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1. General equations

• Let us consider a thermoelastic medium with a primary constant magnetic
field H. The body forces and heat sources give rise not only to the temperature,
field, accompanying the deformations, but also to the induced electromagnetic field.
We shall confine our considerations to the infinite thermoelastic medium. We
assume that the medium is isotropic and homogeneous and exhibits a perfect
electric conductivity. .'

We proceed from three groups of equations. The first group consists of the
equations of electrodynamics of slow-moving media [1]

(1.1) : r o t / i - — ],

(1.2)
*' j , ' ' . ' ' • • ' •

(1.3) ^

(1.4) d i v / i = 0 .

In these equations h, £"are the vectors of the magnetic and electric fields in-'
tensities, respectively, j is the vector of the current density, H — the vector of the
primary, constant magnetic field, u — the displacement vector, fi0 — the magnetic
permeability factor, and c — the velocity of light. By a dot we denote the partial
derivative with respect to time t. ; ; -

The second group consists of the equations of motion of the thermoelastic
medium subject to the primary constant magnetic field [2], [3],

(1.5) fiV2 u+ Q.+p) grad div u+-~ ( | XR).+ F— y grad d = QU.
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In the latter equations F denotes the vector of the body force, and 6 — the
temperature referred to the natural, unstressed state of the body. The quantities
[x, 1 are Lame's isothermic constants, and y = (3X-\-2/j)at, where at is the coefficient
of linear expansion.

The set of fundamental equations is to be supplemented by the generalized
equation of conduction of heat [4],

(1.6) V20

In this equation % is the thermal diffusivity, Q ~ W/ce, where W is the quantity
of heat produced per unit time and volume, and ce —• the specific heat for constant
deformation, referred to unit volume. Finally, r\ = yTo/k is a coefficient describing
the coupling of the temperature field with the field of deformations where To de-
notes the absolute temperature of the body in its natural state (0 = 0), and k is
the coefficient of thermal conductivity.

In our further considerations we shall assume (with no loss of generality) that
the primary magnetic field is reduced to the component H=(0,0,H3) in the
direction of axis JC3.

According to this assumption we obtain from Eqs. (l.l)-r-(1.3) the following
relations

(1.7) EX =
c c

c c c .
(1.8) hi o3 E2, hi — o3 E\, /i3 — \p\ E2 — 02 ^1) >

c c c

An An ' ' ' An

di = d/dxt.

Expressing in the above equations the components of vector / by the components
of vector u and then inserting them into Eqs. (1.5) we arrive at the following system
of equations in terms of displacements [5],

(1,10) ^

lrf\ H3+(A+ju) di e+Fi—ydi 6 = QU3,
where

Here e is the dilatation and a0 Alfven's velocity. Eqs. (1.10) are supplemented by
the generalized equation of conduction of heat

(1.11) V2 0 6~ 7}'e = — 8/x.-
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The coupling of the electromagnetic field with the fields of deformation and tem-
perature is described by the factor alg. For i73—>0 Eqs. (1.10), (1.11) assume the
form of the thermoelasticity equations.

Eqs. (1.10) exhibit a symmetry with respect to axis x^. The structure of these
equations is analogous to that of the equations of motion, in terms of displacements,
for the elastic body with transverse isotropy.

The set of equations is, finally, to be supplemented by the Duhamel—Neumann
equations which connect the stress and strain tensors with the temperature

(1.12) on = 2/u e«+(AeM — y 0) <5y, t,j = 1 , 2 3,

where

(1-13) stj — % (dt Hj+dj m), eick = e.

2. Two-dimensional problem

Passing to two-dimensional problems we can discuss three particular cases of
Eqs. (1.10) by assuming that the displacements, body forces and heat sources are
independent either of x\ or x2 or x3. In the present papsr we shall consider the
simplest case only and we shall assume that all functions occurring in Eqs. (1.7)-r
(1.13) are independent of variable x3.

In this particular case Eqs. (1.7)-r(l,9) undergo considerable simplification and
become: •

(Z. 11 xil — ' W2, &2 — W i , &\ — U,
C C

(2.2) A] = 0, A2 == 0, //3 = — — (di Et — d2 £ i ) ,

c c
(2-3) h = 71 ^2 3̂» ^2 •=" — T I d l % ' y'3 = ° •

Eqs. (1.10) and (1.11) can be written in the form:

(2.4) / tV^w+^+^+flo @)grad div u+F—y grad 0 = gti,

(2.5) V?0— -6—rjdiva = — Q/H,

where

Here we deal with the state of plane strain, and the equations of motion, in terms
of displacements, have a form analogous to that of the equations of motion, in
terms of displacements, for the isotropic body; for ale-^0 they assume'the form
of the equations of plane thermoelastic strain.
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Finally, Eqs. (1.12) and (1.13) assume the form

k — yd) dtj, Ekk — di w, + d2 u2, 1, j = 1, 2 ,
(2.6)

.(2.7)

Let us perform on Eq. (2.4) the divergence operation. In this way we obtain
relation:

(2.8) • ? e + — (d, F]+d2 •?•>) 7 - V? 6 = 0,

where

[_J . ^^; V i 7~ ()/ , ()* = = ' , #2 =zz C?-j-£fQ jp Ci" === — .

