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1. Introduction

In Ref. [1] relationships between stress, strain and temperature, and
the wave equation for longitudinal thermo-elastic waves were given. Fi-
nally, the state of stress was determined due to an instantaneous con-
centrated heat source in an infinite visco-elastic space. We shall now
concern ourselves with the propagation of thermal stress due to a linear
or a plane source of heat. Visco-elastic bodies will be considered, here
also, in which the stress-strain-temperature relations are given by the
equations ([2] and [3]):
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The relations (1.1) were derived by M. A. Biot [2] and generalized
by D. S. Berry [4] to three-dimensional problems. A(t), u(t), are relaxation
functions which reduce, in the case of a perfectly elastic body, to Lamé’s
constants. The operators P; (D) (i=1, 2, 3,4) in (1.2) are represented by
the equations, [3]:

7
(1.3) P(D)= M'afD", a0, D=-.
n=0

If the stresses o are substituted in the equations of motion, the strains
[459]
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are expressed in terms of displacements, and the potential of thermo-
elastic displacement @ is introduced, where

oP :
(1.4) “’—Bx—,’ i=1,2,3,

we obtain the following wave equations
]

g 92l
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— P,(D) P,(D) o dt; —P,(D)P,(D)wT.

Expressing the strains in terms of @ and using the Egs. (1.5), (1.6).
we obtain the following equations for stresses
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Performing on the Egs. (1.5), (1.6) and (1.7), (1.8) the Laplace t{ransfor-
mation and assuming that the body is free from stresses at the initial time,
we obtain the following equations

(1.9) 72 D (xr, p) — 0*(p) p* (s, p) = 9(p) T/, p);
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where
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The following notations
}
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are introduced for a visco-elastic body, where the siress-strain relations
are given by the Egs. (1.1) and

) e S 3P, (p)Py(p)o
2P, (p) P, (p) + P, (p) P, (p) '
' 3P, (p) P4 (p)
(113) )= 5 (o124 o) + P, (p) By(p)
__Pi(p)

for a visco-elastic body, where the Egs. (1.2) are valid. Introducing the
function ¥Y(x,,p)=G(p)®(x,p), we can express the relations (1.10) in
a somewhat different manner

a2

a* ;
(114)  oylanp) = 2(0I o a,-;nr)wtmr, )+ op* @ (x/, p) 8.

2, The action of a linear source of heat

Let a linear instantaneous heat source act in an infinite visco-elastic
body. The temperature field is described by the following equation (cf. [5]):
: Q _I,T:
(2.1) T= it © ;

Performing the Laplace transformation on the function T, we obtain
|
i Q e
(2.2), T=," K)Vplx,

or

. Q . _aJ (ar) da
”23:% (a® + p/=)

in this equation % = 1'/co where A’ is the coefficient of heat conduction,
o — density, ¢ — specific heat, and @ = W/pc, where W is the quantity
of heat emitted by the heat source per unit time and volume.

The solution of the Eq. (1.1) may be written in the form

Qﬂ[p) alJy (ar) da
27x | (a*+ p/w) [a* + p*d*(p)]’

0

7

or

e @p) -'_p_)_ " ]
(2.3) b= Sl e o) —pit] lKo(]/x K, (rpo(p)) |,

where K (2) is a modified Bessel function of the third kind.
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Let us consider in detail a visco-elastic body, where the Egs. (1.1) are
valid. We assume that the functions A, u are expressed by the simple
exponential relation and have the same relaxation time ¢’

At)=A,e~%,  u(t)=pye".

Therefore,
340 + 2u, , By BTE
9 e NN = 1}, = consl. a O )
g (p) Ao+ 24, L $ (P) ! p
0 = I,_ Eu_u p} == .u“ e

and the function @ takes the form
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Performing the inverse Laplace transformation, we find that

(2:5) O, t)=, -—Q—ﬁ!-‘ IF 7, t)— Fy(r, t)],
where
(2.6) Fi(r,t)= (r(1 —e #=) ¢ (r,7) dr,
and ﬂ

£(r, 1) =~%£ exp (— :;25);
(2.7) | Fy(r,t)= Jf (1—e# DN y(r 7)de
and “
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1 — 2 e
(1, f}=—2- Vaee I-.12(; [‘t”—r“ag)H(t—rsu},

H denoting the Heaviside‘ function.
For a linear source with intensity @ (t), we obtain

(2.8) & (r ) = —2% fQ(t——r} (F, (r, 1) — Fy(r, 7)] dr.

