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1. General equations

Let us consider a thermoelastic medium with a primary constant magnetic
field H. The body forces and heat sources give rise not only to the temperature.
field, accompanying the deformations, but also to the induced electromagnetic field.
We shall confine our considerations to the infinite thermoelastic medium. We
assume that the medium is isotropic and homogeneous and exhibits a perfect
electric conductivity. )

We proceed from three groups of equations. The first group consists of the
equations of electrodynamics of slow-moving media [1]

4
(1.1) roth——-;,
(1.2) 'rotE=—%ﬁ,
(1.3) E=—5 G,
(1.4) divi=0.

In these equations /, E ‘are the vectors of the magnetic and electric fields in-’
tensities, respectively, J is the vector of the current density, H — the vector of the
primary, constant magnetic field, # — the displacement vector, yy — the magnetic
permeability factor, and ¢ — the velocity of light. By a dot we denote the partial
derivative with respect to time ?.

The second group consists of the equatlons of motion of the thermoelastic
medium subject to the primary constant magnetic field [2], [3],

(1.5) (V2 i+ (A+p) grad div a+;%‘_’(j )+ F—y grad 6 = oi.

485—|689]
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In the latter equations F' denotes the vector of the. body force, and 0 — the
temperature referred to the natural, unstressed state of the body. The quantities
i, A are Lamé’s isothermic constants, and y = (3A-2u) a;, where o, is the coeflicient
of linear expansion.

The set of fundamental equations is to be supplemented by the generalized
equation of conduction of heat [4],

1. 5
(1.6) Vaif=s > O0—ndivu=— Qfx.

In this equation x is the thermal diffusivity, QO = W/c,, where W is the quantity
of heat produced per unit time and volume, and ¢, — the specific heat for constant
deformation, referred to unit volume. Finally, = yTp/k is a coefficient describing
the coupling of the temperature field with the field of deformations where T de-
notes the absolute temperature of the body in its natural state (0 = 0), and k is
the coeflicient of thermal conductivity.

In our further considerations we shall assume (with no loss of generality) that
the primary magnetic field is reduced to the component A = (0,0, ;) in the
direction of axis xj.

According to this assumption we obtain from Egs. (1.1)+(1.3) the following
relations

Hs . ' Hi |
_ Hol13 E Mo 113

(1.7) Ey = e 2= B=0,
C (i C
(1.8) 51=£03 Ey, h= ”';;()351. hy = _5@1 E;—0; Ey),
c C . &
(19 == (02hs—0shs),  J2= 7= (0sh—0h3),  j3= 71— (01ha—02h1),

o1 = 0/0x;.

Expressing in the above equations the components of vector j by the components
of vector % and then inserting them into Eqs. (1.5) we arrive at the following system
of equations in terms of displacements [5],

UV} uy -+t p-+-ag 0) 0y e4-ag 003(03 4y — 0y u3)+-Fy —y 0y 0 = pily
(1.10)  pVi ty+(A+pu-t-ag @) 02 e-+ag p03(03 Uz — 0y 3)+Fo—y 0, 0 = pily,
uV3 uy+(A+p) 03 e+F3—y 03 0 = piis,
where

po H3
4mp -~

e = 0y U0, uy0;3 u3, 0‘21 =

Here e is the dilatation and ay Alfvén’s velocity. Egs. (1.10) are supplemented by
the generalized equation of conduction of heat

1 14 -
(1.11) V20— — 0—ne = —0/x.
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The coupling of the electromagnetic field with the fields of deformation and tem-
perature is described by the factor ajo. For Hy—0 Egs. (1.10), (1.11) assume the
form of the thermoelasticity equations.

Eqs. (1.10) exhibit a symmetry with respect to axis x3. The structure of these
equations is analogous to that of the equations of motion, in terms of displacements,
for the elastic body with transverse isotropy.

" The set of equations is, finally, to be supplemented by the Duhamel—Neumann
equations which connect the stress and strain tensors with the temperarure

(1.12) oy = 2 ey+(Aegr —y 0) 6y, i, j=1,2 3,
where
(1.13) ey =+ (w05 u), Exp=e.

