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Let us consider a steady concentrated heat source of intensity W acting
at a point (0, &) in a homogeneous elastic slab of thickness h (Fig. 1). Let
us assume that the temperature in the planes z'=0,h is equal to zero.
The temperature field will be obtained by solving the differential equation

W ET L =Tty [ ] & s
with the boundary conditions s . ”'I— 'w: g : o
(2) .T{r,|0)=0, T (r, h) =0, : g

where T denotes the temperature, 1 — the L g 1

coefficient of heat transfer and 6 — the Dirac' function.

The conditions (2) may be satisfied by adloptmg the fo-llowmg pro-
cedure.

We consider in the infinite elastic space, on the axis-z’, positive sources
of heat at points (0, { £ 2nh) and negative sources of heat at points
(0, —¢ +2nh) — in the case considered n=1, 2, .

Then, the values of the temperature in the planes 2= =N,
2’ —+2h will be zero. Assuming that the Eq. (1) concerns the infinite space
with heat sources located as above, we may represent the right-hand
member of Eq. (1) in the form of a Fourier series and a Hankel integral:

e

W
2 mAr

s é(z2 —C)=— ra.fo(a*r) da E sinapl’sinanz, an L

W
(3) E‘,Ih"a'llll n=1 h

The temperature is expressed in the following way:

]

(4) = E sin ax 2 ( Cu(a)Jy (anr) da.
0

n=1
[301]
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Substituting Egs. (3) and (4) into (1), we obtain

w . 5 a
C,;(a)—-msman{ ﬁ+a2
Therefore,
¥ _E O s s o ' - P a1

(5) T(‘r’z}_“;-;h)r,’; sin ¢, ¢ sin a, 2 r‘! al, (ar) (a2 +a*)~" da
or
(6) T(r z*}=lV_Z Ko(ant)sinan ' sinan2’, 0<<z'<<h

] :rrhl 0 i n 1} 3 ]

n=1

where K, (a.r) is a modified Bessel function of the third kind and zero
order. The last sum may be represented in a somewhat different form

M T = | R Bk D (R i — 2+ 1R
n=1

— [R2 4+ 4nh(hn—2'—)| 72} + D {[R? + 4 nh(nh + 2'—¢)] 2 —

n=1

— [R2 + 47nh (nh + 2+ c’)]“”“}].

where Ry, == [r*+ (2" 5]

In the region considered 0 <<z’ <h, 0 <<r << o0, a discontinuity of the
function T appears in the first term of the expression (7).

With the point (r, 2") approaching (0,¢’) the quantity T increases in-
definitely.

In order to determine the stress components it will be convenient to
use the function of thermoelastic displacement @, where the displacements
are expressed in the following manner:

0P 0D
(3) ‘U.r—-a—‘r, uz'—-a‘;‘,.

The introduction of these relations into the displacement equations of
the theory of elasticity reduces them to the one single equation

0 100, 0*0 14
®) ot o T ogr =0T do=p e
where » is Poisson’s ratio and as — the coefficient of thermal dilatation.
The solution of Eq. (9) will be assumed in the form

oo

(10) ®= D sinanz’ [ En(a)J,(ar)da.
n=1 0
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It is assumed that @=—=0 for 2’ =0 and 2" =h.
Substituting Eqgs. (5) into (9), we obtain E, (a). Therefore,

D(r,2)=— Wﬂ“

Z‘ sin ax ' sin a, 2’ f (a2 + a®) 2 alJ,(ar) da
Bearing in mind that

- — r T

‘ ]f (an + a*) aly (ar) da =5 K (anm) = 3" K, (an),

we find that

(11) ¢=-—-1;%‘;—; Z o Ky (an 1) sin a, ¢’ sinan 2'.
n=1

Knowing the function @, we may determine the stresses and the dis-
placements from the relations [1]

e 62 2 e
(12) ij-——zG(m'—auV )(D L1= 1,2,3.
Thus, '
9”0 = N ;
cr,w—ZGard i P,,; an K, (anr) sin a, ' cos an 2,
1 00 6
a,-,f=—2c-( o+ ar)=—P£ [ran K, (ant) +
(13) + K, (an1)] sin ax ¢’ sin an 2°,
3 =]
n=1
0 100 N
G‘zz'——-'ZG( a 3 + ¥ -a-—)=—P'£ [ZKO(anr)
— anr K, (an7)] sin a, &' sin a, 2,
where
__GW9,
#= mhd ~

