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Introduetion

The problem of free vibration and stability of a rectangular plate
with all the edges clamped has an ample literature. The accurate solution
of the stability problem was obtained by G. I. Taylor [1] and G. H. Fa-
xen [2] and that of the free vibration problem by S. Iguchi [3]. Both
authors obtain an infinite system of homogeneous linear equations where
the coefficients of the unknowns are functions of an unknown parameter,
determining the frequency of free vibration or the critical force.

The determinant of this system set equal to zero constitutes the vibra-
tion or buckling condition. The unknowns in the infinite system of equa-
tions may be treated as the Fourier coefficients of the clamped moments.

The present paper proposes a differént way of solving the above
problem. The starting point for the considerations is the deflection of
a strip with its edges clamped and loaded by transversal support forces
along evenly spaced lines (the distance being 2b). These forces are chosen
so that the deflection along the above lines is zero. This condition leads
to Fredholm’s integral equation of the first kind. The solution of this
problem leads to an infinite system of equations, where the unknowns
are the Fourier coefficients of the support reactions. The system of equa-
tions thus obtained is characterized by a good convergence.

f. An auxiliary problem

Let a plate strip simply supported on the edges be compressed in the
x, y-plane by the forces qy=oh in the x direction and by the forces
g, =0y h in the y-direction. Lel concentrated forces, normal to the plate
and varying periodically with time (P=1-¢'), act at the points (& +
+2bk),k=0,1, 2, ..., co.

[249]
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The strip undergoes forced vibration. The deflection should satisfy the
differential equation

ph 0*w
2 7l 2 S et
(1.1a) p*p w—l—i, +2, dy’+N PIE
k.
fol —
= = L’ 8 (y + 2bk),
with the boundary conditions:
(1.2) w=0,p*w=0 for x=0,a;—o00<<y-=< -+ o3,
Jw : =
(1.3) b@:o for y=-2bk, k=0,1,2,.,00; 0<<x<aq,

where w (x,y,t) = e -G (x,y) is the deflection, G (x,y) — deflection
amplitude, N — flexural rigidity, o — frequency of forced vibration,
4 — mass per unit area of the middle surface, § — Dirac’s function, t —
time. In addition, we denote A?= q,/N, 2%= q./N.
Since w (x,y, t) = e“’-G (x, y), the Eq. (1.1) and the boundary condi-
tions (1.2) (1.3) may be brought to the form
*G G

k=t

(1) PPPG+ 2o LSRR Gt 92G=%a(x*e) D Sy +2bk),
hee—ia
s ho'h
9 - N )
(1.5) G=0,p*G=0, for a=0,45 —oo<<y< + 0o,

0 :
(1.6) ag'=0 for y=42bk; k=012 .,00; 0<z<q

The solution of the Eq. (1.1) with the conditions (1.2) (1.3) in the region
0 <<y <<2b is the function

(1.7) G(x,y;g)_-Na 2 I'u(y; 4, s, 0) 8in au551nunzr,au__"";_,

H=

where

}‘"(y; ;{1!2‘_‘: Q):

1 (cosh ¢,(y—b) coshy, (y—b)
22—\ o,sinhg,b Z,Sinh 7, b ,)’
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The surface G(x,y; &) may also be represenied by the series

. v N O Sin a, & sin a, z _ mn
(1-9) G (.‘.C, Y, E) Nflb f ,,;>n D.-:m .ﬁm U, ﬂm b 3
where
D”m T (u:-,r + ﬁ:i")-.’ - ?f a: a ;'ﬁ ﬁ?ﬂ - '92’ Dutl Af .ﬁ' 2%

|1 for m=0,

d
l2 for m=1,2,..,,¢

n

In subsequent considerations it will be more convenient to replace the
system of forces P ==1-e/ acting at the points (&, + 2 bk) by two systems
of half its intensity, symmetric or antisymmetric in relation to the y,-axis.