2. Two-dimensional problem

Passing to two-dimensional problems we can discuss three particular cases of
Eqgs. (1.10) by assuming that the displacements, body forces and heat sources are
independent either of x; or x; or x3. In the present paper we shall consider the
simplest case only and we shall assume that all functions occurring in Eqs. (1.7)+
(1.13) are independent of variable xi.

In this particular case Eqs. (1.7)--(1.9) undergo considerable simplification and
become:

H Hy
Hodly E Ho i3

2.1) Ey=— Pt 2—'C—'E¢'I, Ey =0,
- [ 4
(2.2) h=0, h=0, hkh=— ; -(0) Ea— 03 Ey),
0
- c 3 c - .
(2.3) h=. 02 hs, J2= =301 hy, j3=0.

Egs. (1.10) and (1.11) can be written in the form:

(2.4) uV3 u—+(A+p+ag o) grad div u+F—y grad 0 = oil,
I - .

(2.5) Vi0—  0—ndivi=—0/x,

where

u=(uy,u,0), F=(Fy,F,0), Vi=o+0;.

Here we deal with the state of plane strain, and the equations of motion, in terms
of displacements, have a form analogous to that of the equations of motion, in
terms of displacements, for the isotropic body; for az0—0 they assume 'the form
of the equations of plane thermoelastic strain.
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Finally, Egs. (1.12) and (1.13) assume the form

oy = 2uey+QAegr —y0) 6y, exk =0  w+02uy, 1.j=1,2,
(2.6)
0’33 — .J.S“-. __.yﬂ,

2.7 &ty = % (0 w505 ug),

Let us perform on Eq. (2.4) the divergence operation. In this way we obtain
relation:

1 Y
2 = —— R
(2.8) Ofe+ o (0y Fy=0q Fy) w5 Vie=0,
where
02 2 2u
2 w2 2 - o I W 2
I:]l_vl a2 aﬁl dr, o’ a —C|+ﬂn, oy 0 .

After performing on Eq. (2.4) the curl operation we arrive at relation

e
(2.9) D20+ }[ (0, F,— 0, F)) =0,
where
2 ‘ - 2
Q=d[ﬂz——'d2ﬂ'1. DEZV%_?();, C£=ﬂ/9.
2

It should be observed that the temperature 6 does not occur in Eq. (2.9).
Let us decompose vectors # and F into the potential and rotational parts

(210} Hl—‘=()iq)-—(}21p, H2=(32(D+a|'¥l,
(.11) Fy=0019—01%7), Fy=0(09+0 ).

Inserting (2.10), (2.11) into (2.4) and (2.5), we obtain a system of three equations,
where the first and third equations are coupled with each other

(2.12) ' fob_n;a+~15 B =0,
a
1
(2.13) D2+ Z1=0,
2
@.14) 020 —nVid=—0Jx. m=rylao.

Here we have introduced a new operator
1
4

Let us now express the components of vectors E, A, j in terms of functions @, y.
In this way we arrive at equations

woHy - : poHy . ¢
(tb@-l—()ﬂp), Eg':"_ (d|¢—-()g'{p), E3 == _0,

(2.15) Ej=— - p
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(216) )*I :0, /;2:: ’ 21}:" H}Vf‘p,
[y 4 BHEN et cHy .
(2.17) WhE=er Vi @y =gl W'Dy Ja =0

By eliminating function @ from Egs. (2.12)—(2.14), we obtain a system of two
equations which are independent of each other

2 m 1
(2.18) (O? 03 —myo, V) b = — 0= 0249,

(2.19) Oiyp+ ['z y = 0.
53

It follows from the above equations that the heat sources and the potential part
of the body forces produce in the infinite space longitudinal waves only, which
are subject to damping and dispersion, as it is seen from the nature of Eq. (2.18),
while the rotational part of the body forces gives rise to transverse waves only.

Let us consider in more detail the two above cases. \

a) For 7 =0 we have » = 0 at any point of the space. Function @ is deter-
mined by the particular solution of Eq (2.18). The components of vectors E, A, j
are given by formulae (2.15)--(2.17), where 9 = 0 is to be inserted. Let us observe
that in this case we also have 2 =0, ¢ = V?®, divE = 0.

Expressing the stresses by function @ and taking into account (2.12), we obtai[f
220 %= B@—t VIO —deVidbt by@—8).  hi=1.2, |
L e Qu+-ade) Vi O+o(d —0).