270}
0
Let us find now the function ¥ (r, t) and observe that

(r,p)=G(p)D(r, p)—ﬂo,l,)—_,—_-—@(f D)
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For an instantaneous linear source of heat we obtain

Y74 A #nﬂﬂQ : __!'—— 1 _5
(2.9) ¥ (r, p) 2;”% e+ﬁ) ( —B p+ 8)[Kc( ]/-;)_

— K,y (ro, Vp (0 + &)

Performing the inverse Laplace transformation on the function ¥, we
obtain

‘
o(r,t;v) = J ey (r, 7)dr.
]

' 0 @
B0 0= — g gy it
—a(r,t;f) + o(r,t;—¢),
where
!
2(r tin) = [el=1¢(r,7)dr,
(2.11) l ‘

The functions {(r,t) and y (r,t) are given by the Egs. (2.6) and (2.7).
For time-variable source intensity, or, in other words, for @ = Q (t), we
shall determine the function ¥ from the equation

!
I‘nﬂ

92.192 3 s S NP o e RS —1 By — g}
Q1) Wiy=— ke [ QUt— 1% H— 1 (r, 75—
—o(r7;f) + olr,z;—e)] dr.
The knowledge of the function ¥(r,t) enables (on the basis of the
Egs. (1.10)) the determination of the stress components. Performing the

inverse transformation on the Eqgs. (1.10) and bearing in mind the axially-
-symmetric character of the stress, we obtain

2 oV 0*@ 0"5{’ 0*@
(213) Opyr — — _T'- W Q'th' § O'qn;o=_ 1’2 +9 ot ) Orp = 0.

3. The action of a plane source of heat

Let a plane continuous source of heat of intensity @ act in the x=0
plane of the infinite visco-elastic space. The solution of the heat equation

T 10T __ @
(3.1) e xH(t)é(.r),

with the initial condition T (x, 0) = 0 and with the condition T(co,t)=10is

il ml Y el ) |
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Performing the Laplace transformation on the function T, we obtain
(3.3) oy @ muthn 8 [EEE08 -
2p ]/ P pxm ) o + p/x
0

The solution of the wave equation (1.9) may be represented in the form

B QU (p) cosaxda
(3.4) T pm j (a* - p/) [a® + p*a® (p)]

or, after integration,

e—*) Pz —-\pu(pr

QV(p)

&) = 2up [p** (p) — px— ‘I\ Vol Po(p)

Let us consider, as was done in the preceding section, a visco-elastic
body where the relations (1.1) are valid. In this particular case we have

Q h/? . 1 sxyETal
3.6 2@_.___.0 = R N — I i plpte L
CL 2xa% (p—f) 2 o,V plp —|—s)e |

Let us perform the inverse transformation on the function pgd_). We have

0°o . 9,Q | s 1
(3.7) Ly o | fi (%Rﬁ]—"cn Tl ﬁ)]

where

3.8) fil@t;p=

exp( ]/ﬁ erfc xxt — ) ﬁt)
—exp( l/ﬁ)erfc = + ¥ ﬁt)l

fa(@,t;8) = [ el g(x,7)dr,
0

and
—l m————
(3.9) i ple,t)=e2 10( Z )Vt — x*oﬁ) H (t— xa,).
If the source of intensity varies in time, we have
' t
00 9 0 . 1 .
810 GE=—iat Wf@(:—:) [m:c, 5 ﬁ)—a-d/:f-.,(m.r.ﬁ)] dv =
__:___790__ dQ(t _ 1 o
v f e sh— i o+
+Qlfeth~fie o],
x Uo]/

where @) denotes the initial value of the function Q (t).
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Bearing in mind that p—=1to ~~_-|:— @ we find that, for a continuous source
of heat, we have P

i 75 4 Qﬂl) i ' & ‘I‘B 1 1 . 1 }( e-—x]"’j.@ N

e—XaVplp+e) )

alplpte)
Performing the inverse Laplace transformation, we have
ﬂuQ.uu 3 +ﬁ
3.12) W¥(r,t T S e g
@19 wiy=, adh L @ n0— ) he o)+
1 e
__IS_ fl[‘r:?";ﬁ)' ‘rs rﬁ)'h‘_l.f[(x T —-fz(x,'fr 8)]}
. aV/ x g

where

PR = ( .r_)
:fl(m,'.':,o)—'-'z V;exp( 4?ﬁt )_;)‘{‘-;erfc ]/-4;“—& .

