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In many cases ol engineering practice we meet orthogonally aniso-
tropic (“orthotropic”) plates, showing different elastic and thermal pro-
perties in two orthogonal directions. By E, and E, we denote Young's
moduli in the direction of the x, and x, axis, respectively, by » = 1,4 —
Poisson’s ratio and by G=—G,, the shear modulus. Finally , and a,
denote the coefficients of thermal expansion and A4,, 4, coefficients of
thermal conductivity in the direction of the x, and x. axes, respectively
The heat equation for an orthotropic plate has the form

#T T oT
e b gz T gz 0 g =W,

where ¢ is the specific heal p — the density and W — the rate of heat
generated pro unity of volume and time. The relations between stress
and strain in the plane state of stress are [1],

&1 7= 0y 0y + Qo+ T,

(2) Eyg == Uy) Oyy + Qyy Oy + @ T
Elg == Uy Oy Oy == Oy,
where ;
@ = . Qyo = 2 a a 7 a .
"= ' 98 T 7% tp = Uy = — , 1 it
E, E, E, 2G

Substituting the strains in the compatibility equation

@) ozt 0z2 =2 0z,0m,’
we have
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Let us express the stresses by means of the Airy function

0*F 0*F 0*F

(5) T g 2T gt 7T T gx oy’

and substitute them in (4). After some simple transformations we obtain
the differential equation
O0'F , 5 O*F 0'F 0* 0*
e L P e T 5 el
® g T I g T g T B (“’ o2 T
where

E 1 29
P 8. g Bt £
% =%, 2 mpe E'(G EI).

Let us compose the solution of Eq. (6) of two components @ and ¥, where
the function ¥ is a particular integral of Eq. (6). It therefore satisfies
equation

oy g YW 0¥ 0* 0*
M G i ma T o T B (“' 92 T4 aaéf) =,
the function @ satisfying the quasi-biharmonic homogeneous equation
’o , 0’0 0D
@) ozt T2 ot o =0

and the boundary conditions.
The resulting stresses oy will be obtained from the equations

0ij = 01j + 0ij = (Vz O — d':é?t_!a?;) (P+o) ij=1,2
The procedure just described is particularly convenient in the case of
boundary conditions expressed in stresses.
If the boundary conditions are given in displacements, the following
method is preferable.
We solve the system of Egs. (2) for stresses

oy =4y &+ Apep—pT,
9) Oye = Apr 811 + Apg €0 —f, T,
019 =2 Ay 85,
where
E* E\E, )
A= !:," y  Apy=—— ‘1"‘;_": Anezﬂlﬂu"n Ay =G,
El 1" Eﬂ EI " E:Z EI SE 1,; E2
E2 (tl a9 u) E E fo
p=stgat o  ElBdaten) oo g
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Then, we substitute (9) in the equilibrium conditions
(10) 0 (geia

and express the strains in terms of displacements

_ Owp | Ouy

(11) Yy d:c,+ Ox;

t,j=1,2.

Thus, we obtain the system of equations

0, 0*u, Puy, . 0T
AI! d *1 Arlu (‘) g + (Am | Ahﬂ-) (j&fld.’l‘u ﬁl dml‘“ 0:
(12) _
d*u 0 uy 0* u, oT
(Aiu AR A:;u]d ld *—AIH\ ().L'f +A 2 O E T ﬁ d:r:, =0.
Let us join to this Eq. (1)
0*T 0*T JoT
(13) hgem thggr—e 5 ——W

The system of Egs. (12), (13) may be expressed in the operational
form

(14) 5 Lyuj=—Wou 1==1,2,3,
where )
Ly= A, C?Jfﬂnqt.m ;2. Loy = Ay §]2+A32 5:3-
0 0
Lis=Lo=(AutAau) y ooz Ln=—B4, Lu=—fg

0* 0
L = Al am‘ _i" Ag 01’_‘3 CQ dt L:.” == 0, Lsg = 0

it being assumed that uy="T.
The functions u;(i==1, 2, 3) may be expressed by means of the three
functions g, (i==1, 2, 3), as follows:

%15 Lis, Lml ;Lm %1y Ly Ly, Lygy 21
(15) Uy = |%a, Lao, LG] o =| Ly, Xg, Ly Uy ={Ly;, Ly, Xal;
Ko 0: L:H. -0# Zan Luﬂ I ] 0: Xs
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or, after performing the operations prescribed,

o 02 0% 2
Uy = Ligy [ A ox 3+A-’.'"d ) 1 L (A +A'm)a-‘t'1dxa "

