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Let us consider an infinite cylinder whose cross-section has the form
of a rectangle with sides a and b (Fig. 1). Let the temperature To of the
cylinder be uniform To > 0 at a time t = 0. For t > 0, let the temperature
.at the lateral surface be T = 0. Such a state will be realized if the cylinder
with temperature To is immersed at the time t = 0 in a medium with
a lower (T B= 0) temperature.

The temperature field is described by the differential equation

with the boundary conditions

= 0, T

and the initial condition

(3) T(x,,a;a,0) = T0 = const,

Fig. 1

where X is the coefficient of heat conduction, c — specific heat and o
density.

The double series
x[n -|- m—2),2

m

O.n
e a>*+P'"'x cos an x t cos0,« JC2 ,

TlTI
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b '

,m = l , 3 , 5, ...,

is the solution of Eq. (1) with the conditions (2) and (3).
[321]
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To find the state otf stress cry, we shall use the potential of thermo-
elastic displacement 0 and the Airy function F. The function 0 is related
to displacements by the equations

By substituting the displacements into- the displacement equations of
the theory of elasticity, we reduce them to the one single equation [1]

where v is Poisson's ratio and a/ — the coefficient of thermal dilatation.
The stress componients. are given by the relations [1]

= I72 (vF — 2

where <5y is Kronnecker's delta.
The differential equation (6) will be solved by assuming that <£ = 0 for

cclt= ±a/2, cc2=±b/2.
Therefore,

n,m= 1, 3,..., oo.

Knowing the function $, we can determine the stresses 07/. We obtain
then

, 2

n.m an(an

ff33 = — 2 Gv2 0 = - Gi90T,
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c1dx2

32Tnfl0

ab < +
= 0 , cr2a = 0 .

It may be seen that the normal stresses 5U and a22 vanish in the cross-
sections x1=±a/2, x2=±b/2. The stress a12 remains different from zero.

We have

- I a 32 GT0#0 \~I

8 I"
1 3

where

To suppress the stresses a12 at the lateral surface, we add to the
stresses ay stresses otj chosen so as to satisfy the following boundary
conditions

— ct o

2 ' 2

(11) = 0 for Zi = — ,

_ b
. — 0 for x2 — y .

The stresses 07/ may be expressed, according to (7), in terms of the
Airy function. This function should satisfy the biharmonic equation

The Airy function is assumed in the form of the simple series

(12) F = ^ /S^2 [Amcoshpmx, +Bmpm x^ sinh j3m x3] cos fim x.a
m=i,3,...

/ a~a~2 [Cn cosh a« x2 + Draana;2 sinh anx2] cos
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Substituting F into the boundary conditions (11), we obtain the follow-
ing system of equations

(a) A,,, cosh nm + B,n n,n sinh /um = 0,

(b) Cn cosh 8,i + Dn 8n sinh 5n = 0,

(13)

(c) 2J [(Am +B,,,) sinh/im +Bm I*,,I cosh ixm] sin p,

)sinhanx2+Dnanx2coshanx2] {—1)(»-«/« =

(d

n=l,3....

_32GT 0 f l 0

m=l,3,...
mx2,

[(Am+Bm) sinh pmx,+Bm j8m x, cosh j5™x, ] (— 1)('"-))'2

where

(1=1,3,...

ab

n) sinh d,i4-Dn 8n cosh <5,,] sin an xt =

, ,,1/1—1)2 — a l x / , ,v .

^•~~1' e g{an,t) sm a,t xlr(1=1,8,,..

__ /3m a __ a« b
Urn — „ ' " " — ~2~ '

Expressing the following functions by means of trigonometric series.

(14).

sinh a,, x.,= 2J Enm sin p1,,, x2, anx.,coshc!nX2 = ^ i<VimSii
m=l,S,. . . ((1=1,8,...

s inh fim xx = 2J G»m s i n a" xi i Pm x, cosh /?„, xt=
(1=1,8,... n

sin a,,xlr

where

_ 4 a , , ( -
"m ~Ti 2 C O S h d" >

_ 4aw ( -
1 lo

iAW

0;J y - p --rj- COSh d,, >
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i ) ( ) (

~A~W~ C 0 S n /''» 'P
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4/3m (— DC'-H.

Hm s inh /im —• '£ 1—|- cosh ,«„, | ,
rm r~ "«
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we reduce the system of Eqs. (13) to the form:

Cn(-

(15)

1-1 ' .* cosh8 <5B

32T0GW>0

afa (-1) (m-1) 2 e-0m*'

C t(d)
16

where

A .,—-
m —• -c%m l*m

( 4 + ^)2sinhA/m

5n, n,Tn = l,3,...,oo,

_ sinh 2 <5n + 2 »̂
2 aB sinh 3,, '

We have obtained an infinite system of equations. Confining ourselves
to r terms of the series (12), we obtain 2r equations for Am and C,,. The
quantities Bm and D,, will be found from the last two equations in (15).
Thus, we have obtained an approximate equation for the function F.
Using this function we shall determine the stress atj from the equations

(16)
an = (Sij V1 - F, i, j = 1,2,

cr,3 = vV% F.

Let us consider an infinite circular cylinder of radius a, and then let
the temperature field be determined by the differential equation

M [w + TTr-i
with the conditions

(18) T(r,0) = TO) T(a,t) =

The series

(1Q"! T (r f) = ° } p~°

dt

for

anJi (an

0.

is the solution of Eq. (17) with conditions (18), where a«a are the roote
of the equation Jo(ana) = 0.

By means of the function of thermoelastic displacement 0 the dis-
placement equations of the theory of elasticity may be reduced to the
form, [1]:

(20)
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Assuming that 0 {a, t) = 0, the solution of Eq. (20) is

(21)

A knowledge of the function €> enables us to find the stresses try.
Thus, M . ,

(22)
_-««*<

( j -̂  „ =

crw = — 2 G F 2 (Z> = — 2

J0{anr)—
i (a« r)
anr

a r r + G<p9.

It may be seen that the stress arr (a, t) is different from zero at the
surface r = a. To suppress the stresses arr (a, t), we add to the state of
stress dij the state of stress an determined by the relations

(23) orr = o9V = 4 GT0 da 2
Finlaily,

(24)

„ „ - - - 4 G T 0 J 0

()̂ 0 2

0 ° ,Ĵ "i an aJ] (an a)

0 \an • I I •

a,, r ana /

^(ana)\
Ju(anr) —

ana

For r = 0, we have

It follows from Eqs. (24) that the maximum stress is reached for t = 0.
With increasing time £ the stresses decrease and tend to zero for t ->- oo.

The problem of sudden cooling of a rectangular plate or a circular plate
may be solved in an analogous manner. For the .solution of this problem,
we can use the above results by repjlacing d0 by d'0=(l+v)a.tlh, where h
is the plate thickness, and by assuming that the stress aZz is equal to zero.
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