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The generalization of Galerkin’s orthogonalization method to finite difference equations
Let us consider a linear non-homogeneous difference equation
(1.1 Loy (Way) = Usy; X =10,1,2: 7} P =20, 1,2 .m

where Ly, is the linear difference operator, wgzy — the sought for function and
Uzy— a known function. The Eq. (1.1) is a partial difference equation of two
variables x and y with constant or variable coefficients. Equations of such a type
appear in the theory of gridworks, plane frame systems and in the theory of plates
and discs. Let us assume that the function wyy, satisfies homogeneous boundary
conditions.

We seek for an approximate solution of (1.1) in the form of the double series

j!!
(1.2) why = ZA"‘ Pl v=10,1,2 0057 =0l enl A<
i

In the expression (1.2) the quantities A4,, are constant quantities sought for,
and @4 are linearly mutually independent functions chosen beforchand and satisfy-
ing at the edge the same boundary conditions as the function wgy. The functions
P}y, show the first (j-+f) functions of the set [¢3#]» = 0,1,2,...,n, u=0,1,2,.
complete and orthogonal in the region under 0n51deratlon The functions rp"»“ do
not satisfy Eq. (1.1).

The requicement of the Eq. (1.1) to be satisfied by the series (1.2) isidentical with
the requirement of orthogonality of the function Lzy (W%y) — Uzy to every function
vl (»=0,1,2,...,n; u=0,1,2,...,m). However, having only j+f function o and
the same number of the constants 4,,, we can satisfy only j+/ orthogonality condl-
tions. These conditions have the form

by,

2 [Lay (Wiy) — Uzy) 'Pék =

[501]
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or n,m
“'3) y [L.! /] ( :,u 0‘[;':, 1‘!.-’] qzrfr -
Changing the summation order, Eq. (1.3) becomes

sif .
(1.4) 2 Asp bupir = qur, i =0.1,2,.... ), k=0,1,2,..,f
where

n,m w,m
(1.5} ”'M yfp:ﬁr Lr_,:(rl“ F‘ .'.‘l.'”{ '_Zu,qu':"”.
U

Thus a system of _ﬁ—fhnear equations is obtained for determination of the
same number of unknown coefficients 4,,. Knowing the quantities A,,, we find
from relation (1.2) the function w#,, constituting an approximate solution of the
difference equation (1.1). ;

The procedure just described constitutes a full analogy to Galerkin's
orthogonalization method for partial differential equations.

If the solution of (1.1) is sought for in the form of a series:

,m
(1.6) Way = 2 A, O
v

where [¢;#] is a complete set of eigenfunctions of the following zquation

(1.7) ny (QJ;';} =L s T I I T =012,

Ty’
then, applying the above procedure, we obtain the accurate solution.
The equations (1.4) take the form:

0, m

(1.8) 2 Ay, by = Qs B==10,0.02, o, =101, o020,

where
n,m
g = Z Upy P>
z, ¥
and
(1.9) r;AL O 2 'ny';o"“ =0, 6 é

in view of the orthogonality of the functions @3- In the expression (1.9) 6, and
dx, are Kronecker’s deltas. Inserting (1.9) into (1.8), we obtain

(1.10) Ak otk = qur, B 0 e ERLL LTS k=0,1,2,...m
and therefore, in agreement with (1.6), we have

n,m

(1.11) Way= 2‘ —1'1‘99";;.
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This is an accurate solution of the difference equation (1.1).

The procedure just described may be extended to systems of partial difference
equations. Such systems appear, for instance, for multi-storey frames and plane
gridworks.

Let us consider the system of difference equations
[ Lay Way) + Day (fry) = Usy
\ Guy Ovay) + Hey (fep) = Vage. x=0,1,2,...n, »=0,1,2,....m
where wuy, fry are unknown functions, Lzy, Dey. Gay Hey linear difference
operators and Ugy, Viy— known functions in the region considered. By intro-

ducing two new functions &gy, 1y connected with the functions wey, fry by means
of the relations

“13) Waey = erj {E ) "_‘Dmf (-’}rﬂ')
“-14) fzy = Lyy (Enﬂ' = Gr-y (?)ry]

the system of equations (1.12) is reduced to two equations containing the function.
Eey and nzy only.

(1.12)

(1.15) (Hay Loy — Gay Day) §2y = Usy,
(1.16) (Hzy Lay — Gy Day) zy = Vay,
or

(1.15%) Fiy (§ay) = Uy,

(1.16") Fay (May) = Vay,

where

Fry = Hyy Lyy — Gy Day.

The approximate solution of (1.15’) and (1.16") will be sought for in the form of
double series §

(1.17) esth A, whi =) B,x

v, p i
=0, 1200 i 5= 0,052 5005 1% =051 2 =012, g,
where
ha<n, fip<m.
The functions Prty should sati fy the same homogencous boundary conditions
as the functions &, , and the functions yf should satisfy the same boundary condi-

tions as the functions 7gy: .
The approximate solution of (1.15") and (1.16") can be obtained in the form

nr
(1.18) ZA," ik = Gik i=0,1,2, .0 J3 & =0,1:2.
(T

where
W, m ", M

r‘rr”- = Z ‘f[cArr ‘Fu.r l'-‘;.-')’ qix = v U zy qu
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and ap
(1.19) Z‘ By, dyuix = pik, i=0,1,2,..a k =0,1,2,.... Br.s

o

where
T, m i, m

ik = Z e () Pik = 2 Ve Yoy
&1 %y

If for the functions ¢ and y7% the cigenfunctions of Egs. (1.15") and (1.16")
are assumed, that is functions satisfying the equations