J 0 ~  ¢*
+ By 0531 (Am: Dmf + Aap ‘0535) X

N 0 0"
16) =L (e + A g L (A g A ]

0 0* 0*
+ ﬁﬂ _am;( B dwg +A|1 dmz) X

0" 0! 0
1.!.8=T=A22A“ﬁ(—a'ig+20 J .za ,+x 63:"‘)273’

where

En = Ay — ﬁs (AI°+At||‘)| mu:a:Am gj( 11+ Ags)s

A, E a__AnAzzﬁAgg—'ZAmArf
E 2 A5 VA Ags .

The functions x, (i=1, 2, 3) satisfy the operational equation

iLllm Lyy, Ly,
(17) | Loy, Lyy, Logly,=—Wdsi i=1,2,3,
0, 0, Ly
or
02 0°
Agy Ay Lygy (“1 -BEE-*- Ozcﬁ) (;uz 0t —+ da:‘z) =—Wéy, i=1,2,3,
where
ai-"]/c‘rﬁu:i for o¢>=>1,
;.;.?)2=x2 o for o=1,

2
-(]/1:011/120) for 0<<o<<1.

The functions Z1» s satisfy the homogeneous equation and the
function yx, — the non-homogeneous differential equation. The functions
X1» X2 are B. G. Galerkin’s functions generalized to the case of ortho-

tropy [2].
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The solution procedure is as follows. From the Eq. (17”) we determine,
for i=23, the particular integral x,. By means of the functions yx,, z.
we satisfy the given boundary conditions in displacements. Substituting
the quantities wu;(i==1, 2) in relations (9), we obtain the stresses.

The determination of the thermal stresses is particularly simple for
an infinite orthotropic plate. In this particular case it is most convenient

to use Eq. (6).

Let the temperature T, = const. be prescribed in the region of the
rectangle of sides ¢, d in an infinite plate. Let the T' temperature outside

this region be zero.

The temperature field is represented by the Fourier integral

[T

4T, [ [ sinacsinpd
(18) =" | T

ﬂ:"
00

~— €0S ax, cos fix, dadf.

Representing the Airy function also by means of a Fourier integral

=3 o3

4

(19) F=;—2-ffA(a,ﬂ)cosa:r,cosﬁxgdadﬁ,

0 0

and substituting (18) and (19) into (6), we obtain A (a, f) and the function

F in the form

20) F—iToEs mférzacsinﬂ@ wh+ad
B aff a' w4 2mxt o B2 +-B

0o

Bearing in mind that

; cos ax, cos fx,dadf.

@l 2ot 0 B B = (oo} B) (&9 + ),

where
n=t Yt —1

'}"’12.:2 =ux*]n

for n=>0,

for n=1,

(]/l ;'z"éi‘l/“;”)z for 0<y<l1,

and introducing the notations

2= as b= Vi _z"e!
i) a, ] 1 ?? = ?E ]
we represent the function F in the form

G G

Pt ¢

n—r

_4Tya,F,  [sinaesingdf _a,
(21) F_ ﬂg .ff aﬁ ,},faﬂ_l_ﬁﬂ +
0o

g
vsa'+p°

]cos ax; cos fxy dadp.
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The stresses oy will be determined by means of Egs. (5). Thus, for
instance, for stresses o,, and ¢y, we obtain, after the operations indicated,

the following closed expressions
0*F
(22) op=— F
_ TeqE (o, 17+ dP + (e — )] [y} (@ —d)*+ (@ 0]
T 2m {“ P @ — 0 + (2 — oF] [ (s + 4 + (=, + 0]
[}'s (1'2 i 5 d)'! + (z —c)* ] [? (x:!_d)» + (2 + c)® J}
o G m— T £ &+ @ F Il

_OF_ ToaE, g ST e MR
a“_d:r:g-__ 2x {a,[g P4 (X2 —d) g Y1 (g 4 d)
ey T tc ot .:r:l-l—c] .[t" x—c
Y m—a " mra| T2 nwm—a
P S ot/ T tce P s ]}
e e g
tg—lz=arctgz.

These expressions are valid for » > 1.

It is evident that, if the “corner” of the rectangle is approached, the
stresses o4, 0y, increase indefinitely, and the stresses o, show discontinui-
ties in the cross-sections x,=—-d.
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