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Let a concentrated source of heat of intensity variable in a harmonic
manner act at Ihe point A constituting the origin of the co-ordinate
system. The action of this .source will result in a time-variable temperature
and stress field T and a//, respectively, both varying also in a harmonic
manner. Assume that the frequency of vibration of the heat source is
insignificant, so that the phenomenon under consideration can be treated
as quasi-static. The acceleration containing terms in displacement equa-
tions of tihe theory of elasticity will therefore be dropped.

The temperature field is determined by the equation

{ ) ó { ) f5 {z) •

where k = żl/p c, X is the coefficient of heat conduction, Q — density and
c — specific heat. The symbol c5 denotes the Dirac function.

In view of the harmonic character of the action of the .source, we
assume

(J.2) T(x,i/,zJt)==U(cc,y,2)e'lM'-'i), W = W oe'>'-i.

The Eq. (1.1) may therefore be reduced to the form

(1.3) — .

The solution of this equation in cylindrical co-ordinates, assuming
T = 0 at infinity, is

(1.4) U = 2 ^
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Alter integration, we have

(1.5) U = -.—l]r R-1 exp (— i? j/jjl), R = (a:8 -|- if -|- 211)'-2.

Bearing in mind (1.2), we find that

(1.6) T = - ~ K-1 exp [i (w t — e) — R j/iij ] .
^ 7C A

The temperature field T will be obtained as the real part of the ex-
pression (U):*)

(1.7) T - ^ R-' exp ( - ft ] / ^ ) • cos („ t - e - R / % ) .

It will 'be convenient for the determination of stress to use the potential
of thermo-elastic stress fi>.

This function is related to the temperature field.
Thus, [1], we have

1 + 1'
(1.8) F2!p = T - r -a /T )

where v is Poisson's ratio and at — the coefficient of thermal dilatation.
In view of the harmonic character of the source, we assume that

(1.9) 0(x,y,z,t)= Re{V(x,y,z)eii«'-''i}.

Thus,

(1.10) - | 7 a !F=-™a;U.
1—v

Bearing in mind the Eq. {1.4), the solution of t'Le ibove equation has the
form

(1.11) - ^ T 7 ^

o o
XJQ(ar) cos y z da dy,

or, after integration,

The real part of the function <P in the Eq. (l.S) will take the form

/ / ~ \ i
X exp I — R'y -~- j + sin(cot—«)>.

*) We assume here lihat W (t) = V/Ocos (wt — e).
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Knowing Iho function </•>, we aro able to determine the stress compo-
nents from

where ó/y is Kronecker's delta.
We are concerned in our problem with a symmetry of the spherical

type. In spherical co-ordinates we obtain the most simple expression for
stress components. We have

(1.15) dR"
Cl0

R

Fig. la
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Using 'the Eq. (1.13), we find that

_ (l+i')a<lcW,G /ir\i7 1/ — - y
7 2k,

— sin {cu t — e

(1.16)

fftf tf = — CTrr j
(1 — I ) )

Xcos |cut — e — K l
' _to_

2k
1 + r

' i—„ y r = = CJipi'f s 3 3 CT̂ '/r = = 0 ..

In Fig. la the diagram of the function am is given. Fig. lb represents that
of Orr for a few values of the parameters v= cat— e.

. , 1 + 5' Wn G at -. / w
K~~v'~2riT J/'2k'

3n
2

Fig. lb
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Lot heat sources uniformly distributed along1 the z-axis, act in the
elastic .space, The problem, is nxinlly .symmetric. The hoot equation tnkes'
the form

(1.17) J J + J L ^ 1 $ £ W W
v ' dr* r dr k dt X

For a lincai1 source of intensity W per unit length we assume that it
'Changes with time in a harmonic manner, and

(1.18) T(r,t) = U(r)e'<"'<-Łi, W «= Wae
!{(*'~*K

The Eq. (1,17) takes the form

The solution of the Eq. (1.19) is the integral

(1.20) U = - ~ V f « J o (a >") (a2 +*>?)"' <* « = - , ? T K O (r I/^?)1

where K0(ri/t^) is a modified Bessel function of the third kind otherwise
called a Basset function. Thus,*)

[ W
^ 71. A

Bearing in mind that

e 2 K0(r ]/l?;) = ker,, (?• |/»j) -f i kei„ (r |A;),

where the functions' ker,, (z), kei„(z) are Kelvin functions, we can ex-
press the real part of the function '(1.2:1) by

(1.22) T=~Sj[ker0 (r j / ^ ) cos (a>t-e)-kci0 (r"J/ ^

From the equation
^'ŁJL JL f l * _ l ± v
d~?~ '' r "or ' l—vat

we determine the function 0 in the form

(1.23) 0 = —R

For W = Wo cos(<ut —«).