Thc temperaturc can be determined from Eq. (2 12).

b) If # =0 and Q = 0, then we have @ = 0 at any point of the space, and
also the temperature 0 vanishes. For y # 0 we determine function u as the parti:
cular solution of Eq. (2.19). In the infinite space there propagate longitudinal waves
only, their length being equal to ¢; = u/p. These waves undergo neither damping
nor dispersion. Among the electromagnetic quantities only two components of
vector E are different from zero

H o H J
@21) E,-—-—#—Dc—3&1w, B=ifllae B0,
where
i} H
2.22) divF= —”—”—svfap, By B 0y By =0

Furthermore, the following relations hold
(2.23) e=0, Q=Viy,

(224) oy =—0p =— 2ud1 02y, o1 =pu0i—R)y, o3=0.
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3. Examples

a) Let in the infinite thermoelastic space with the steady, primary and constant
a(r)
2nr ’
uniformly distributed along axis x3. In this case we deal with the cylindric longi-
tudinal wave moving in the radial direction ad infinitum. Eq. (2.18) assumes here
the form

magnetic field A = (0,0, H;) act a linear heat source Q(r,1) = Qpe™’

mQq e 8 (r)

# 2mr '

1 1 :
3.1 [(Vf—— = af) (VE il 05) — mnoy Vfl D=—

where

The solution of this equation is given by function

mQp
(3-2) D@, = T — KD [Ko (ke r) — Ko (k21)],

where Ky(k;r), j= 1,2 are the modified Bessel functions of the third kind and
ki, ks are the complex roots of equation

(3.3) kd+k2[02—q(l-+e))—oa2g =0, gq=inx, o2=w2a?,
where
kj=ay+iby, a>0, j=1,2.

Function @ being known, we can determine from formulae (2.12) and (2.15)-(2.17)
the radial displacement u, = 0®@/0r, the temperature 6 and the quantities con-
nected with the electromagnetic field. Thus, for the temperature 0 and for the
quantity i3 we obtain the following formulae

s Qﬂ ef:uﬂ . :

(34 0= e —iay (0D Kotk ) — 0+ Kalha ),
H

(.5 = 3(’;9" 116 Kol N — K Ko(ka ).

b) Let in the infinite space act a plane heat source varying harmonically in
time Q(xy, £) = Qp €™ d(x;). In this case Eq. (2.18) reduces to the form

1 1 mQq
(3.6) [(af =5 af) (a% = 0;) — mno, 0?] O=—
its solution being given by function

Qom €™ (e"‘""- e Fa
2

T —1) \ K "_kz_)’ ¥ >0,

e 6(xy),

GB.7)



LEQ5] Two-dimensional Problem of Magnetothermoelasticity 491

where ki, ky are the roots of Eq. (3.3) and
k; = aj+ib;, a >0, j=1,2.

Bearing in mind that

1: 1
(3.8) uy = 0, D, 0= " (d; — a—z()f),
we obtain
: _ Qom (=) —nz,  in(t—E)
(3.9) Uy = 2x(kf——k§} [e v, e : ],
. QO : 52+k? Iw(t-—-ﬁ) —y
(3.10) ) = '22—(?{-:_:1{%} --—'k—l—' e v, =

62+k§ i J-—-—ﬂi'- —n,.:l‘

— kz——e ( *-‘s) 1_, i >0,

where
w ;

(3.11) = L aj = Re(ky), Jj=1,2.

Here v; is the phase velocity, and a; — the attenuation factor. These quantities
are functions of frequency w and of parameters & and a.

Knowing function @, we can determine the components of the electromagnetic
field from formulae (2.1) and (2.2). Let us observe that for the one-dimensional
problem we have E|, = E; =0, hy = hy; =0 and j, = j; = (.

