

equations for a homoge- isotropic body is:
0
rot E— =4 -‘h,
c ot
Sk +eOE en-—1 0 |ou ]
it e e T i
2.1)
. on
=y E+— -é?rH’ — g grad T,
. . pe—1 [on
divh=0, divD=0, D=¢|E+ —seH s
ce ot
0Zu #
vy = GV2u+(A+42G) grad div u + (JXH)u‘%a,-KgradT—kP
2.2
@2) K=1+3G
2.3 P e L divj— 2y V2T
(2.3) vy, 3% 2 iv u+mg divj — 4, =Q.

The set of Egs. (2.1) is a set of electrodynamic equations of slowly moving media,
the Egs. (2.2) constituting the equations of motion of an elastic body. Eq. (2.3)
is the heat equation. The equations of electrodynamics involve mechanical and
thermal couplings. The equations of motion and heat conduction include terms
of electromagnetic coupling. The symbols h, E denote vectors of perturbed
intensities of magnetic and electric fields, and j—the vector of current density. H is
the vector of the original, constant electromagnetic field, ¥ — displacement vector,
T — temperature of the unstressed body, P — vector of the mass forces, Q — inten-
sity of the heat sources ¢ — light velocity, u, e — magnetic and electric permeability,
1 — electric conductivity, % coefficient linking the electric field with the temperature
gradient, my — coefficient relating the current velocity vector with that of heat
flow. The symbols ¢y, ¢, denote the specific heat with constant volume and con-
stant pressure, respectively, 4; — the coefficient of heat conduction, a; — the coeffi-
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cient of thermal dilatation, A, G — are elastic constants and p —is the density
of the medium. -

Assuming that g approaches unity (z ~ 1 will be assumed for simplicity) and
disregarding the displacement currents, the set of Eqgs. (2.1)—(2.3) takes, on eliminat-
ing E and making use of the condition divAh =0 the form

oh (6{1 H) c? 3
ot oY ot % 4ny?}l k=0,

-

= 'L
(24) e = GV2u+(24-G) grad divu + 1 (rothx H)—3a; K grad T,
or 4z
oT
Cu f}; = A' VZ T = Q;
where
¢ i [Ou %0
‘) ly == — i i — A o .
(2.5) E R rot h : ({).’ xH) f 7 grad T.

In the heat equation the small term expressing the thermo-mechanical coupling,

Cp— Cyp 0 : - ! E
- div # has been omitted. The cquations in vacuum are
¢

30‘.;
[ 02
(f)—;z — 2 A2} E¥ = (),
)2
(2.6) (;{2 — 2 z!z) =0,
1 oh* 1 OE*
TOhES =S ==y TotRY ==
¢ ot ¢ ot

In the case of an elastic semi-space in contact with vacuum and with a prescribed
temperature on the boundary, and assuming g .., = 1 and finite electric con-
ductivity, the boundary conditions are:

T = Tl) H (f),
(2.7) oy =Tyu—Ty =0 i=123,
‘Ey =E}, Ey=E;, h=h, h=h h=5g,

where H (f) is the Heaviside step function. The mechanical stresses and the com-
ponents of Maxwell’s tensors in the body and in vacuum are

oy = ABOy+2Gey — 3Ky THy, O = gy

1
(2.8) E A% [H3 hi-- Hy hy— 03¢ Hh],

1
| T;t = E [H5 h:—}wh'i h; — o0y Hh*), i=1,2,3.
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The set of Egs. (2.4)—(2.6) with the boundary conditions (2.7) constitutes the
general formulation of our problem which, in the one-dimensional case and with
the field H directed along the axis x; = x takes the form

02 u ,0%u  pH oh  3wmK oT
oz 0oz 4mp 0z g o0z’
oh o0tu 2 02h
23 —+H———— —— =0,
ot 010z 4mun 022
or 2T
o Moo
where
,  A+2G
‘?0:_'_9__‘ :hla U =us,
(2.10)
- ¢ oh H ou

27 4o 0z c o’
The equations for vacuum are

02 02 02 o2
(—ﬂcz—)E*=O, ( ch—)h*

o2 oz e

If

(2.11)
(E* =E;, h*=h).