The stresses o;; will be found from the Egs. (1.10)

0* d" ¥ 0%
(3.13) Oy =— 0 d}»ﬁ 1 Oyy =— Opz =— — dm o th ) Oyy =—0pz =U:‘,l‘=0-

4. Sudden heating of a visco-elastic semi-space

The problem of propagation of stresses, due to sudden heating of the
surface bounding the semi-space, was solved for a perfectly elastic medium
by V.I. Danilovskaya [6]. Taking into consideration the boundary condition
T (0,t)== Ty H (t) and the initial condition T (x,0)==0, the temperature
field is expressed by the function

(4.1) T (z, t)—Tl, erfc — /___
V4

Performing on the function T the Laplace transformation, we have

‘ : T-——-%exp{——x]/p—/p:), &0

or 3

— 2T, (" asinax da
: T —_—
(4.2) npf =Ll
0

The solution of the wave equation (1.9) may be represented in the form
— 2T,9(p) > asin ax da
: P = — 0 = :
) ) @l P

4 0




466 = W.Nowacki

or after integration

= . To(p) i :
4.4 Y= 0 - e—xl/p,-x — e—polp)],
s Do) —pw 1] | !
For x =0 we have @* = 0; therefore, in virtue of the Eq. (1.10), the stress
0y = pp*® is equal to zero for £ =0, as it should be. For a visco-elastic
body, where the Egs. (1.1) hold, the function @* is expressed by the
equation
(4.5) OF = _HE‘ ) (e—x!f’ﬁ: — e l”ﬂlpﬂ}).
o (p—p)

From a comparison of the function @* and the function ® of Sec. 3.

Eq. (3.6) it follows that

3¢ — — g, To 4O
(4.6) O = — 2 o i
Therefore,
0*®* 7.9, Vx 1 '

(4.7) at? :o_ggﬁ[nl (:C,t;ﬁ) = "—_;ﬂz(m:t;ﬁ)lr

| - |
where

d
’?'I = d{f.l' ] 7:" fe

It can easily be found that

(4.8) 1 (xt;p)= -——[e”/ﬂ" erfc( =+ )/ ﬁt)

Y

{
T = [ esti—n 92(Z:7) 4

dx

=il

Let us observe that
T ]

where the function ¢ is given by the Eq. (3.9). But

= H (v—=a,) +

B e
dg —¥[[e)? 11(?|/1;3—:r"o§)
——=g,e o | T

(DR e—
g VT — X0y
+1, (% V'#_—__x"‘_&%) d {T“xuou)] ,

and, finally, bearing in mind that

"
[f@oc—tydr=ft) H(t—1), t,>0,
o
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we obtain .

(4.9)  a(x, t;p) = o,.e!‘”l e‘”"(” *3) H(t —x0,) +

a L(+ V1 —a?a?

O e % 1( 0

—i—on:c(-;) je (HSJ'_"B_:Z_,*T; — H(r—z0,)dr|.
3 5 ) tP—ax*o}

: 0*d
Since oy =p o it is seen that, for t<<wo, the time-variability
of stress is characterized by the function #,(x,t; f). For t=x0, we obtain
a “jump” of the stress o.x, for t — co the stress tends to zero. In the case
of a perfectly elastic body we should assume that &=0, therefore f=
= 1/x0j. The stress oy is given by the equation

_ Tydse ]/_x_ B 1 t— xa, '
(4.10) oy 3 7 (:c, t; xaﬁ) " exp ( xar") Hit ——:caa)],

Oq 0

according to the result obtained by V. 1. Danilovskaya.
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