It is also possible to separate the singular parts of the expressions for
stresses, bearing in mind that the sum

Z K, (an7) sin an &’ sin ap 2’

n=1
is expressed by Eq. (7) of which both members may be multiplied by
wthi/W, and the sum

e

2 anK,(an?)sinanC'sina,,z'u——— E K,(ay7)sin anl’ sin an 2’

n=1
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It may be seen that, in the planes z'=0, 2 =h the normal stress o
is equal to zero and the stress oy is different from zero. Therefore,
over the state of stress oy a state oy should be superposed, such that
the following boundary conditions be satisfied at the boundaries 2’ =0,
2li==MHh,

(14) Grz + opy = 0, oz + 6’2'2’ =0,

It will be more convenient for further considerations to represent the
stresses o,z in the cross-sections 2 =0, 2’ = h, using the expressions (11)
for the function @

o

0 n Sin anl’
arz (r,0)=2G PP ! —ZPJ a® J1 (ar) Z:%F%da,
(25 [ 0* @ (—1)" ¢’
A I — 9 [ 97] sin Up d
oz (ryh) =2G or z’| ZPf Jy (ar) fé‘ @+ ) a
Bearing in mind that
- g Sin Oy z’ o }:Lj ’
n=1 “(E‘JIQ?JE_ I 4 L (ﬂ, C )’
a"( Sln a C hﬂ ’
gl: (a2+ﬂ = == 4 N2 (Gi C))
where
(a, ) — al’ sinh fcosh a (h — (') — fsinh al’
WiSes = B sinh? B ’
; {’ sinh g cosh a{’— f cosh f sinh af’ -
7}2(&,(:}=a b B2 sinh® 8 =, pB=ah,

the stresses o2 (r,0), 622 (r,h) may be expressed in the form of Hankel’s
integrals

_ PR [ | ,
orz(r,0) = —-Z—J a*J, (ar) n; (a,¢) de.
/]
(16) "
A 8 .
opz(r,0) = % ! a®J, (ar) s (a,¢’) da.
0

In further considerations it will be convenient to replace the heat
source by two systems of two sources each, of intensity equal to half
the above value, located in a symmetric and anti-symmetric manner in
relation to the plane z'=h/2 (Fig. 2 a, b).

Let us introduce a new system of co-ordinates r, z and consider the

action of two heat sources located symmetrically in relation to the plane
z=0. In the cross-section z = h/2, we obtain
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PR} [, h h
[ o) = ’ a®J, (ar)|nala, o + | + 10 (@ 5 — )| da=
l 4 4 2 2
] e .
: Ph® ¢ .
=g ) @ Jilar) e (u,0) da,
=0, '
where .
(s __af cosh psinh af — psinh p cosh al __ah
o) (u, €) e ) R

We assume that the planes z= 1 h/2 are free from stress, The state
of stress ol satisfies only some of the boundary conditions. To the
state off) a state of stress olf) should he added, such that the following
boundary conditions be satisfied at the z= *+ h/2 planes

(18) ol + ol)=0, o4 oll=0.
The state of stress ¢! will be expressed by means of Love’s function ¢

[2] satisfying the biharmonic equation. The state of stress oy is deter-
mined by the equations

- 2G a 3 0? a} .
= 7 dz( ¢ af'é) e e
o ——--—2G E‘v z_l-a 2y 2 Y
_ PPT1—2v 02 r or)? A
(19) 5 __E__ -Q. (22— )V2-—‘"(?i' = %
7T 1—2y 02 ” oz* |7
z
) 63
Orz =5 — 2 - Ov l(l —n) pr— -l P. b) rer
T
The function ¢ will be assumed in ] £ r
the form of Hankel's integral 2
(20) @9 = ] a*J, (ar) | A sinh az + 2
o Fig. 2

+ Baz cosh az| da.

The quantities A, B will be determined from the boundary conditions
(18). We obtain then

A(a)=(1—2»— putghy) B(a),

(21) Ph? cosh u

—_— — Qi s) o
Bi(a) 16(3(:l 2v)ag" (a,0) 2 1nh2‘u—|—2;z
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Using the Egs. (19), we express the stress components ol by the
integrals

==

ol = 7 2 C‘; = aB (a) { |az sinh az+(2 — u tgh u) cosh az| J, (ar) —
— 29 '
— [(2—2»— putgh ) cosh az + az sinh az] J,(ar)} da,
= 2G [
f,f!,= T—2 'v,! aB(a) {2 » cosh azJ, (ar) +
(22) +[(2 — 2 » — ptgh p) cosh az + az sinh az]| :#} da,
ol = — 3 i(; 7 f aB(a) [az sinh az— u tgh pcosh az] J,(ar) da,
b
ol = 2G _J aB (a) [(1 — wtgh u) sinh az + az cosh az| J, (ar) da.