For u =1 the boundary conditions become for z = 0:

T= Tﬂ H(")’
ou  3Ka; -
a5—— T=0, h==h,
(2.12) 0z 4

¢ 0*h Ho*u _ oh*
4 0zot ¢ of? “oz

3. The case of finite, arbitrary electric conductivity assuming a weak original magnetic field
Let us consider the set of Egs. (2.9) to (2.11) with the boundary conditions (2.12),
%
assuming that the original magnetic field is bounded in such a manner that P <1.
0
This assumption enables us to apply the perturbation method for approximate
solution of the problem. In the present work we shall confine ourselves to the first
approximation.
Let us introduce the following variables and notations:

2
ag z agt
T=—

@

3.1) ¢ = @ = Ay/co.
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On introducing the variables (3.1) and performing the Laplace transformation
Egs. (2.9) to (2.11) take, assuming homogencous initial conditions, the form

a, ;;—pza-—ﬁrf,; = ﬂl?,c

T,y —pT =0,
3.2 = = o
( ) Sh:;{_Ph_rP“aI;:O:
E*,“—bz‘gﬁE* =0,
where
3Kay ®yp P
= E "= H ’ = il = SEay = et
s=rlp, 1 aolp, m o p Ha) b e
The function E is expressed thus
(33) E =y (sh—rmpu), y=ae.
The boundary conditions (2.12) become, for { = 0:
T (p) = To/p,
(3.4) u,; —mT =0,

E*! L pyz (SE! fi— JPE), -5* = E'

Our approximate solution of the problem will be obtained as follows. The
quantity £ being small, the first of Eqgs. (3.2) are solved for f = 0. From the
first two of Eqgs. (3.2) we obtain, with the first two boundary conditions (3.4), the
functions , T

_ mT, tY» _ T
(3.5) e [ (ET —-e—m), L
p(p—D\ v/p J)
The transform of o33 yields
2
= pagmTy
3. 033 = ——— (" — VD),
ey 27 0D )

The results obtained are identical with those for no coupling between the tem-
perature and strain with the electromagnetic field.

Next, the u function thus obtained is introduced into the third of Egs. (3.2).
From this equation we obtain the function 7 in the first approximation, which is
essential for practical application. Knowing /, we can obtain, by solving the first
of Egs. (3.2) a correction of the perturbation for u. However, the determination
of the correction for u, which is of secondary importance will be omitted.

Proceeding, according to the above scheme, we obtain the following solutions
for the first approximations for 7 and h*. ‘

3.7 5 — BV ps) gt rsy mTy VP
. 1= i == )
P—91 p(p—1(1—sy)
- psy rsy mTy
h* = (B + A+ ) %,
’ si—p"  p(p—D(si—1)
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where
_mTy e mTy sy r vat+1  1+4y2)/p
p(l—p)’ (I+nyp @—Dlp—si  p(A—spl’

and

¥ o
su=1ls, y1=TFys y2=rb.

On performing the inverse Laplace transformation, we obtain the following
functions

mTy
(38 B =T

(@ e G D — U g ) — g1 G O+

rmTy
+y2 (g2 (€, 73 1)-5’2(6,1;0)]}“]?31[3'3 & v )—g3(€ 7 0]+

r.s*l m

[fl(i.' 73— Crssi))s

mTy rs; i
h*(E, 7) = = (C+y)fs (G ) — Q492 f3(E 7581) —f3 (8 7500+

mTy rsy : :
A2 [fa @ v 1) — /(6 75 0)]+ o (/5 7580 —/5(6 73 0)],

where i
(39) g (70 = {%‘éﬁﬂ) erfe (% ]/ i‘ — V&) +exp (%) X
xerfc (% g -i--l,/a_;)} ——exp(% T ;) erfe (g ‘i‘ + l,f)
g 18 = e"';/}s‘ [cx;; _{l:;lcl}?l;) rfc (g gl——- %4 (3_r)

(C|-”S_| 5 1)
__exp (C]/&s‘l) ( l/s, )] 5P Y1 i (C stV
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and

f& 7 8) = [ 810, 7—v; 8) H(v+Lb) dv,
0

£33 8) = [ 820, v—v; 6) H (v-+Lb) do,
0

S5, 73 0) = &) H (v4-bE).
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From (3.8) it is inferred that & ({, 7) is composed of two functions, one of a dif-
fusion character, the other characterizing the propagation of the discontinuity
wave with the velocity @y, which is that of the elastic wave. The function 4* (¢, 7)
is a discontinuity wave moving with the velocity of light ¢. It should be observed
that in contrast to the solution for a perfect conductor the diffusion members are
influenced not only by the temperature but also by the coupling with the magnetic
field. If displacement currents were taken into consideration these diffusion pertur-
bations would constitute a discontinuity wave moving with light velocity in the
medium.

4. The case of finite electric conductivity of high magnitude assuming arbitrary original magnetic field

Let us consider the set of Egs. (2.9) to (2.11) with the boundary conditions (2.12)
assuming that the original magnetic field is arbitrary and the conductivity is very

cz
hi that » = — is small.
high so that » Hn is sm

Similarly to the foregoing section we shall confine ourselves to the first approxi-
mation. We shall determine the zero approximation to u and the first approximation
to the functions s and h*.

