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Consider an isolropic homogeneous elastic semi-space hounded by the
plane z == 0. Let a concentraled instantaneous source of heat located at
fhe origin of the co-ordinate system act in this plane. It will provoke in
the elastic semi-space considered a temperature field T and a slate of
stress (oy), variable in function of the co-ordinates and time. Our solution
is to be considered as a determination of the Green function for a more
general problem — that of heat sources constituting continuous functions
ol tlime and distributed over the region 1" of the plane 2z = 0. In the case
ol continuous time — wvariable sources showing no jump-like changes —
the stale of siress can be treated as quasi-static. We shall assume therelore
that the inertia terms in the basic equations of the theory of elasticily
can be disregarded. In addition, we assume that the plane z =10 is free
from stresses and that the siress components should vanish at infinity
at every time f. Two thermal boundary conditions will be discussed. Iirst
it will be assumed that the z = 0 plane is thermally insulated (0T/dz = 0),
and then that z = 0 is T = 0 over that plane (except for the point where
the heat source is located).

f. An elnslic semi-space (hermally inswlated al the plane z=10

If in ap infinite elastic space an instantaneous source of heat is sup-
posed to act, the temperature field will be described by the following
equation [1]:

W

—m K, d=dut; R=(@+y'+ 2,

(1.1] T=GM :

where in the BEq. (1.1) W = @/ ¢, @ denoting the heat quantity emitled by
the source per unit time »=A/pc, 4 denoting the coefficient of heat con-
duction, o — density and ¢ — specific heat.

[165]
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It is easy to observe that for z = 0 we have ¢7/dz == (). Thus, the Eq.
(1.1) delermines at Lhe same lime the lemperature field for an clastic
semi-space thermally insulated at the plane z =0,

In order to delermine the stress components @;, in an infinile clastic,
space we shall use the potlential of thermo-elastic d:splacement @. This
function is connected with the displacement components by the following
equations
0o dop o
(1.2} Hz-a'—:{;, ‘l?:—t_jir';, 'l_U=—‘j'z—,

and, with the temperature field [2] by the equation

1.3) Pro=1T"0T, where p? '“"h + OJ“ ,f’i

v is Poisson’s ralio and «; the coefficienl of linear thermal dilatation. The
knowledge of the function @ enables us to determine the stress com-
ponents (oy) from the equations

: L 1=
(1.4) = (d idj — oy Li=uwx Y,z
where dy is Kronecker's delta and G — the modulus of elasticity in shear.

Let us observe that the temperature field T can be represented in
cylindrical co-ordinates by the following Fourier-Hankel integral:

14

(15) T(rzt)= EW—*'; ff alJy(ar)exp|—rwt(a* -+ p*)| cos fz dudf.
=

Applying to the above equation the Laplace transformation, we obtain

e ©a s

" alJy(ar)cos flzdadf
a® 4 f* + pfx

(1.6) L{T)=T'= [ e?T(r,zt)dt = -—-—f

0 0

Applying the Laplace transformation to the Eq (1.3), and expressing the
function @* by means of the Fourier-Hankel integral, we find that

17  L(@)=o'=
—%{—: -2% {fa.lo{ar) [(a* 4 g2+ p/2) (e + £%)] " cos fzda dp
o d e
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or, aller integration,

, _ b a W | u- ey
L.8 M = — = oo el i
(167 kR - P (p (i
Performing the inverse transformation, we find that
R h
7 L W { | -
(1.8") == — " t’—-’i"--brf(i—. . where Betl-rte=(-2) [e=ray.
l--=y 47 R &) 0 Val.
0

Using the relations (1.4), we find that [3]

g2t or

31 2e~RNA.R 32- R*
=K —=| Erf — 2— 1 .
Ra{( ) ' Ll" 79) i/n i { ( T3 )]}

. )? i ; i
Gyp=—2GC (3 :‘b i El’)-?{{;) = 'II?_{? lErf (-F,i._) o _2% — Ry (1 e ) ]
/ : ]