150 *>V. N o w a c k i

•Knowing 'the function ft, we can determine Uhc complex stress from
the following equation:

(1.24) Urr = — 2 G - dr a™ = 0 .

, We obtain

(1.25)

urr —

_ *
U yep

1+ J
1—v

1-

1-

1'/

\- V

— 11

WnG

w0
n

e'(.

G

ł—F.)

'[ t

ił)

(r]/ii?)- j r | ,

(r y'i iK„ (r y h)

•=• — 'J/r — r at A Lr I ,
1 — I '( Urrp — U.

The stresses arr, aTr will be obtained as the real parts of the functions

We have
1 + v W„Gfc L / c o ', . / T / © \
1—v n A co [y 2k , \ y I k j

c o s { a t ~

(1.26)

-I- kei, r "1/ ~ ) sin (w t — e) + - j sin (eo t
\ y lie /} j ?•

+= — ffff — — ai— a i
- r cos (cu t — s) — kei,, X
Ł rC /

X r-•]/'£ s m (co I •

Let us now consider the following problem. Lot uniformly distributed
heat sources act in the plane x =* f of an elastic space. The intensity of
these stresses per unit area of the plane x == f will be denoted by
W = W oe ; <"'-*>.

The heat equation is

(1.27) 1 dT W

Introducing the relation T (x, t) = U(x) e1 lat~'l, we reduce the partial
differential equation (1.27) to the ordinary equation

(1.28) d x 2
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The .solution of this equation is

(1.29)

Hence..

(1.30)

U — "
'An

*

T =

./<

Re'

cr + i

|w,, ( i
!"2p X'*exp'

Wn,-

* ~ ~ K ) ~ i x

'iti\

The real part of this function is the temperature field

(1.31) T = ~f (i/)-'.8 exp f— (x — £) )/ •,? | cos | w (— c -- (x
Ą.A

which i« sought.
The Eq. {1.8) reduces to bhc iform

From (1.14) it is seen that

crx..=0, a«==0, (TV==O, crv = O,
and

(1.33) o-j.y = ff^ = - 2 G ™ = — 2 G ~ ~ a, T.

Thus,

. — ^

X COS co l — E — (a: • 'Y&
In Figure 2 the function o>j, is represented for various values of the parai-
m o I c rs T = co t — c.

Let a positive plane heab source act in the plane x = f and a negative
plane source ij-i the plane a: = — $. 'In this case we have T = 0 and
oj.̂  —-- 0, aXjt = 0 in the plane x — 0.

We are concerned with the .case of an elastic semi-space (x>* 0) in
which a plane heat source acts in the plane x ~ i".

The stresses ayy, azz will be obtained from Dhe equations

ft)
(1.35) Oyy = Ozi = —-r — exp

rv X

Xcos rat —£ — (x-|-

For i < f we should replace (x — f) by (£ — x).

for
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In Figurę 3 the function ay}, is represented tor various values of the
parameter r.

The solutions obtained for a heat source varying <in a harmonic manner
can be used for constructing solution.? changing in a periodic manner.

Expanding the function W(t) in a Fourier series

(1.36) W(t) = £ An COS (n a, 1. — <;„),

we obtain the temperature and stress field as a result of superposition
ol harmonic elements.

Thus, in the case of a source of intensity W (£) acting in an infinite
elastic space and varying with time in a periodic manner, we obtain for
the-temperature field the following expression;

Moreover, the solutions obtained can be used to determine ihe tem-
perature and stress fields in the case of heat sources distributed over any
region F of the elastic space. If in the region P there acts a heat source,
constituting a harmonic function of time and any function of the co-
ordinate, the temperature field will be expressed as

m
Xcds [cut — s—111/~-

where
R = [{x — f)2 + (y — jj)a + (2 -- C)a]1/2.

This investigation was communicated at the meeting of the Department
of Mechanics of Continuous Media of the Institute of Basic Technical
Problems, on January 28, 1957.
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