BULLETIN

DE

L’ACADEMIE POLONAISE
DES SCIENCES

Rédacteur en chef Rédacteur en chef suppléant
K. KURATOWSKI L. INFELD

SERIE DES SCIENCES TECHNIQUES

Rédacteur de la Série
J. GROSZKOWSKI

Comité de Rédaction de la Série

C. KANAFOJSKI, W. NOWACKI, W. OLSZAK, B. STEFANOWSKI,
P. SZULKIN, W.SZYMANOWSKI

VOLUME X
NUMERO 1

VARSOVIE 1962



BULLETIN DE L'ACADEMIE
POLONAISE DES SCIENCES
4. Bérie des sclences technlgues
Volume X, No. 1 — 1062

APPLIED MECHANICS

Excitation of Mechanical-electromagnetic Waves Induced
by a Thermal Shock

by
S. KALISKI and W. NOWACKI

Presented by W. NOWACKI on November 6, 1961

1. Introduction

The purpose of this paper is to give a solution of the thermo-magnetic elasticity
problem, with respect to the one-dimensional case of elastic half-space being in
contact with vacuum under the action of a thermal shock on the surface of this
half-space. It is assumed that in the elastic medium and in the vacuum as well an
initial magnetic field exists, parallel to the plane, limiting the half-space. The plane
limiting the elastic half-space was suddenly heated to a constant temperature.

The essential physical effect of the solution given consists in the fact that
a coupled mechanical and -electromagnetic wave in the medium exists, and
that there exists a radiation of the electromagnetic wave of discontinuity into the
vacuum.

Basing on general equations of thermo-magnetic elasticity given in [1] and [2],
an equation is derived by the present authors for an ideal conductor. Using this
simplification, it was possible to solve the problem in a closed form and to express
the electromagnetic perturbations explicitly by means of mechanical and thermal
effects. Moreover, this simplification enabled a simple demonstration of the effect
of the excitation of electromagnetic waves in the medium and in the vacuum, and
made possible the discussion of the solutions obtained. Supposing the existence
of a real conductor, initial equations become more complicated. The solution
of the problem of excitation of mechanical-electromagnetic waves for real conductor
induced by a thermal shock will be considered in a separate paper.

A large and general class of boundary problems is already solved in dynamical
thermo-elasticity [3]. The one-dimensional problem of propagation of the elastic
wave due to the action of thermal shock was solved in [4]. An analogical problem
of thermal-magnetic elasticity remains, so far we know, as yet unsolved. In the
next paragraph general equations of thermal-magnetic elasticity are given, as well
as the transition from a real conductor to an ideal one.
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26 S.Kaliski and W. Nowacki [26}

In the subsequent paragraph the boundary problem of the half-space is formulated,
and its solution.in a closed form is given. Finally, we point to the possibilities of
a further development of the problem.

2. General equations
For the case of an isotropic and homogeneous body the coupled mechanical-
thermo-electromagnetic problem (after being linearized) is described by the follow-
ing system of equations (cf. [1], [2]) *)
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The system of Eqs. (2.1) represents the equations of electrodynamics of slowly
moving media, the system (2.2) — the equations of displacement of the motion of
an elastic body and, finally, Eq. (2.3) represents the equation of thermal con-
ductivity. In the equations of electrodynamics we have thermal and mechanical
couplings, whereas in the equations of displacement and of thermal conductivity
we have terms representing electromagnetic couplings.

We denote by k and E vectors of perturbed strength of magnetic and electric
fields, respectively; by j — the vector of current density. H stands for the vector of
initial and constant magnetic ficld. Further, # denotes the vector of displacement
of the medium, T'— the temperature as referred to the natural (strainless) state
of an elastic body. P stands for the vector of the volume force and Q — for the
intensity of heat sources.

The light velocity is denoted by ¢; u and & are magnetic and electric constants,
Ag— electric conductivity, xo— the coefficient connecting the electric field with
the temperature gradient, 7y — the coefficient connecting the current density vector
with the vector of the density of heat flow**). Further, c,, ¢y denote the specific

—;)Tdiv utmy divj—A p2T=0Q.

*)The momentum of the electromagnetic field is defined as in [5]. By another definition
some terms in Eq. (2.2) disappear.

*#)In a particular case this coefficient transforms into the Peltier’s coefficient.
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heat at a constant pressure and constant volume, 4; — the coefficient of heat con-
ductivity, a;— the coeflicient of the linear thermal expansion, A, G — Lamé con-
stants of an clastic body. Finally, we denote by p the density of the elastic
medium and by g, — the density of compound electric charges.

The system of Eqgs. (2.1)—(2.3) may be considerably simplified, assuming for
an elastic medium ey & 1, Then
4 e OF u oh

¥ ‘ol SR I O s —— SRR A e
24) roth L'J{_ ¢ ot T e or?

