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i. Introduction

In Ref. [1] relationships between stress, strain and temperature, and
the wave equation for longitudinal thermo-elastic waves were given. Fi-
nally, the state of stress was determined due to an instantaneous con-
centrated heat source in an infinite visco-elastic space. We shall now
concern ourselves with the propagation of thermal stress due to a linear
or a plane source of heat. Visco-elastic bodies will be considered, here
also, in which the stress-strain-temperature relations are given by the
equations ([2] and [3]):

J deW (x T

(1.2) Pi(D)Pa{D)o?}(x,,t)=Pa(D)PB(D)ef/(xr,t) +

+ 6,-j {^[P](D)P4(D) —Pa(D)P,(D)] 0<2»(x,,t)- P^DiP^D)a/T},

The relations (1.1) were derived by M. A. Biot [2] and generalized
by D. S. Berry [4] to three-dimensional problems. A(t), jx{t)\ are relaxation
functions which reduce, in the case of a perfectly elastic body, to Lame's
constants. The operators Pi (D) (i = l ,2, 3, 4) in (1.2) are represented by
the equations, [3]:

5 d
(1.3) P^D) — V aj"' Dn, aft ^ 0, D = - - .

If the stresses at/ are substituted in the equations of motion, the strains
[459]
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are expressed in terms of displacements, and the potential of therm o-
elastic displacement 0 is introduced, where

(1.4)
dd>

we obtain the following wave equations

(1.5)

(1.6) * [2P9(D) PS(D) + P4(D) P, (D)] P2<2><2> -

- P^D) Pa(D) Q ^ =- P, (D) P4(D) a/T..

Expressing the strains in terms of 0 and using the Eqs. (1.5), (1.6).
we obtain the following equations for stresses

t

(1.7) o g l - J
6

(1.8) Pt(D) P,(D) og> - P.(D)PS(D) L J ^ _ - - t y p " ! ./Jl2) 4-

Performing on the Eqs. (1.5), (1.6) and (1.7), (1.8) the Laplace transfor-
mation and assuming that the body is free from stresses at the initial time.
we obtain the following equations

r, p) - <72(p)p20(z,, p) = 0(p) T(xr, p);(1.9)

(1.10) atj(x,, p) = 2G(p) ( ^ ^ 7 — <5«yP3) 0{xr, p) + dijp%Q&(xr, p),

where

(1.11) K(xr,p) = f e-^K(xr, t)dt, K = (0, T, an).
0

The following notations
i

s(p) =

(1.12)
3A(p)
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are introduced for a visco-elastic body, where the stress-strain relations
are given by the Eqs. (1.1) and

Mp)P8(p) + P,(p)P4(p) "''

2Pt(p) '

for a visco-elastic body, where the Eqs. (1.2) are valid. Introducing the
function xf(xr,p)-=G{p)0{xr,p), we can express the relations (1.10) in
a somewhat different manner

(1.14) aij[Xr, p) = 2 ( -; dijV*] WiXr, p) + gp20{xr, p) dij.

2. The action of a linear source of heat

Let a linear instantaneous heat source act in an infinite visco-elastic
body. The temperature field is desoribed by the following equation (cf. [5]):

(2.1) T =

Performing the Laplace transformation on the function T, we obtain

(2.2), r«2^-K0(r)v/p/x,

or

2«« J (a2 + p/x) '
o

in this equation x = A'/cg where X is the coefficient of heat conduction,
e — density, c — specific heat, and Q — W/QC, where W is the quantity
of heat emitted by the heat source per unit time and volume.

The solution of the Eqv (1.1) may be written in the form

aJQ (ar) da

or

where K() (z) is a modified Bessel function of the third kind.
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Let us consider in detail a visco-elastic body, where the Eqs. (1.1) are
valid. We assume that the functions X, [i are expressed by the simple
exponential relation and have the same relaxation time e"1

Therefore,

i) (p) =
 3 A ° + 2 ^ « / = 0O = const. a3 (p) = <r0

 P

ff° ~ I " i ^ T ^ ' G (P) ̂  /"o -"T-; .Ao + 2 ,̂, p + e

and the function <P takes the form

= -^ ( I - -X ) fKo2nxotf \p p —p/ L
(2.4)

Performing the inverse Laplace transformation, we find that

(2-5)

where

(2.6) P!(T,t)= f (1— e-""-»)C(r,T)dT,
0

and

(2.7) F2 (r, t) = J (1 — e-W J>) y (r, T) dr,
o

and

Y(r,t) = -y ]/««e 2 I_ta( * ]/t« — r

H denoting the Heaviside function.
For a linear source with intensity Q (t), we obtain

(2.8) 0 (r, t) = - g ^ p - J Q (t - T) [F, (r, T) - F2 (r, T)] dr.
o

Let us find now the function W (r, t) and observe that
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For an instantaneous linear source of heat we obtain

— Ka {ra0 ]/p (p + e)

Performing the inverse Laplace transformation on the function *F, we
obtain

where

The functions £(r, t) and y{r}t) are given by the Eqs. (2.6) and (2.7).
For time>-variable source intensity, or, in other words, for Q = Q{t), we
shall determine the function W from the equation

w(r,

t;

t;

r)

v)

= fe
0

*-«)£(r,

•VMy(r,

T)dr,

r)dr.