For the approximate solution procedure it will be convenient to introduce new
variables different from those of Sec. 3.

Let us assume

az a’t
(4'1) {:= = = ey P =;{1/C'1;.

On applying the Laplace transformation and assuming homogeneous initial
conditions Egs. (2.9) to (2.11), take the form

2
ao - — . -
Eu,cc—,vzu—ﬁh,; :mT:{a
(4.2) 7. i g =0,
sh,g—ph—rpu,,=0.
Let us observe in addition that
(4.3) E=y(sh;—rpu),
with the notations

_ 3Kap e e

oad Ha3’ v 4mny’ s=0g,

r-——:p—, @ =aytx, y=ale
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The boundary conditions of the problems are

T = Tolp,
(4.4) u,;—myT =0,
B, =py2(sh,;—rpu), h=h*
where
my = ma?/ag,.

For the zero approximation we assume that » = 0. Then Egs. (4.2) become

(4.5) h=—ri,y

Finding % from (4.5), we determine the corrected function / from the equation
(4.6) ph — sh, g-+rpu, ; = 0.

The solution thus obtained should satisfy the boundary conditions (4.4). The
number of constants corresponds in this case to the number of boundary conditions.
For further approximations the corresponding integration constants should be
determined from the homogeneous boundary conditions, the boundary conditions
4.4) being satisfied by the set of Egs. (4.5) and (4.6).

Let us observe that the solution is not built up by the formal perturbation
procedure. Practical reasons require that the correction for the perturbed electro-
magnetic field be found above all and the calculation with the zero approximation
for u be finished. Hence, the necessity of preserving certain small quantities, the
remaining ones of the same order, being rejected.

Solving according to the aboye procedure the set of Egs. (4.5) and satisfying

the boundary conditions (4.4), we obtain the following Laplace transforms of
the functions

_ mTye~tVe T, ( i m ) i
Uu=——————\mg+ e
pyp(p—1) P\ p—I
= Qa"aT"( —nt __ VD
033 7 mo+p_|[€’ =g,
(4.7) ~
= o YT [Tu e ¥ ( i m ) mTy e *V? ]
h =Be Y 5L gy |————=\m — ’
Hpsi—p\V° p—1 p(p—1D(A—s

“ pA mTy
h* =[B—— ( iz . )] e,
; "\ p—s  plp—1D (1 —s)
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where

(4.8)

s; [ry2 pA  rpA yarmToy/ p mTyr ]
p—s; p—s1 (I—spp(l—p) p(p—1D1A—s)I
e
si=lfs, n=7 Vs, y2=y2b.

Making use of (4.7), we perform on @13, i, A* the inverse Laplace transformation,
Similarly as in Sec. 3, we introduce the functions f1, /5, f3, f4, /5, €1, 2. There is
a difference, however, consisting in that they refer to the variables ¢, v determined
by Egs. (4.1).

Thus, we have successively

oagaTy
p {(mn —m) /1 7:0) —g3(, v;00+m [/ (5,73 1) —

—& (&7 1)]},

o (1) =

mTD:sl
h( ) = {gl Cu)—g &0+ [ga (73 1)—

— & 1 0]—0+p) (g1 (E, 75 81)—81(E, 75 0)}‘—-?(1 +y2) (m—mg) To <
(4.9)

X (g1 (&, 7is1)—g1(C, 75 0)]+1To ‘-’Nu 1€, 758) —Ni( p—
><[fl (& 7is1)— ;,j—s_l_‘—lfl &7 D+HNE 7 0)]} i

T D—g3 (6, 7:0)],

mTyr,
@ = —‘—H(Hﬂ'z)fa & vis)—rafa € ) —f(E 730+

1—s

+y2 [fa (6 75 1) —fa (& 75 0)] — (1+y2) rTo (mo — m) [f3 (&, 75 51) —

(&, 0 1)—/£5(, T 0)]4-rTp {(mu * Slmfl) ~

—fil, 7 0)]} s

Xfo(& 130 — 5 56 T D —mo S5 r;O)}.

Let us observe that, assuming ap/a; = 1, mp = m the expressions for the trans-
forms u and 7 become the corresponding expressions of Sec. 3. In the stress o33
there are two terms, one of the character of a diffusion member, the other of the
character of a discontinuity wave propagating with the velocity a.

In the expression /i ({, 7) there are diffusion terms and discontinuity wave
terms for a discontinuity wave moving with the velocity a in the medium. The



168 S. Kaliski and W. Nowacki [222]

diffusion terms in these solution originate not only (as was the case in [2]) from
the thermal shock but also from the magnetic coupling. Although the qualitative
character of the solutions of Secs. 3 and 4 in the first approximation is similar
quantitatively, these solutions differ in an essential manner.