- do gt | Ou
J = Ay E — xq grad T c'[dz XH].

R2u
25 o dI; = G72u+-(A+G) grad div u- — [jXH]"f—P-—-3ﬂg Kgrad T,
oT —cCcy 0 % 3
et LR T e L, Sl o 2T =
(2.6) vg; s e O diva+tmydivj—24, 2T=0.

Let us assume now that the medium is characterized by an ideal electric con-
ductivity, i.e. Ay = oo. This condition may be expressed by the coeflicient #, tending
simultaneously with 4 to infinity or not. Quite generally, let us assume g = 2; Ao,
where »; — constant.

From the third equation of the (2.4) group we have

2.7 E = nygrad T— 'f; {%‘;{ )(H].

Neglecting in Maxwell’s equations the displacement current % ji,— and

subsequently eliminating from equations (2.4)—(2.7) the vectors E, j, we obtain
the following system of equations

2
(2.8) g%—r;—’ = Gp2u--(A+G) grad div v+ i:—t[rot rot [px H)| X H —

oP on

+ U:'}j}"!

——-——(rot rot grad T) x H—3ay grad TR
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of | e»p— €270 rot ot T —
(2.9) ¢y 5 -+ Ta;_ dlv —- -L ) [4— rot rot [p X H]] v
oT c}Q
— A p?
5 a ot

Let us observe that the terms #y and m, in view of rot grad ¢ = 0 and

a*
divrot =0, are dropped from the equations, Thus, we can put Ty before brackets*).

*) We assume the operator in brackets # const with respect to f.
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So we have
2
(2.10) gaa—:; = Gp2u-+(A+G) grad divu + ;‘; [rot rot [uxH]] X H —
— 3wy Kgrad T--P,
'()T Cp—Cp . ﬂ 2
(2“.} (.1;-(')?'[ -de 5 ’11 7 I‘-—Q

In what follows we will neglect in Eq. (2.11) the term containing the velocity
of dilatation. This term, characterizing the thermo-mechanical coupling, is of a
very low value and therefore may be neglected.

3. One-dimensional half-space problem

We will now consider an elastic half-space being in contact with vacuum (Fig. 1).
The plane x3 = 0 is assumed to be heated suddenly to the temperature Tj, this
temperature being maintained constant. Let the vector of the initial magnetic field

&

Vacuum (h"E")

Il T rriiays Xy
1

Elastic mediym (hE)

X3

Fig. 1

H = (H,,0,0) be paralled to the axis x;. We assume further P = 0, Q = 0. Eqs.
(2.10) and (2.11) will become then of particularly simple form, namely:

02u 02y 3Ka; oT
3.1 e el T S LS
1) R T T Ty oy
(32) R2T 1 oT

o T
where

R=a+n, x= T ap=1+2G, n=~*ijcy.

Equations of electromagnetic field in vacuum are of the following form*)
(3.3) 02hi  02ht , 2E5  O2E3

oz T o =0 o T p =0

*) For the xj axis we retain the positive direction of vectors E* i+ as for the axis of the
system without ‘s,
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The strength of perturbed electric and magnetic fields in an elastic medium may
be expressed by means of the following equations

(:‘4) h] -—"—'—'It)ﬁgi-“-_3 E2=-—-——Pi Hl_"'_"
A3

Boundary conditions of the problem assume the following form
(3.5) o3+Ty3—TH =0, E} =E;, T=TyH(),

where, generally, oy; denotes the tensor of mechanical strains, T3 — tensor of
Maxwell’s stresses in an elastic body, and 77j— that in vacuum, H(f) stands for
the Heaviside’s function.
Expanding conditions (3.5) into an explicit form, we obtain the following
relations for x;3 =
ag%”‘ _3KaT _f_‘.{{'_;,f,
X3 ] dmp

Oht | wH\ Ouy o 1 1y HQ)

(3.6)

ox; | 2 o

We shall introduce new notations and variables

axs a’t
uy=u, hf=h*, h =h, f=—=, 1=—, ['=—.
- 3 1 1 n 7
In this way Eqs. (3.1)—(3.3) will get the following form
u,cf;—-u',,:—-mT_;, T.c;——TIrSO,

3 2 a2 3a,
. lmvmﬁhgzo, Byp— B =0, m=2201,

For ¢ = 0 we have the following form of boundary conditions

(3.8) Upr— J??nT = — ﬁ(] fl‘*, }I,‘C*l-ﬂh" T = 0, = Tﬂ H (T) 5
where
@ wHy a3 _ pHyy
My = m ;3 § = py) 7 s ﬁu = 4‘—'-"_""9! @2 aﬁa .