(1.209 ny( = a,, P a3 b 1 (05, S 4 1 =020

Ty zy?

with the same boundary conditions as the functions & and

(120)  F, ey =7, 28 v=012.,n,  u=01,2.,m,

with the same boundary conditions as the functions #sy,, we obtain the accurate
solution of Eqs. (1.15) and (1.16"). Tt has the form

n,m 1, m

(1.21') b= Y 3; e ey = ij‘ x.
Ly ¥
The solution method just described may be generalized to the case of more
than two equations and of a greater number of independent variables.
Let us return to Eq. (1.1). In many cases this equation can be reduced, by means
of separation of variables, to an ordinary difference equation.
Let us assume that the solution of (1.1) can be represented in the form
v="n
(1.22) Way =Z X F,
y=0
where [Xy] is a complete set of orthonormal functions satisfying the same boundary
conditions as the functions wyy for x =0 and x = n.
From the requirement of orthogonality of the function Lgy (Way) — Uzy to
each of the functions Xz (» =0, 1,2,...,,n), we obtain »n conditions

k3 n
(1.23) D e (D) %2 ) — g X2 = 0.
Z=0 y=0
In view of the separability assumption of variables we have
(!.24) Lwy (X; -Fyv) = X': KI.-' (F?J)v

where Ky is a linear difference operator of y.
Let us observe that
w n
D XiXi=04, D 8 Ky(Fp) = Ly(Fy.
=0 r=0
By introducing the symbol

n
ay= D) 4oy Xi»
=0
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Eq. (1.23) is reduced to
(1.25) Ky(F;)Lq;, P=10,1,2,u.,n; ¥ =012 w00

This is an ordinary non-homogeneous linear difference equation, which can be
solved in an approximate manner by means of the orthogonalization method.

Let us seek for the solution of (1.15) in the form of the finite series

f
(1.26) Fl= E At qul, [ < m, i=0.1,2..n
"
where r,r-fij‘ are functions satisfying the same boundary conditions as the
function £},
By a similar procedure as in the case of approximate solution of (1.1), we obtain
the system of equations:

I
(1.27) N Atbt, =i, k=0,1,2...f,

ad
=1

"

‘r:h __E q’ H(“Tﬂ”g}

Knowing the coefficients Af', the approximate solution of (1.25) will be found
from (1.26) and the approximate form of Eq. (1.1) — from (1.22).

The above approximate method of solving difference equations may be applied
to the determination of the eigenvalues of a homogeneous difference equation.

Let us consider the homogeneous difference equation

(1.28) Lay (Wzy) — @ Day (Way) = 0,

where o is a parameter to be determined for the homogeneous boundary conditions,
which are prescribed. .
The approximate solution of (1.28) is sought for in the form

L
(1.29) why = M A4
.

v, gt

g Jj=<n, <

o 1 Y

By requiring that the function (Lyy — ® Dgy) way be orthogonal to each of the

Functions Pl we obtain the following system of homogeneous equations

h
1.30) Z’ Ay (bt — 0 €yyik) = 0, P=1.2. 0 J; k=1,2..[

]
where
o n,m
i ik ;
(1.31) Doyt = 2 'Pt‘y Lx,f ("J”i,;';}’ Coptk = 2 Py D‘!’J(;”' ’
&, U

By setting the determinant of (1.30) equal to zero, we obtain j--f values o,
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Example of application of the orthogonalization method
Let us consider the partial difference equation
(2.1) Ly (Way) = %qey, X =10, 2.0, =0 L

where
a4 Ax am

(2.2_] = d‘; +2¢g2 |i ,_I}’} 4 g4 ;fl‘;r, n= NE‘“’ &= _A_J—’ = hh

xy
Eq. (2.1) will be obtained by replacing with difference quotients the derivatives.
in the differential equation of plate deflection NA4w (x, y) = g (x, p).
In relations (2.2) 47 denotes the second difference in the x-direction and A3 — the
fourth difference in the same direction, and

2
2.3) { Az (Way) = Wal—1,y — 2 Way+Wai1,y,
’ 4
Az (Way) = wa—2,y — 4Way,y+ 6Way — AWasy,y+ Waga, e

Next, N is the flexural rigidity of the plate and gy — the load. The quantitics.
a = nAx, b = mdy are the side lengths of the rectangular plate.

Let us assume that the plate is simply supported on the edges and that the
load is uniform.

Let us assume the approximate solution of Eq. (2.1) in the form of the sum

J f
(2.4) wiy= 3 N A, om, v=12,..,J p=12,...1

p=l =1 i=mn, f=m,

where the functions

2 . . v . M7
(2.5) o= —— sin u,x sin fi, ¥, U, = —, .=

q’x P 3
¥ l mn n m

satisfy the boundary conditions of the problem. The coefficients 4, will be obtained.
from (1.4), and

i, m n,mn
Pl = ik T T 1 (e Y ) 2 Ve i X
(2.6) brptr = 3" @b L, (7)) = (r,+e2 1.2 N ol oos,
T,y X, 0
where
ry = 2(cos a, —I), I, = 2(cos g, —1).

Eq. (1.4) takes the form

(2.7) Ajje -

where
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Substituting A into (2.4), we find

5 fctg o ctg =
(2.8) o 4.—{‘? : e i sin e,.x sin ff
2 Wy = - = SIN @1, .\ § A
i nm = (ry +e21,)? ' "

It can easily be observed that the function w%, , represents j--/ terms of the
accurate solution, which has the form

17T
n—1, m—1clg j_, ctg
2n

4 gx 2m . .
(2.9) Way = — - 2 o e sin «, x sin (7, ).
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