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1. Solution of displacement equations

The equations between the stresses oy, strains & and distortions g are of
the form

(1.1) oij =2 u (&5 — E%)—FAJ;; (Bxk——agg), L k=123

Herein, 4 and 4 denote the Lamé constants, and d;; is Kronecker’s symbol.
We now introduce the stresses into the equations of motion:

0%y

(1.2) oustXe=elh, hj=123 =35 =du,

wherein X; denotes the components of the mass force, and g — the density.
With the ‘relations

(1.3) &y = %(ﬂw +uy,1),

the following set of displacement equations is obtained:

(1.4) poug, g5+ (A+w) wy, o +Xe— 1's = oily, Lil=1,2,3
wherein
Iy= 2pe?5,;+ Aedsi.
Eqs. (1.4) should be supplemented by the boundary conditions
(1.5) oty Ny = py,

wherein p; are the components of the forces acting on the su.rfacc bounding the

body, and by the initial conditions at ¢ =0

(1.6) ui(x,0) =0, wu(x,0)=0.

Obviously, by (1.4), (1.6) and (1.1), Egs. (1.4) are solved in the distortions by replacing

the mass force in the displacement equations by Xj— I'; and by substituting

pi+ (2;:8?,—{—26;5 s?;x) n; for the surface tractions in the boundary conditions.
[2711
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Thus, formally, the elastodynamic problem with prescribed surface forcé.g;
and the dynamic distortional problem become identical.

This analogy between the mass forces and distortions will be put to use in further
solutions,

Let us represenf the solulion of the set of Eqgs. (1.4) by means of Green’s function
UP(x, &), i,k=1,2,3. Let U (x, &) denote the displacement of the point (x)
of the body along the axis x; as resulting from the force concentrated at the point (&)
and directed along the axis xz.

It is required that the functions U{“J fulfill the following set of equations:

(1.7) pUE)+ () Ui+ 6 (x— &) e = 0, hivk =123,
wherein

0 (x — &) = 0(x1 — &) 6 (xg—8) 0 (x3— &),
d being the Dirac function.

It should be noted that the function Uik) (x, &) is the solution of the static problem.
The set (1.7) is solved on assuming an identical form for the body and support
as for the system considered.

On solving the set of Egs. (1.4) with the boundary conditions (1.5), making
use of the analogy between the mass forces and distortions, and applying the functions
Um, we have

1.8  w=—o [ UL v+ [ O— I UPav+ [(petod) UP do
v G

¥

»

with
Ty =2pens, 1+ 2egs e p* = (2 ueky+ Oxy en) my.

Applying the integral transformation

f ny Fdo = f FdV,
a v

to the surface integral, and taking into account Maxwell's theorem on the reci-
procity of displacements:

U (x, & = UP (&, %),
and the relation

U (x,8) _ oUP (£, x)
oxg oy

we obtain Eq. (1.8) in the form
(1.9) wi(x,t)=—p f iig (£, 0) UP (& x) dV + f Xe (&) UL (& ) dV +
¥ v

+ [ DUP & D dot2u [ b & e (& N av +
a | 4

HAf S EnERE V. k=123
14 .
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Thus, we have a set of Fredholm’s equations of the second kind. Herein, the follow-
ing notation has been used:

_ I} g -
(1.10) e} = (Uky+ Uik, = Ukk,

representing the strains and sum of axial strains at (£), due to the effect of a con-
centrated force at the point (x) directed along the axis xy.

If neither mass forces within the body (X; = 0) no surface tractions (p; = 0)
on o are present, Eq. (1.9) assumes the form

(L.11) w=—o [iix U aV+-2 uf el ef) av 2 [ e s av,
¥ ¥ v
or
(1.11') wi t o [ U dv = [ ;a8 av, i k=1,23.
¥ V

Herein, n'}? denote the stress at (&), due to the concentrated force at (x) and directed
along xi.

In the special case of thermal distortions, we have & ; = a; di; T, with T denoting,
a function of the non-stationary temperature field.

Eq. (1.11°). now assumes the form [I]

(1.11") uto [ i UL AV = a, [ T av, $=1,2.3.
1% v

Let the distortion field vary harmonically with the time:
&h; (v, ) = etrt ey ().

The set of equations (1.11") is now solved by the function

" (1.12) up(x, 1) = ui (x)efpt S ui* (x) etont

=1

with uf fulfilling the set of equations

(1.13) uy — op2 J ut UP v = ' Eig E’}:} dv,
v v

and u;* — the set of homogeneous equations

(1.14) ut*—ow? [ up* U av = 0.

v

Eq. (1.13) yields the amplitudes of the displacements resulting from the distortions
sg_}, and Eq. (1.14) — the frequencies |, ws, ... of the proper oscillations of the

system. The set of equations (1.13) has no solutions if p = w,, i.e. if there is reso-
nance.

If the distortions s?), vary slowly with the time, the problem can be considered
to be quasi-static. The inertial terms in Eqs. (1.9)—(1.11"") should now be neglected.
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In order to determine the displacements, it is sufficient to carry out integration
over the volume of the body according to the formulae

(.11 ui(x, 1) = [ &by (€038 (& x)dV.

v .
Let us now assume the functions G (x, & 1), i, k = 1,2, 3, fulfilling the set of
equations

(L15) uGYy+ At) G+ 3 (x — & dud () = 06", ik =1,2,3,

as Green’s functions. Herein, the Gé“ (x, & 1) denote the displacements of the
point (x) of the body in the direction of the axis x; as due to the effect of a momentary
force concentrated at (£) and directed along xi.