Assuming, for ¢ < 0, the elastic medium to be in a stressless state, we shall
use —in order to solve Egs. (3.7) — the Laplace transformation. Denoting the
Laplace transform of the function f({, ¥) by

G =[reoerd
0
we may write Eqs. (3.7) and the boundary conditions (3.8) in the following
form
(39) Hp—pi=mT;, Tu—pT=0, hpy——lk*=0,

(3.10) (@ ge —mo T+ Bolt*lpmo =0, [h%+np2ili—o=0, T="Top.
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Solving the system of Egs. (3.9) and taking into account (3.10), we obtain

= T =
L) T= M R =0 =D HAV A1 — (40 VP etV3},
2 2
ﬂ=%=%>l ; ﬁ:ﬁo__'“lH;: <.
pa
(.12) T _ZO_ /3, =0, e e

Mechanical strain may be calculated from formula:

aal Q
7

(3.13) Gy =(A+2G) > d‘” —3KaT = [Ez—mﬂ'f,]. s=

Substituting into the above expression for # the term from (3.11) and for T—
the term from (3.12), we get the following formula

- M 11—
(B.14) on= —m{r [— + 3+ ?-;]
~e—°"?’(l+ﬁ)[_l _”w]}
_ EaTy %
_1_—'21‘.

The transform of 4* may be obtained from (3.12) and (3.11)

= N I — | I Hl,ua?-mTo
315} R = " S R R o
el 1_,,[ 7 l/pJ ET

and the transform of / from the formula (3.4)

et ﬁ} _amTy H,

pil s bt B
Gy =y {rpcl P HH"I/E] T d+p)

T2

Let us perform an inverse transformation on the formulae (3.14)—(3.16). As
a result we get

GIN  on(t ) = — g U= DA G D —h 6D — Hr ) —
— (A [~ 51 D) — 226 D
(3.18) h* (', 1) = N [8—1+f5 (', 7) — f5 (', D],

G19) k(7)) =—P{Q—=NAE 1)~ —BfE D —
— (4P [81¢, ) —&2(8, DI}
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where

AED=HE—0, &) =etHE—0),
nE=<en ("‘" e2),

(3.20) | fi(C, 1) = e—terf Y/ 7—C H(z—10),

£

S n=e" - crf'l/‘rHé" < H(T—‘C'—a—), g1(C,7) = erfc =
¢ ¢ Vér

| 2260 = -(g— [ec erfe (]/—j_r + |/'1._’) +e—t erfc (I_/j:"— 1/?)] .

_In a particular case when the thermo-elastic field is not coupled with the
mechanical-electromagnetic one (f =0, v =1), we obtain

(3.21) 0361 )=—M[g2(6,7)—2¢ 0], A*¥=h=0.

The stress o33 from the above formula represents the known solution of
W. I. Danilovskaya [4] for a non-coupled problem. We will now analyze the
stress o33 (£, 7) in formula (3.17). Let us observe, first, that the functions g; and g,
are of diffusional character, whereas the functions f}, f> and f3 correspond to a pro-
pagating wave. For 7 finite and { — oo the stress vanishes. For 7 finite and { =0,
we obtain

(3.22) 033 0, %) = — 4P

—@+p?

The mechanical part of the stress o33 — for { = 0 — differs from 0. Only after
adjoining the term T3 — T3 (conformly to (3.5)) reduces it to 0. The stress vanishes
if f—0, i.e. if the coupling does not exist.

Let us consider an arbitrary cross-section ¢ = const inside the elastic medium.
In the elastic half-space a term of stress o33 w'll appear in this cross-section, related
with functions g; and g,. At the moment 7 = ¢ (it means for ¢ = x3/a) at the cross-
-section considered the front of a modified elastic wave arrives, propagating with
velocity a, i.e. faster than the sound velocity. This wave is characterized by the
functions fi, f> and f3. The transition of the modified elastic wave across the cross-
-section is accompanied by a jump in the stress 733, the value of this jump being
M/(1+4p8) ?. Let us note that this value is constant. For { > 7 the stress decreases
and for { — oo it attains the asymptotic value M (1 — 9)/(1+-f) 92.

In the case of non-coupled problem (4 =1) =0 the wave propagates
with a velocity @y and the value of the stress jump will be M. For { > 7 the stress
rapidly decreases and for £ — oo it tends to 0. The course of the function / (C, 7)
in the elastic medium is analogous to the course of the stress o33, as it appears
from the juxtaposition of the formulae (3.17) and (3.19). The modified electroma-
gnetic wave propagates with the velocity @ = y/aj+x, i.e. with the same velocity
as the modified elastic wave. For = = & the function 4 (£, T) shows a discontinuity,
the value of which is of P,

[ev (1 —erfy/7) — 1+9].
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The function /* ({', T) may be expressed by the following formula
(323) A*(C'\ 1) = N[O — |+t erfe Yr—al'| H(r —al’), a= -‘}

This wave propagates in vacuum with the velocity of light. On the front wave
of discontinuity, it means for 7 — al’ (t = x3/c) the value of the function Ah* is

constant, N = N |/ 1-+2/az.