After performing on Eq. (2.4) the curl operation we arrive at relation

(2.9) . Df-QH (d\ F2 — d2F{) = 0,

where

' n _ 2 2 ] 2 2
1 2 2 « 1 , 2 J c | *' C 2 / W ? '

It should be observed that the temperature 6 does not occur in Eq. (2.9).
Let us decompose vectors u and F into the potential and rotational parts

(2.10)

(2.11)

Inserting (2.10), (2.11) into (2.4) and (2.5), we obtain a system of three equations^
where the first and third equations are coupled with each other

(2.12) U\0 — md+—rft = 0,
a1

/r\ 1 ^\ 1—12 I r\ '

(2.14) n\6 — rjV\& = — Q/x, in = y/a2o.

Here we have introduced a new operator

2 2 l

3 l v. l'

Let us now express the components of vectors E, h, j in terms of functions 0, y>.
In this way we arrive at equations

Ha H-i, " • . ,MO ^ 3 • .
(2.15) £ j = — (c>2 <Z>+di^), E2 = (<)i 0 — d2y>), Ei—Q,
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<2.16) hi = 0, /72 =. 0, .' % = # 3 V? 0 ,

(2.1.7) i y i = _ _ a 2 V ? # , ./2 = 4^lV?0, 73-0.

By eliminating function 0 from Eqs. •(2.12)—(2.14), we obtain a system of two
equations which are independent of each other

(2.18) ( • ? • ! —mi7&Vj)tf- — ~ e - ^ • • f # ,

(2.19) nfv+-prz-o.

It follows from the above equations that the heat sources and the potential part
of the body forces produce in the infinite space longitudinal waves only, which
are subject to damping and dispersion, as it is seen from the nature of Eq. (2.18),
while the rotational part of the body forces gives rise to transverse waves only.

Let us consider in more detail the two above cases.

a) For x — 0 we have y> s 0 at any point of the space. Function 0 is deter-
mined by the particular solution of Eq (2.18). The components of vectors E, Jt,j
are given by formulae (2.15)-^(2.17), where y = 0 is to be inserted. Let us observe
that in this case we also have Q = 0, c = V? 0, div E = 0.

Expressing the stresses by function 0 and taking into account (2.12), we obtain

av = 111 {0a — 6t, V? 0) — ag e V? 0d{} + Qdvfi ~ &), t,J - 1 , 2 ,
(2.20)

The temperature can be determined from Eq. (2,12). >

b) If -8 = 0 and 2 = 0, then we have 0 = 0 at any point of the space, and
also the temperature 0 vanishes. For j ? t 0 w e determine function y> as the parti->
•cular solution of Eq. (2.19). In the infinite space there propagate longitudinal waves
only, their length being equal to Ci = PIQ- These waves undergo neither dampirig
nor dispersion. Among the electromagnetic quantities only two components of
vector E are different from zero

! £3. = 0,(2.21)

where

(2.22)

/"0«3 .

c

• div F = -— V
c

£ 2 —
/«0J«3 ,

<)] £ 2 —

Furthermore, the following relations hold

(2.23) e = 0, Q

(2.24) an = — cf22 = — 2[xdi d2y>, a
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3. Examples

a) Let in the infinite thermoelastic space with the steady, primary and constant
S(r)

magnetic field H = (0 ,0, Hi) act a linear heat source Q(r,t) = Qoe
imt ——

uniformly distributed along axis x$. In this case we deal with the cylindric longi-
tudinal wave moving in the radial direction ad infinitum. Eq. (2.18) assumes here
the form

where

fr 1 d
y2 __ 1

r 'dr1- r d r '

The solution of this equation is given by function

(3.2) 0(r, t) = J^TZjK [Ko(hr) - Ko(fc2r)],

where Koifyr), j = 1 , 2 are the modified Bessel functions of the third kind and
k\, ^2 a r e the complex roots of equation

(3.3) k*+k2[a2—q(l+8)] — a2q = 0, q= to/«5

where

aj>0, 7 = 1 , 2 .

Function 0 being known, we can determine from formulae (2.12) and (2.15)-r-(2.17)
the radial displacement ur = d&/dr, the temperature 6 and the quantities con-
nected with the electromagnetic field. Thus, for the temperature 0 and for the
quantity /j3 we obtain the following formulae

: Qa eiat

<3-4> e = 2x(k2-k1) [(a2+^ Koikl r)~ (<y2+k% Ko(k2 r ) ] '

H, mQ0 e
imt

(3.5) k = — 2 2 [k] KoQa r) - k \ K0(k2 r)] •
2«(/c—k2)

b) Let in the infinite space act a plane heat source varying harmonically in
time Q(xi, t) = Qo e

imt d(xi). In this case Eq. (2.18) reduces to the form

(3.6) [(*?->#?-^)-
its solution being given by function

Qom eiat

(3.7) <Z> =
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where ki, k-i are the roots of Eq. (3.3) and

k] = dj+ibj, a) > 0 , j — 1 ,2 .