(2.12) rp(r,t)^—^-^— |*Q(t-t) \%(r,r,p)-x(r,T;-e)-

— (o (r, T ; p) + co (r, T ; — e)] dr.

The knowledge of the function W (r, t) enables (on the basis of the
Eqs. (1.10)) the determination of the stress components. Performing the
inverse transformation on the Eqs. (1.10) and bearing in mind the axially-
-symmetric character of the stress, we obtadn

(2.13) crr=—7" "aT" +

3. The action of a plane source of heat

Let a plane continuous source of heat of intensity Q act in the a? = 0
plane of the infinite visco-elastic space. The solution of the heat equation

with the initial condition T (x, 0) = 0 and with the condition T(oo, t) = 0 is

„„ Q I _ / T / — a;2\ x , / x \1
(3.2) T = - - ^ 2 1 / — exp -••:•'• ^ e r f c H = =

2]/«L F " ^ \ 4«t / ^ ^ \]/4xt/J>
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Performing the Laplace transformation on the function T, we obtain

(3.3) T = — ••-,— e~xr/p'K = —

o
The solution of the wave equation (1.9) may be represented in the form

cos ax da

(«" + P/x) [a'. + p V (P)J
o

or, after integration,

Let us consider, as was done in the preceding section, a visco-elastic
body where the relations (1.1) are valid. In this particular case we have

2L e - xyTJ — __
P a o ' ^

Let us perform the inverse transformation on the function p2<2>. We have

(3-7) —- = ^ •
O t 2<ro|'«

where

(3.8, » , . t a « ; » - ^

and

/3 9̂  * m [T f\ 0 2 7 I ~ l/+'J t-~ rJi I TJ 1+ -vrr A

If the source of intensity varies in time, we have

Qo [if, (x, t; ft - - ~ f .(»,t;

where Qo denotes the initial value of the function Q (t).
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Bearing in mind that W—-1—-® we find that, for a continuous source
of heat, we have

\o.l I) V — „ «. —-jr
e)

Performing the inverse Laplace transformation, we have

_i_

where

f t(x,r, —e) -^f2(x, T; — e) ,
e [ aaY« JJ

The stresses aij will be found from the Eqs. (1.10)

(3.13) ffxv=e -jTa j = O2Z — — 2 + e Cfjty ffyr ffz,v — 0 .

4. Sudden heating of a visco-elnstic semi-space

The problem of propagation of stresses, du© to sudden heating of the
surface bounding the semi-space, was solved for a perfectly elastic medium
by V. I. Danilovskaya [6]. Taking into consideration the boundary condition
T (0, t) = To H (t) and the initial condition T (x, 0) = 0, the temperature
field is expressed by the function

<4.1) T (x, t) = To erfc -™L .
V 4?<t

Performing on the function T the Laplace transformation, we have

m
T = —- exp (— x)/ p/«), x > 0

P
or
(4.2) - 2T0 C a sin ax da

~ Tip J O8 + p/«
0

The solution of the wave equation (1.9) may be represented in the form

—„ 2Tn#(p) r asinaxda
(4.3) 5>* = °— -̂̂  ,-2 . I a . '2 2
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or after integration

(4.4) 0* =
p[pV(p)

For a: = 0 we have 0* = 0; therefore, in virtue of the Eq. (1.10), the stress
Oxx = gp2& is equal to zero for x = Q, as it should be. For a visco-elastic
body, where the Eqs. (1.1) hold, the function 0* is expressed by the
equation

(4.5) 0* =

From a comparison of the function <"/>* and the function 0 of Sec. 3..
Eq. (3.6) it follows that

(4.6) ^ ^
Q dx

Therefore,

where

It can easily be found that

el"(4.8) Vl(x,t;p) = ~le*^'* erfcl-jL= + y'ft\
A V \l/4«t /

Let us observe that

o
where the function <p is given by the Eq. (3.9). But

dx O(>e | \ 2 ) xa° ~ 8 , - ^ - - H ( T — xffo) +

/ f i /-j r

and, finally, bearing in mind that

t — to), t o > O ,
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we obtain

(4.9) rit{

J' l H(r~xao)dr

d2*
Since CT.V.V = Q -5 2 , it is seen that, for t<xa0 the time-variability

of stress is characterized by the function ^(^tj/S). For t = xaQ we obtain
a "jump" of the stress axx, for t —y oo the stress tends to zero. In the case
of a perfectly elastic body we should assume that e = 0, therefore /? =
= 1/X<TQ. The stress axx is given by the equation

according to the result obtained by V. I. Danilovskaya.
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