T
ﬂlr
c=1gp a=tga
nle.r) hi,t) =i
M} ;
_-.T uuuuuu T T
H T P
T
Q:'T &
M
P (#B)
b) B [0
Tl
! a=tga
a
=T ¢
Fig. 2

In the cross-section {' = 0 we have
h* (0, 7) = N [#+(e* erfc Y7 — 1)] > ON .

The solutions for the functions 4, h* and o33 on the phase plane are shown in
Fig. 2.

Conclusions

From the above considerations it appears that as a result of the action of the
thermal shock a modified elastic wave and an electromagnetic wave propagate
in an elastic medium; there occurs also the radiation of the electromagnetic wave
into the vacuum.

Besides a manifest theoretical interest in describing the coupled phenomena
occurring in an elastic body, the solution obtained is of essential value for the meas-
urement technique. '

An ideal conductor being assumed, we obtained only one reflected wave of
discontinuity jointly for the mechanical and electromagnetic waves. Nevertheless,
this assumption enabled us to express the thermo-elastic and electromagnetic effects
in a closed foim.
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A more accurate approach to the problem — taking into account the finite
conductivity and the displacement currents — should result in obtaining for both
thermo-elastic and electromagnetic fields two reflected waves of discontinuity
propagating with the velocity of the order of velocity of sound and light in the
medium. The amplitude of waves propagating, with a velocity of the order of velocity
of light n the medium is insignificant and, generally speaking, may be neglected —
as it was done in the present paper.

In some problems, however, a more accurate approach may be also of practical
value. The present authors intend to consider the problem in a separate paper,
taking into account the finite conductivity.

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF FUNDAMENTAL
TECHNICAL PROBLEMS, POLISH ACADEMY OF SCIENCES

(ZAKEAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW
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C. KAJJMCKUM u B. HOBALIKUH, BO3BYKJIEHUE MEXAHUKO-2JIEKTPOMAT-
HUTHBLIX BOJIH IPH BO3JAEMCTBUM TEPMHUYECKUM [IOKOM

B pabore mnpencraBneHO pelleHHe NPobIeMBI TepMO-MAaTrHHTO-YIPYIOCTH,
Kacalolleecsi KpaeBoil 3aJaud YOpyroro TOJYNpPOCTPAaHCTBA, COXPAHSAKOLIEro KOH-
TAaKT € BaKyyMOM.

Ilpu npennonokeHHW, YTO B YIPYroil Cpele M B BaKyyMeé CYIIECTBYET IIEpBO-
HavYaJIbHOE MATHMUTHOC II0JIE ¢ BEKTOPOM, NapajlieJibHkIM K IUIOCKOCTH, OrpaHd-
YMBAIOLLEH YNPYroe MOJIYIPOCTPAHCTBO, OTPAHMYMBAIOMAS TJIOCKOCTE HArpeBaeTcs
B MOMeHT { = ( OT HyJIeBOI TeMmnepaTyphl, OTBEYAIOILEH COCTOAHMIO TeJa, JIHIIeH-
HOMY HanpsKeHHit, 10 TemnepaTypsl Tj,.

B § 2 mpusomurcs ofiuee ypasHEHHE TEpPMO-MarHMTO-YIPYrOCTH OJHOBpe-
MCHHO C TEPexXoJOoM OT MAEHCTBUTENLHONO MPOBOAHMKA K HOCANIbHOMY IPOBOJ-
HuKy, B § 3 maercst popMysMpoBKa U peLIeHHE KpaeBoii 3a1auM, a B § 4 npHBOAATCS
BO3MOXHOCTH [HaJIbHEHLIEro pa3BUTHS NpPOOJeMEL.

MDU3NYECKH CYILECTBEHHBIM 3(ipekToM pelIeHns KpacBod 3amaud sBIseTCSH
MOKA3aTENLCTBO CYLIECTBOBAHUS B CPEAe MOAM(PHUIMPOBAHHBIX BOJH — MEXaHH-
YEeCKOH H 3MEKTPOMATHHTHOM, 4 TaKXe KOHCTATHPOBAHHUE H3JYYCHHT OIJIEKTpPO-
MArHUTHON PAa3pbIBHOM BOJHEI B BaKyyM IpPH BO3/IEHCTBMM TEPMHYECKOrO IIOKA
Ha IOBEPXHOCTH IIOJYIPOCTPAHCTBA,