12 '
Ur,-;—ZG(( [t 14d fb) _

&) [a
(L.9)
= ARX7] 1 dp
'-"‘w(a‘;-'-:'*"; ?)T)* _
~ K|, 3 R) 2R L L 8. 2 BY
- Rl(z R)Eri(]fﬁ e Tl (H : ,ﬂ). ;
g L _ 3Kz RBY_ 2R (i 2 BY
S T P [m(l"ﬁ) Vb (1+ 3 *")’
where )
. I_I-i_~_1' f!rT‘IVG:
K_l—~1' Dior

Let us observe that the stress o vanishes in the plane z = 0, the
glress @, remaining different from zero. In order to suppress the stress
G:: in the z = 0 plane the stress components (¢;) should be superposed
over (giy). They will be obtained by solving the following three-dimen-
sicnal problem: delermine in an elastic semi-space the state of stress gy,
due (o the action of the stress — o.f,_, acling in the plane z = 0 bound-
ing the elastic semi-space considered. In order to determine the state of
stress (oy) we shall use Love’s function ¢ satisfying the biharmonic
cquation [4]

(1.10) 2t =0
with the boundary condilions

(L11)  Gee+ 0nl,g =0, o

2=0

=0 and @=0 al infinity,
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*Aller delermining the funclion ¢, Lhe slress componenls (o) will be
determined from Llhe equalions

: 3 0 g = 2G 0 1 dy
G’rr='*'2—q"" ..a_.(l. r;'-r',}_i.__r"_.), Ty =5 77— o ( |72 P '-’)|

1—2»00z dr? 1—2r 0z rod1

(1.12)
__2G 9| G __a’tp' - 2(3 J | i )q
a"ﬂ.l-;ﬁ a—él@——v)l? P 3;, Gre==71"57 dr (L-—=n) |7 gp— PP

The function ¢ will be assumed in the form

(1.13) ¢== l Zla,z, ) Jy(ar)da, where Z(u,zt)l=(C+Daz)e “.
0

From the boundary condition @.|,_,==0 it follows that C==2»D.
The stress components (o) will be represented in the inlegral form

=

oo 2G T 3 g—az ATtV (8 g oo gy 0T)

O =157, J D, t)a*e [(1 az)Jar)+(21—1-Faz) = dua,
f y

5 .

Topyp == j;._G ‘ D(a, t)a* e““'l?.nJ.,[ﬂﬂ——( p— -k u"]J (ur) da,

i :
(1.14) _

26 .

Osz = {5~ J Do, t)«® e (14- az) J(arida,
0

Py == v—v—zG Q 4 p—u i \
a"_l—-Q.a-zJ D(a,t)a' e~ J (ar)da).

B
The quantity D(e,t) (constituting a function of the parameter a and
time t) will be determined from the first boundary condition ol the group
(1.11). Applying the inverse transformation {o the function ®* (Eq. (1.7)),
we obtain

e

(1.15) r,u_—-l—"'—:f"-;-‘_f faJ"(ar)(a=*+,93}—‘exp|~xnuﬂ+,ﬂ=)|msﬁzdndﬁ.

Integrating with respect to , we have

o

— .._.]'_ﬂ @ W —az _llt_}__._’_
(1.16) &= i Jo(ar)[ Erfc( 5 ]/19)4—

1

+- e Erfc (_a_|_"_12 ___z__)
/1.
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I'rom the Tivst houndary condilion of the group (1.11) which can be
expressed in the form

) a
(1.17) —*QG(r 2 +‘1 d‘b) + i:?:—%;r [ D(a, t) «" Jy(ur) da =
b

RN 5
we obtain B

. L v W e a\’ﬁ)
(1.18) Diu,1) == S (1—21)a Erfc( B

In consequence, the siress components (v;) are delermined on the
basis of the Eqgs. (1.14). The final form of the stress (o;;) will be obtained
by superposing the states (ay) and (7). Unhappily, the stress components
(¢i;) cannol be represented in a closed form by means of known and
tabulated functions.