Let us denote by G the amplitude of plate deflection due to sym-
metric forces and by G'* the amplitude of plate deflection for the load
represented in Fig. 1b. We have

G¥l(xy, yy3 &) = I\}a":%_"}”’ (Y3 A1y Ao, 0) COS @y &, COS @y 2y,
(1.10)
G, 58 = Y o (W13 A1y A, 0) Sin au &, Sin ay 2,, ®
Y1 5 Nf‘-:;__” 114y, 40,0 "ne n &Ly,
[ G"‘)(.'I.', Y Y136 = N]f;-B_ N %-; ng Ds_-;m coS P Y, €OS aay & COS ey Xy,
(1.11)

ca -]

1 6!”
lg(rxl(x“yl;él):Nag ’%‘ 1-%: Dumcasﬁ,ﬁylsma” &y sinay .

We shall determine the deflection surface of a plate strip loaded by the
forces 1/2 e’ symmetric or antisymmetric in relation to the y-axis,
assuming that the edges are clamped. Let us denote the deflection by

w” (x, y, 1) = é'ot« G* (x, y; §).
The function G* should satisfy the equation

(1.12) pEp? G*+Azd g &+ A% adf QEG‘*‘——-'—I—(ﬁ{:C-—*é) b3 8 (y+2bk)

=

and the boundary conditions

*
G'=0, a(gc- for x=0,aq,

(1.13) | S
dy = for y=-4+2bk, k=0,12,..00
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The deflection G* will be composed of two parts G*=G+W: the first
being the function G and the second a function W chosen in such a way
that the equation

PwW | L, PW

(114) PRW A 2 G+ B g — W =0

is satisfied with the boundary conditions

W=0, dd:c[G+W)=0 for =x==0,a
(1.15) ,
oW
_ay =0 for y=-+2bk, k=0,1,2,.,0°
The function W for symmetric forces (Fig. 1a) is assumed in the form

(1-16) W(ﬁ'](mi Y1 El) = 2 A(-"'i cosh Ym X + B(i) COShnm IL‘,} cos ﬁm Y1

m m

m=0.
where
] i
9 ST TR
= }!. +V 2 ___} 2 2
Yur M= P m * m 4 + &=
a) b)
Y ¥
2 1 =
5 2 ey '__I i"?
e _x_.____.sl{ i 2 Uy
= = SR el
w5 -~
| “n
0._;_ ey '|%
Tx y x4
Fig. 1

From the first and the second condition (1.15) we obtain

ol (£,) - ‘ coshﬂf,—’"—(E
1 @y 2
(1.17) P T gL AL - T
,l[\] cos h '}’_." . CDSh ?jma
m 2 2
We have

03 ?Iﬂ },IH nﬂl ﬂﬂl - 1] _1
AQ= tgh-—-——z-— tgh——--- o (&) = Z =t cosané,.
=1,8,..
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The surface G*¥) may be described by the equation

1 L
(1.18) G*"W(x,,9,;&) = Na ‘l Du(yy; Ay, Ao,y 0) COS an & COS an ¢y +
=13 .
+ 1 N5 o) F(2,) cos p
Nb ;ﬁl e Y \S )L Wy mYi
0Ly <2b,

where
1 [coshy, a, coshyp, x

_ B }‘Hf& ?}f”a
osh "
2 EREHL

FI-“ =

m L] ()

"\ cosh
For antisymmetric forces in relation to the y,-axis (Fig. 1b) we obtain
(1.19) WUz, y,;¢&)= Z AW sinhy, x, 4 B sinhy,, x;) cos §, v, .
m==0

The constants A!%, B will be determined from the boundary conditions

wm! n
(1.15)
o g Ym@
1 oW ()0 sinh =y
{120) Am]: = "o B(n) Fr= ___A{:.'] —_—
m Nb (o) g h},ma’ ‘H'i " . h"\]ma
Afjl sinh ~y sinh -
where
n—2
Ay Y@ 4%, N & \' n (_I)T :
() — -— a) = ) el — T
de'=-g den"p— 7 @by Gl= 4 —p, “Hhahk
Therefore,
1 ' ; ; ;
(1.21) G*“”(ﬂf-‘.syui$1}=Na  Tu(Yy; Ayy A, 0)Sinan & sina ¢, +
n=2,4,...