5. Conclusion

From the above considerations it follows that the essential difference between
the solution for finite electric conductivity and perfect electric conductors [2],
in addition to the quantitative side, consists in a different structure of the diffusion
members in the body, appearing as a consequence of the parabolic character of
the equation of the magnetic field, e. g for a given u. If, as mentioned above, displace-
ment currents were taken into consideration then, in addition to discontinuities propa-
gating with sound velocity, there would also appear discontinuity waves propagating
with the velocity of the order of the velocity of light in the medium. Also the electro-
magnetic wave radiated into the vacuum being important for practical measurement
problems undergoes considerable quantitative changes. The obtention of a solution
for an arbitrary conductivity and arbitrary magnetic field, taking into consideration
the displacement currents what is not done in the present paper, seems to be of
interest. The same applies to more general three-dimensional initial and bound-
ary-value problem of thermoelasticity and plasticity in view of their practical
and theoretical interest. Their solution may create a basis for investigation of
analogous problems in more complicated cases, those of ferromagnetics, ferrites
etc, which are of fundamental practical importance.
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C. KAJIMCKHIT u B. HOBALIKMI1, KOMBUHUPOBAHHLIE VIIPYTUE U JEKTPO-
MATHUTHBIE BOJIHBI, BbI3BAHHBIE TEPMHUYECKUM VJIAPOM JUISl CJIYYAS
CPEJIbI KOHEYHOWM SJIEKTPOITPOBO/IHOCTH

B pabore paccmatpusaercs npobiiema Bo36yKICHHS MEXaHO3JIEKTPOMATHATHBIX
BOJH B YNPYroM HONYNPOCTPAHCTBE MPH BO3JEHCTBHH TEPMHYECKOro yHapa Ha
TIOBEPXHOCTH MONyNpoCTpaHcTBa, IIpuHMMAeTCS, YTO HaJ IOIYNPOCTPAHCTBOM
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HMeeTCsl BakyyM. PaccMoTpeHa KOHEUHast HeKTPONPOBOAHOCTE CPEIbI MPH MpPeHe-
OpeXeHHH TOKAMH TIepeMELICHHSL.

Hactosmas paGora sBisiercst npojoikenuem npeasiayieii paborst [2], B ko-
Topoi obcyxmanack AHAJOTHYHAAL OJHOMEpPHAf mpobneMa TONYIPOCTPAHCTBA
JJIs MIeaIbHOro MPOBOJHHUKA, YTO IO3BOJIMIO CHH3UTH IOPANOK HCCIEOyEeMBIX
YPABHEHWH M TOJYYHTH DPEIUCHHE B 3aMKHYTOM BHIIE.

Jns  [edcTBUTENIBHOTO TIPOBOJHHKA B HacTosueil paboTe pPacCMOTpPEHBI
ABa  ciay4asi: TMPOM3BOJIBHOIO IMPEABAPUTENIBHOIO MATHHTHOIO IOJA M BoJTpIIOM
SJIEKTPONPOBOOHOCTH, a TaKXKe HpOH3BOJ’I‘bH0ﬁ 3JEKTPONPOBOAHOCTH H MAJoro
NpeaBapUTEIIBHOIO IOJA. 2T0 Oajio BO3MOMKHOCTH BBECTH MAJIBIE ITAPAMETPBI
U TOJYYHTh TIPAKTHYECKH [OCTATOYHBIE TOYHBIE PELIGHHUs B TEPBOM NpuOAHU-
skeHud. OrmpefesieHsl BO3HUKAIOIIME ITOJ BIIHSHUEM BO3MEHCTBHUS TEPMHYECKOTO
yoapa MeEXaHM4YeCKHEe M IJIEKTPOMArHUTHBIC BOJIHBL B Cpeae M H3JTyvaroruecs
B BaKyyM 3JIEKTPOMATHUTHbIE BONHBEL Takoe pelieHHe OTIMYACTCA OT DELIEHH:
AU HIeaibHOTO NPOBOAHMKA JO0OABOYHBIMHU 4JIeHAMH, HMEIOIUMH T dY3nOHHbII
XapaxkTep. B clyvyae yueTa TOKOB INepeMellgHus, KpoMme MO,HH[i]HH\HpDBaHHHX BOJIH
pasphbiBa CO CKOPOCTBIO IIPOMATANM MOPSAKA CKOPOCTH 3Byka, 00pasoBauch
OBl TaK)Ke BOJIHBI pa3peiBa CO CKOPOCTBIO Iponaraiuu NOpsSaKa CKOPOCTH CBETa
B cpene.