1-—2v§
Finally, the stresses off) will be found by superposition
(23) ol =4af) + aff).

Let us comsider the case of heat sources anti-symmetric in relation
to the plane z=0; and then let us observe that in the new system of
co-ordinates 7, 2 we have

g =
lE&;ﬁ:%"—ofaﬂ‘fl(ar)[m(a,%{—i’)——ﬂz(q,—;—g‘)]da:
(24) ]

PR® [,
= ]._ﬁ_ﬂf a*J, (ar) QM (4, ‘:) da,
ol =0,

where

af sinh u cosh al — p cosh u sinh af

(a) —
(2] (#? CJ “2 sinh" 7

Love’s function ¢ will be assumed in the form

(25) o= f a2 J,(ar) |C cosh az + Daz sinh az] da.
0

The quantities C and D will be found from the boundary conditions (18)
2G 0 . 0 h\ , PR
e AR A [y | (RS e | gl el e P (a) =
(26) T @?‘[(1 v) 7 azz]qu (’r, 2)+ 16 ¢ a®J, (ar) 0@ (u,)da =0,

d g* h
5 [(2—-— ) 2 — F] (}?[a) (1", E) =),
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Hence, we obtain
C(a)=(1—2»— pctghy) D (a),

Ph? sinh u

_— — — ! e
Di(a) et — 2 e W) g e

‘The stress components off are expressed by the equations

ol = I 2_% = f aD (a){ [2 vsinh azJ, (ar) + azcosh az (J’n (ar) —
0
Ji(ar) ; J(ar
= ]ct—'r)]-’_ (2— 2 v—pu ctgh u) sinh az (Jo (ar)— ~1£:—=))} da,
(a) — J, (ar)
o= J aD (a) {| 2 » sinh azJ, (ar) -+ az cosh az ——— == +
{27) Falan
+ (2 —2 » — pctgh y) sinh az ™ :T}da,
) = — 1 = 2 f aD (a) J, (ar) |az cosh az — u ctgh u sinh az| da,
. 2G [ .
9= T f aD (a) J, (ar) |az sinh az+-(1 — pctgh u) cosh az] da.

0

The resultant stresses ¢{f) will be obtained by adding off to cf}‘l.

The case considered above was that of the planes z== i h/2 is T==0.
‘There is no obstacle for assuming other boundary conditions.

If we arrange the heat sources, as shown in Fig. 3a, we obtain
0T/0Z =0 in the planes z==0, + h, % 2h, * 3h etc. If they are located
as shown in Fig. 3b, we obtain 0T/02’ =0 in the planes 2’ =0, 2" = *2h,
Z = *4h and T=0 in the planes 2’= *h, *3h etc. Since such an
arrangement of heat sources may be represented by a Fourier series in
the direction of the z"-axis, it becomes evident that the right-hand member
of the heat equation may be represented by a Fourier-Hankel series.

The solution procedure is, in these two cases, analogous to that for
the boundary conditions T =0 for 2’ =0, h. It should be observed that,
in the case of the boundary conditions 0T/0z'=0 for 2= 0, h, the stresses
oy vanish in the planes bounding the plate. The stresses oy will be
different from zero. For the boundary conditions represented in Fig. 3b,
we have

ary (T; 0) = 0; T2zt (7', 0) F 0, Oz (T, h} ?-/: 0, Gz (?‘, h} =0.
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Let us observe finally that a procedure analogous to the above may
be used to solve the axially symmetric problem of determining the thermal
stress due to the action of a uniformly distributed heat source (of intensity
W —const.) along the circle of radius ¢, at the depth & in the elastic slab.
In this case the right-hand member of Eq. (1) takes a somewhat different
form,

2 we

—=5 2 sin @, ¢ sinan 2" ’ J, (ac) J, (ar) da.

n—1 0

(28)

\
o
<~
£
ar_ oW ar _ o-W
ﬁ'r'ﬂ ﬂ_ G
o)y o-W
-Q .
=0
Fig. 3

Integrating along. the z’-axis we may obtain the solution for heat
sources uniformly distributed over the region of a cylinder of radius .c
and height h,= h.
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