1
Nb _uam E:’ (&) FE:’ (.‘L‘J cos fi,, Y1,
0y, < 2b,
where

o O sinhy,x; sinhn,2;
m e |

m . ?f?f a .
sinh 9 sinh )
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2, I'ree vibration and stability of a rectangular plate with its edges clamped

Let the loads X (&)e™ act along the straight lines y== 1 2bk,
k=0,1,2,..,00 in the intervals 0 <<ax<Ca. The dellection then takes
the form

()

(2.1) w(x, y, t) = e _I' X (&) G* (x,y; &) df.
(]

Let us choose a load X (&), such that the deflection of the plale is zero
along the lines y =0 and y = 2b.
a

(2.2) [ (&G (z,0;8)de=0.
]

Thus, we have obtained a homogeneous Fredholm equation of the
first kind. This equation is the condition of free vibration or buckling.

Let us consider first the case of symmetric deflection. In this case the
Eq. (2.3) takes the form

a

(2.3) | XOI(E) G0 (=, 0:8,) d&, = 0.
0 ;

Let us expand the function FU)(x,) appearing in the expression G*(
into a Fourier series

o

2.4 F9 (@)= Y Lbcosax ; 2,
( ) m( 1) }:T:-:f,_“ mj ﬂf 1 9 X, 9
We find that
4 I T —
LE:;} v o ( ) Sme
2 mI / (r‘{j +}Jm) (ﬂ +n.-u}

Representing the sums in the expression G**), we bring them to the
form

- 1l %
(2'5) G (”(xl?n; El):N 2 [ 1!{(0;21,.2.3, g) cos au E'I +

a n=1,3,.

+3 2 Lmu m /_.: HL\,} Cos a; EI“ CcoS ap Xy,

m—.ﬂ J=1.8,...
where
i=1
ap(==1):*
Hm; _ij__" ’ Djm 7*'— ij.
Assuming that the function X)(,) is expressed by the Fourier series

(2.6) 2 Cilcosa, & for —2 Vel
k=1, 8,... 2 2
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and performing the integrations required in the Eq. (2.3), we obtain the
following system of equations

a

(27) CYIT, (4,2, 0) + ,.V’ cy Va CHWL® =0, n=1,3,..,c0.

mj "~ mn
j--l..‘l.... m:-_I]

Setting the determinant of (2.6) equal to zero, we obtain an equation
for the frequency of a rectangular plate clamped along the edges
x; = *+ a/2 and y, =0, 2b and compressed by uniform forces g, qa. In
the particular case g, =qy=—0 we are concerned with free vibration of
a rectangular plate without forces acting in its plane. Finally, for w =0
we are concerned with the case of plate buckling. In view of a good con-
vergence of the coefficients of C{ it suffices to take only a few equations
of the system (2.6).

For defleclion antisymmelric in relation to the -axis the Eq. (2.2)
takes the form

a2

(2.8) | X €,)G* (z,, 0;£,) dg, = 0.
0

Expanding the function F!@(x,) in a Fourier series

m

_ \—1
Flal(x)= 2, L}f:} sin¢;z,,
J=2.4..
where
f=2 2 L0
In] __-_1} Pl 1}”1 }J'H

| = a — 4 - o
= a0 T s

we reduce the expression G* (x,,0;¢,) to the form

]

1 2| 3 _ )
(2.9) G (x,,0; )= o 4\.1 (052, 29, 0) sin an &, +
n=24,.
a . V i
iz b .E.r L:.‘r}r éml ' H:::}Slna sina, x,,
m=0 -1’—.4.
where
j—2
H0) = aj(—1) *
my Djm -
Assuming that
: o | . | a
Xl (&) = S CMsina, &, &< 5
k=2,4,...

we reduce the Eq. (2.7) to the form

(2100 CO 1 (052,25, 0)+ & 5‘ cw?V’a HOLW —0, n=24,..,00

mif =in
2 ,-‘_z i,. 0
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Setting the determinant of the system of equations (2.10) equal to
zero, we obtain a criterion for free vibration (or buckling, for @ =0) of
a rectangular plate clamped along the edges x, = + @/2, y =0, 2b, where
the form of vibration (or buckling, for @ = 0) is antisymmetric in relation
to the line x; = 0 and symmetric in relation to the line y; = b.
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