Bearing in mind that

(3.8) « , - * * , » -

we obtain

(3,o) , . aL

where

(3.1D

Here w; is the phase velocity, and a; — the attenuation factor. These quantities
are functions of frequency w and of parameters e and a.

Knowing function 0, we can determine the components of the electromagnetic
field from formulae (2.1) and (2.2). Let us observe that for the one-dimensional
problem we have E\ = £3 = 0, h\ — h2 = 0 and j \ =j$ = 0.

Introducing the notations

(3.12) k=*—£, P = oy/o)*, CD* = a > ,

into Eq. (3.3), we can write it in the form

(3.13) CH-C2/5 [/9-/(l + Y ^ ) ] - ' ^ = 0,

where
2, 2 y £ °a = ao/Cl, eo^W, « 7 + 7 .

For i/3-s-O Eq. (3.13) takes the form of an analogous equation for the thermo-

elastic medium. The latter equation, with a->Cj, a—>0, k—> — , (»*-^c\\x, has been

discussed in detail by P. Chadwick and I. N. Sneddon [6]. Following the results
of this discussion, we may assume that for the actually occurring mechanical vi-
brations with the frequency of the order of ultrasonic vibrations the inequality
o) <^ (o* holds, thus p -4, 1. Expanding the solution of Eq. (3.13) into a power
series of /9 and using formulae (3.13), we obtain
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I 1/2
I w

77 ZI
(3.14) 2(1+e)2

It can readily be shown that the quantities v\, a\ correspond to the modified

thermic wave, while v2, o-i correspond to the modified elastic wave. It follows from

formulae (3.9), (3.10) that the modified waves of both types occur both in the

expression for U\ and in that for 6. The modified thermic wave undergoes damping

and dispersion, while the modified elastic wave undegoes damping but is not subject

to dispersion, since v2 « const. .

Since we have v2 — a ( l + e ) " 2 = ci(l+a+£0)1 / 2 , thus in the case considered
the velocity of modified wave exceed that for the thermoelastic medium where
the phase velocity is equal to v2 = C^I+EQ) 1 ' 2 .

The phase velocity in the magnetothermoelastic medium increases with the'
increase of component H$ of the primary and constant magnetic field.

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF FUNDAMENTAL TECH-
NICAL PROBLEMS, POLISH ACADEMY OF SCIENCES

(ZAKLAD MECHANIKI OSRODKOW CIAGLYCII, INSTYTUT PODSTAWOWYCH PROBLEM6W
TECHNIKI, PAN)
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B. HOBALIKMM, IIJIOCKAH 3AflAHA MArHHTOTEPMOynpyrOCTM

B HacToameH pa6oTe paccMaTpMBaeTca TepMoynpyraa cpe^a, B KOTOpoH HMeeTCM

HanajibHoe H nocTOJiHHoe MarHHTHoe nojie H. Paccyacnemisi orpaniraHBaioTCH

paccMOTpeHHeM oAHopoflHoii H H3OTponHOH cpeAfci c HfleajibHoii ajieKTponpoBO-'

flHocxbio npM npeHe6peaceHHH TOKaMH cMemeHHa. fleficTBHe MaccoBbix CHJI H HCTOH-1

HHKOB Tenjra Bbi3BiBaeT B paccMaTpHBaeMOM HeorpaHHueHHOM npocTpancTBe

o6pa30BaHHe TeMnepaTypHoro nojM, nojm fle(hopMai];HH, a Taicace BO36y>Kfl;eHHe

3JieKTpoMarHHTHoro ;
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B nepBoii: nacTH pa6oTti .naeTca 3aMKHyTan ciicTeMa ypaBHeHHH, ortHCbraaiomHx

3TH B03MymeHHH, BO BTopow xce HacrH — o6cyacji;aeTCH flHHaMHHeci<aa flByxMepHaa

3a#,aia, B KOTopoii, npHHHivraa MTO H = (0,0, Hi), BCHKHC (J)yHKijnH 3aBHcax

OT nepeMeHHbix x l s x2 H OT BpsMeHH t.

pa3JioaceHHji BeKTopoB CMemeHHa H MaccoBBix CHJI Ha nacTH noTeHitHajib-

Hyio H poTau,HOHHyio nonynaeM ypaBHetrae npo^ojibHtix BOJIH (3aTyxaiomHx

H noflBepraioinHxcji pacceHHHio), a TaKxe ypaBHemte npcaojibHHx BOJIH (ne 3a-

TyxaiomHX H pacnpocTpaH5iK)inHxca c nocToaHHofr CKopocTbio c2).

B TpeTbefi nacTH pa6oTti npHBOflHTCH npHivrep npo^ojibHoii u,MjiHiiflpHiiecKOH

BOJiHbi, Bbi3BaHHOH AeHCTBHeM xiHHeHHoro HCTOHHHKa Tenjia, a Taiotce npHMep

rijiocicoH BojiHW, BM3BaHHofl fleficTBHeM njiocKoro HCToHHHKa Tenna.