Consider a heat source conslituling a continuous function of time.
In the period from ¢ =0 Lo t" =t let a heal quantity W(t")oc be emitted
per unit of time. The temperature field and the stress components will
take the form (o MO

Tir,z, t) = (m %) azf E{it_i).';“ lxh‘—r}dfl
(1.19) g

oij(r,z,1) = J W) oy (r,z,t—t)d ¢t
i
if ; denotes the stress due to an instantaneous unit source of heat.
Consider the particuwlar case of W (t) = W = consl. Then, the lem-
perature field takes the form

R
(1.20) T(r, z, t}--—li;?f—ﬂ“( ]:11[(1 {J))

The funclion @ can be expressed in the integral form

e cn

. ; ror '
oD ety ,‘_’:; J f aJo(ar) [1— e—1e+ 1) (2 4B~ cos fz da df
e,
l Ao W R

. ERNWES SRR g
SR e el e (1" i B\ 'Y = ¢ :

The stress oy can now ube determined [rom the LEgs. (1.4).
The quantity D (a,t) will be found from the first boundary condition
ol the group (1.11)

or

1Iu W (1—29v)

(1.23) D(wt)=] p e g (=g, t)),
where _'
date ™ (eldf
Flo.) =252 [ Gopan-
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F(a,t)=2a ]/1“5 e - (1— 2 %t a®) Krfe (| f).

In the limit case of a steady-state heat source (or, in other words for
t—- 00), we have

P ) 142 WR

o - Y P —
7 xR’ b ez ]—-r'”' Bmn’

(1.24)

1 W o1—2»
D..,{a]z-l—i; 2

“&ax &

In this case the siress components (o) can be found in a closed form.
This case, trealed in detail by E. Melan and H., Parcus, [2], leads to an
interesting result: the components oz, o . are equal lo zero al any
point of the semi-infinile space. This is valid for soutrces disiributed in an
arbitrary way over the plane z = 0.

Let us observe that in the case of a continuous source of heat the
functions T, @ and oi;, D can be represented in the form

(1.25) T=T..—T, C=0.—@, DL——‘D..,..“-D., Gij == Oif,c — Tij, 1,

where the funclions T, ®,, D, g1 depend on time and on the co-ordinates,
while the quantities T.., @.., D.., 04, are independent of lime, For the
siresses orz, 0z we obtain

(1.26) Orz = —0rz,1, Oz == 0zz,1 «

These stresses vanish for t==co, taking for a certain value t, their
extremal values.

2, An clastic semi-space in which the plane z==0 is kept at constant
temperatnre T==0

The solution of this problem can be obtained in a direct manner from
the preceding case. Let an instantaneous heat dipole'of flow intensity W
act in an infinite elastic space. Then, using the Eqs. (1.1), we obtain

w9

27
o gele =k e,

{2'1}. T {T: 2 f‘) i G‘B,a,z'{t)

It is seen tlhat the condition z = 0 is satisfied in lhe plane T = 0.
Using the Eq. (1 8”), we obtain

149 ()

11— 4z 0z

14+ W oz }i_) 2R ]
T1—%4x B lErf(lfﬂ ]r"m?e 1
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The knowledge of {he funclion @ cnables us to determine the stress
comaponent ay on the basis of the Bygs. (L.4). They can also be oblained
in a direcl manner from the Egs. (1.9) by performing the operation —0/dz.

We oblain in a successive manner

S 2KZI 52* Y, S RURY
e = ld(‘l R )(L [(l"f‘-j) )

AR 1 2* 2 R}'J}
iyt L I S G § R
0y 70 : ( i

2Kz R 2R )\ 4R
T == 28 | 3 (s 2R r) AR k(14 2 pe
L ) { ( (Vﬁ) Vo ) T ( ) )}

= 6Kz 52¢ 3e NP R[5e®
(2.3) Gr=——ay {(2— —1-2;,—) Exl (lfﬁ) -+ —E—— (—R;,--—-Z) -

4R G2 :
P TR L Lo ey ] DAY - S, B = L L
Frores R 2]
2 ' ] R
Gre==6K- ,‘{(1 -5—’%) (Eri (-ﬁ) - —5',3—_—) -
1 R* Vi V md

Tk ol
s e Y 1-—--~ 5 R
30 ) 7l T3

For z = 0 the stress d.s,_, vanishes; the stress o.|,_, doesnot vanish,
however. The additional stress component ¢; will be obtained by solv-
ing Lovg's cquation (1.10) with (he boundary conditions

(24)  Gel,y=0, ©Gn-torf,_,=0 and ¢@=0 at infinity.