The solution of Eqs. (1.4) will be represented in the form

t

(116) w0 = [ dr| Xe(t, )—Te(E DGO & x, 1 —D)dV +
0 v
t

+ [ dr [ (e & D)+ 0k (€ DIGP (& x, 1 — ) do,
0 o
or

i t
(116") e (x, 1) = [d [ X (6,00 G (&, x, 1—v) aV+ [de [ 68y (6, 7) 68)(E, x, t—7) V.
0 ¥ 0 ¥

Herein, 5}3 is the stress resulting from the momentary concentrated force acting
at the point (x) and directed along the axis xi.

An alternative method of solving the set of Eqs. (1.4) consists in introducing
three displacement functions ¢y (i = 1, 2, 3).

Let us represent the set of Eqgs. (1.4) (at X; = 0) in the form

(I.l?) _L” (u;) = ;f. }"i- !‘sj = 1: 2- 3!
with
A+ _
Liy = 043\ p2——5 02|+ 20005,  f2 ="+ , hj=1,2,3.
Cz 1z
Let us express the displacements ; by means of the functions ¢y as follows:
: 1
(1.18) ue=[0F0uy+ P2 (P20 —0i0p)]ps, 2= Pz—-?dg.
2
On substituting (1.18) into Eq. (1.17), we obtain the following set of equations:
(I.Ig) D%D%‘;Ji:‘i‘l-'i, = 1,2!3)
wherein

Di=pi— 4, G-t
T ¢
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The solution of (1.19) consists of the particular integral (® and the particular
integrals ¢; of the homogeneous equations (1.19). The method of solving proposed
here is a generalization of the function of B. G. Galerkin to the dynamic distortion
problem.
2. Theorem of reciprocity of displacements
By applying the mass force analogy, the theorem of the reciprocity of displace-

ments, already variously derived by different methods [2], [3], [1], can be readily
proved. In the absence of distortions, E. Bettie’s theorem assumes the form

@) [ G—oiyuidv+ [ pouido= [ (Xi— o}y s dV+ [ piwdo.
v o Vv o

In this equation, the quantities Xj, pi, u; are related to the first system of loads
and Xji, pi, u; — to the second system of loads acting on the body,

In the presence of distortions ef; in the first and — of distortions & in the
second system, Eq. (2.1) should be enlarged to account for them, as follows:

@2) [ G—Ti—giigyui dV+ [ (oD uido = [ (X{ — It — oitd) e dV+
¥ o v -
+ [ (pitpi*) i do,

o

Iy = Zﬂs?j'j - AS?}. = pi= 2#8?1 + 4045 €3, ,

wherein

I =2uef ;+ A} ¢ PP = 2 e+ A0, 0.
Carrying out the integral transformation on the surface integrals, we finally obtain
the theorem of reciprocity in a form taking into account the effect of distortion:

@3) [ (Xi— oil) ui dV+- | peuido+ | efyaydv = [ (Xt — oilgy g av+
v a v Vv Nl 7
- fpiugdo—kj ey oy dV.
a v '
Eq. (2.3) holds also in the case of isotropic non-homogeneous bodies, and in those
of anisotropic homogeneous and non-homogeneous bodies, as is readily verified
by generalizing the mass force analogy to such bodies.

In an anisotropic non-homogeneous body, the equations between the stresses
and strains are of the form
(2.4)] 0t = Cpxr (ex— 1), 615 — &4 = Cljk1 Ok
with Cisiz denoting quantities characteristic of the elastic properties of the aniso-
tropic inhomogeneous medium, and being functions of the position.
Substituting (2.4) into the equations of motion (1.2), and with respect to (1.3),
the following displacement equations are obtained:

1
(2.5 %5 [Cosrr (up, 1+, 8)], 5 + Xo— L'y = i,

with
I'y = (Curr &3),5.
It is readily verified that

(2.6) Pt =Cipmr €2,
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On substituting pf and I in Eq. (2.1) and on transforming the surface integrals,
we obtain Eq. (2.3).

From the reciprocity theorem, a number of conclusions can be drawn. In parti-
cular, if we assume the second state of loads to consist only of a static force con-
centrated at point (x) and directed along the axis x;, the set of Eqgs. (1.9) is
obtained. .

" Let us consider a singly connected body, free of tractions at its surface and free
from mass forces within. Assume the stresses in the body to be due to the distort-
ions ¢, alone.

On assuming the second state of loads to be one tension in all directions,
we have 75 (&, x) = &4y and p; = n; for a homogeneous body of arbitrary anisotropic
structure.

In this case, Eq. (2.3) for the quasi-static problem yields

fﬂi i do = J s?gc‘i”dV.
a 4

The left-hand side of this equation represents the increase in volume of the body.
Thus,

2.7 AV = J Sg'k dv.

Vv

However, AV = [ &g dV. With respect to the relations (2.4), we now have
Vv

(2.8) [ (err—e9) v = [ Clr o dv=o.
. v v

A

In the special case of an isotropic body, [ oxx d¥ =0, in accordance with M. Hiecke
¥V

[4]. In that of an anisotropic body presenting rectilinear anisotropy, Eq. (2.7) leads
to the following relation [5] for the case of thermal distortion (e = i T):

(2.9) AV = (ag1+an-+ay) [ T4V,
j/

whereas for a homogeneous isotropic body (& j= oy 0y T') we have

2.10) AV = 3, [ Tav.
vV
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