Introducing the notations

@12 k=0, f=olo¥, of =dlx,
into Eq. (3.3), we can write it in the form
(3.13) ¢4+53f3[ﬁ~r‘(1+ ,-ffd-)'l—iﬁ-’:o,
where |

a = agfct, -‘-'0=_J;'lé'??", g = li]a'

For H3—0 Eq. (3.13) takes the form of an analogous equation for the thermo-
: : : ; €
elastic medium. The latter equation, with a—c¢;, a—0, k— o w*—c¥[x, has been

discussed in detail by P. Chadwick and 1. N. Sneddon [6]. Following the results
of this discussion, we may assume that for the actually occurring mechanical vi-
brations with the frequency of the order of ultrasonic vibrations the inequality
o < w* holds, thus f# < 1. Expanding the solution of Eq. (3.13) into a power
series of f# and using formulae (3.13), we obtain -
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2w }”2 1 ) M2 ﬁa
(3.14) L S Tep
al o\
vy =a(l+e)'?, = (l +e) P — (-;‘-*-) - \

It can readily be shown that the quantities v, a; correspond to the modified
thermic wave, while 75, ay correspond to the modified elastic wave. It follows from
formulae (3.9), (3.10) that the modified waves of both types occur both in the
expression for #; and in that for ¢. The modified thermic wave undergoes damping
and dispersion, while the modified elastic wave undegoes damping but is not subject
to dispersion, since v2 = const. '

Since we have v; = a(1+¢)"* = ¢;(1+a+z)"?, thus in the case considered
the velocity of modified wave exceed that for the thermoelastic medium where
the phase velocity is equal to v = ¢; (149"

The phase velocity in the magnetothermoelastic medium increases with the
increase of component H; of the primary and constant magnetic field.

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF FUNDAMENTAL TECH-
NICAL PROBLEMS, POLISH ACADEMY OF SCIENCES
"~ (ZAKLAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW
TECHNIKI, PAN)
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B. HOBALKUWM, TIUIOCKASI 3AJIAYA MATHUTOTEPMOYIIPYIOCTHU

., B Hactoswei paboTe paccMaTpHBaeTCA TEPMOYIIPYras cpefia, B KOTOpPOil HMEETCs,
HayaJbHOE ¥ TIOCTOSHHOE MATHWTHoe mose H. PaccykmeHuss OTpaHHYMBAIOTCS
PACCMOTPEHHEM OHOPOIHON M M30TPONMHOM CpPebl ¢ HIeasbHOM 3MEKTPONPOBO-
JIHOCTBIO NPH NPEHEGPEKEHUH TOKAMHU cMelleHns. JleficTBue MacCOBBIX CHII M MCTOY~
HUKOB TeMMa BHI3LIBAET B PACCMATPUBAEMOM HEOTPAHWYEHHOM IPOCTPAHCTBE
ofpa3oBaHue TeMrepaTypHOro MOJA, Iojs Aehopmaluu, a Takke 5036y)K,11t:HHc
9JIEKTPOMATHHTHOTO TIOJISL.
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B nepsoit yacT paboThl gaeTCA 3AMKHYTasd CHCTeMa YPABHEHHH, ONMCHIBAIOLIHX
3TH BO3MYLUEHHSA, BO BTOPOIl e YacTH — 00CYIKIAeTCH qUHAMITYECKAs IBYXMepHAas
3afava, B KOTOpPOH, npuummas uro H = (0,0, H3), Beakde (yHKOME 3aBHCAT
CIMHCTBEHHO OT INEPEMEHHBIX X1, X3 H OT BpPSMEHH .

ITyTeM pa3nokKeHUst BEKTOPOB CMELLIEHUA U MACCOBBIX CHII HA YACTU MOTEHIMA b~
HYI0O M POTAlMOHHYIO IIOJIY4aEM YPaBHEHME MPOAOJBLHLIX BOJH (3aTyXaloUlUX
M MOABEPTAIOIIMXCH PACCCTHUIO), 4 TAKKe YPABHEHHE NPOMOJLHBIX BoJH (He 3a-
TYXAIOLMX M PACHPOCTPAHSIOIKXCA € NMOCTOSIHHON CKOPOCTBIO C3).

B Tpetseit yacTu paboTHl MPUBOAUTCS MPUMEP MPOLONBHON UHIHHAPHUECKOH
BOJHBI, BBI3BAHHOW MEHCTBHEM JIMHEHHOrO HCTOYHUKA TEMIa, & TakkKe NpUMep
TIJIOCKO#H BOJIHBI, BbI3BAHHOIM ,ﬂEﬁCTBI‘IEM MJIOCKOr0 HCTOMHHMKA Teruaa.