We assume that the function @ has the form (1.13), where in view of
the first boundary condition of the group (2.4), we put C=—D(1—2).
The stress components (o) are described by the integrals

Trp == I::(-';—;[ D(a, t) o' e— [{2— az)Jylar) - (2r—2+4« )J fm'] a,
i

@

=gy [ D 0@t e |20 (en — 20— 2+ 02 20 a,
(2.5) ) |
= _ 2G el
Tzz == 1_'2_”sz(11 thale Jolar)da,
0
ﬁ,,:—l—z_:Gz— D(a, ) & e=% (1— a2} d, {ar) da.

d
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In order to delermine the quantily D (am, t) il will he convenienl lo
represent the function @ in the integral form

23 re

" (2.6) rp:—-»%i— 2—‘_:’ [ aB Jo(ar) (a2+F" exp = L (a4 B7)] %
o < sinfzdadp.
This expression will be obtained if the inverse Laplace transformation
is applied to the function @* from the Eq. (1.7). Then, the operation —0/dz
is performed. The funclion @ can also be expressed by the equation

/f
— (s_lﬂz =l

(2.1 d):—-l-_-:-;a.« —;[‘ aJ..(m‘} i

R (1] )
€ Lrl’c-( 5 +j"f) ’du

The knowledge of the [unction @ enables us to defermine the stress
componeunts (o) from the Egs. (1.4).

From the second boundary condition of the groups (2.4) which may be
represented in the form

[

d* | 2G [ LR 4 P
(2.8) 2Gdr 5 n.u— 1*21'—‘ D{g,t) o J (ar)da=10
1
we oblain
D(a,t)= 1+1(1 )a;:}ﬂrf(‘(alza]

Thus, the stress components o;; are defermined. Unfortunately, they
are not expressed in a closed form. The [inal form of the stresses will be
obtained by superposing o; and Gj.

Consider finally the case of a continuous heal source of constant flow
intensity W. We have

: W
2.9 T(r,z,t)= 1 — et B )
(2.9) (ri21) hym[l Ef(ifﬂ)-! - l

and ;
14y W : 0 Jrte() L1/ L ]
(2 10) (D(T A ﬁ)—‘—*:ﬂfanx RT{].‘—"(]. 2R3)El‘f‘-[]#ﬂ) R]/:IT e .

Assuming the function @ in the form

@1y o=—1tY,

Ty

ffuﬁ.fu ar) [1— el %
% (a* +|B"‘ ) *sinfzdadp,
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we can express Lhe quantity D (u, t) from the sceond of the boundary con-
ditions (2.4), as
1t . W 3
3.1 =T s —_— B ot U
(3.12) D(a, 1) 1_1'(1 20) ey T ® (1 Fla, t)),
where
, G —xl‘;i”dﬁ . . 5 i,

e, t e*"’“ L Bk 1+2a°=t)Brfc(a )/ xt)—2 e""‘"/ﬁ-
(o, ) == = @ (1-F2a®t) (a)/=t) 7 ‘ o

In consequence, the stress components (a;) can be determined from
Lbhe Eqgs. (2.5). For a stalionary heal source t — co we oblain, therefore,

w oz 14 W =z
T, 2) == ~mem 2 Dl g L
(r,2) Des (1, 2) Rl e
In this case the funclion ¢ and, in consequence, all stress components
can be delermined in a closed forrn. This case was lreated in detail by
E. Sternherg, [6].
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