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Let a concentrated source of heal of inlensily variable in a harmonic
manner act at the point A constituting the ovigin of the co-ordinate
system. The aclion of this source will result in a time-variable temperature
and stress field T and oy, respectively, both varying also in a harmonie
manner. Assume lhat the frequency of vibration of the heat source is
insignificant, so thal the phenomenon under consideration can be treated
as quasi-static. The acceleration containing terms in displacement equa-
tions of the theory of elasticily will therefore be dropped.

The temperature field is determined by the equation

5 1 0T W
(1.1) PET = 57— 0@ i),
where k= 1/pc, A is the coefficient of heat conduction, p— density and

¢ — specific heat. The symbol § denotes the Dirac function.
In view of the harmonic dharacter of the action of the source, we
assume

(1.2) T (2,92t =U (z,y,2) @,  W=Weilei,
The Eq. (1.1) may therefore be reduced {o the form

(1.3) PAU—igU= v———a(x)(s(y (2) -’?:‘%

The solution of this equatmn in cylindrical co-ordinates, assuming
T = 0 at infinity, is

o oo

(1.4) U= anlffa(ﬂ +y +ig) Tt (ar) cosyzdady, r=(x*4y?"
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Aller inlegralion, we have

(1.5) U"aWTER“cxp( Ry/ni), R=(a®-y*-2")2.

Bearing in mind (1.2), we [ind that

W oo ; —
(1.6) T=mﬂ lexpll({nt—s)—-ﬁ]afu]].
The temperature field T will be obtained as the real part of the ex-
pression (1.6):%)

[17) = 4"@};{ R GXD( R ]/2 k) * COS (m t—e—IR ]/: )

It will be convenient for the determinalion of stress to use the potential
of thermo-elastic stress @. i
This function is related to the temperature field.
Thus, [1], we have
+—1-

(1.8) , Po=1—ual,

where » is Poisson’s ratio and a; — the coefficient of (hermal dilatation.
In view of the harmonic character of the source, we assume that

{1'9) ) I‘-'D(;C, Y, Z,t) = Re { lP({I.',y;Z) en(’f"'}} o
Thus, '
(1.10) _ prw =12 0.

Bearing in mind the Eq. (1.4), the solution of *he ibove equalion has the
form

oa e

i w=—Fog 1E2 f (@997 (@9 1)1
]
X J,(ar)cosyzdady,
or, after integration,
)} + Y oay W, . e,
o 0 ey == /. we]
(1.12) ¥ 1_})4“1”2;1 E}(p( R “})]R ’

The real part of the function @ in the Eq. (1.9) will take the form

1 )
(1.13) h=— 1j:; a :i";ﬁ {sm [ /———- wt |- P] ®

X exp (——R l/) 4 sin(mt—-s}}.

*) We assume here that W (t) = W, cos (wt — e).
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Kmowing the funclion ¢, we are able to delermine the stress compo-
nenls from
L O

(1.14) o =2 Gt?);a-; |7 "”‘5-’;) Li=x,y,z,

where 9y is Kronecker's della.

We are concerned in our problem with a symmelry of the spherical
type. In spherical co-ordinates we obtain the most simple expression for
stress components, We have

(1.15) frn-==2G(;{:éﬁ-——l-’“fh), uw,_.m_-zc;(lﬂ-“.r-—w)
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. Using the Eq. (1.13), we find that

1+ akW,G | « ,“‘_,
bt s 1“""1’( il z;)“ LR 55 )

>:sin(mt—-e——-R]/—;%;)+R']/—2-‘-'i-:]-—sin(mt—a}}R‘",
- (1.16) '

1+») s W, Gl /
Opp = 098 = — Grr— L{TL—T-}%A';%C R~'exp (-—R ]/ “— ) e

X cos (mt——s—R]/é%)::—-rr"——:ié}:;aﬂ GT. Ogr == Gpn == Gy, == 0.

" In Fig, la the diagram of the funclion oy is given. Fig. 1b represents that
of o, for a few values of the parameters z=wt—e.
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Let heat sources uniformly distribuled along the z-axis, act in the
elastic space. The problem is axinlly symmelric. The heal equation takes
the form

ik N i
(1.17) i 1 Do i T W

P e, e e e a0

For a linear source of intensily W per unit length we assume that it
changes with time in a harmonic manner, and

(1,18) T (r,t)==U(r) e'oi=d), W =W,e -,
The Fq. (1.17) takes the form
a
d
(1.19) th i d?—ia;[!:—%a()

The solution of the Eq. (1.19) is the integral

-

(1.20) U= W fa.}n{ar) (a*iy)? r1n==—-2W

2}]72. Kn(iit’:):
0

A
where Ku(rlffT;) is a modified Bessel function of the third kind otherwise
called a Basset function. Thus,*)

' 8
(1.21) 5“_Rel2m1

ifwt=t) K (r [,’i_,?)} 5

Bearing in mind that
' v

e T Ko(rV/in) =ker,(r}/n) + ikei, (r/n),

where the functions ker,(z), kei,(z) are Kelvin functions, we can ex-
press the real part of the function (1.21) by

(1.22) = ;&j [k(ﬂo ( 1/2 k) cos (wt—e) — kei, ( 1/2 k)sm (a)t—-s)]

From the equalwn

PO 1 0P 1+
. rr Pl el

we determine the funclion @ in the form

e

(1.23) @=—Re [2Wu3 J- a (a®*+in) " Jy(a, ) d u] =

by Wy |

T1=y 2aA ) |

In —%—K‘, r -;:G"?;)].

* For W= W, cos(wt—e)



150 W, NDW'ILkL

Knowing the function @, we can determine the complex slress from
the following equalion:

(1.24) o,,ﬁ—zs% g—? oty = 2("j “!’, P
» We obtain
i £ {10 f—#)
arr = ii:‘ at “:;f s [l in K, (ry 1:;)-— _]_,]

, 147 W,G e[ . 1‘
(1.25) Uw=—1j:1 ar—;:i— e—i— ~-[l K, (i) +niK, (r Y in) —=| =

11
-
* . "‘-*_‘lf.-r_“"“_'f-!.rzCr V
l UW”={]‘ 1—v»
The stresses o,, gpp will be obtained as the real parts of the funclions
* *
Orr Uw.

We have
14y W,Gk |
== e ]/ *‘e‘l( 4% ak)
— ker, (1' ]/;k)] cos (wt—e) + [ker1 ( /f—) -+
- kei, (r"/g—u;”sm(wt-—s)]—}— - qm(mz-—a)},
(1.26)
Tpp=— Orr — l+” ﬂﬂ——(kmn (r]/ )r:us{“m:—s)—keli0 X

() i antor =)

Let us now consider the following problem. Let unilormly distributed
heat sources act in the plane x = ¢ of an elastic space. The intensity of
these stresses per unit area of the plane w=:=§ will be denoted by
W =W0 ellot—s)

The heat equation is

PT_ 10T

o A ;E

(x— &)

Introducing the relation T (x,t) = U(x)e’l*'—¢, we reduce the partial
differential equation (1.27) to the ordinary equation
d..

(1.28) - S u;U———-—-“é!’r-—-f}
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The solulion of this equalion is

(1.29) U::;N—; f‘(a"'—l-ia}}’ "eosau(v—E&da=

v 7

i
= ;v;" (i) " 2expyl—(x—&) .
Hence, ‘

(1.30) T = Re{-?g'—’ (i expli(wt—e)—(x—&) 1,”}
The real part of this function is the temperature field

(1.31) T== —2:—2‘ (N1 2exp [— (x—&) /] cos |@t— ¢ —(x—&) ||
which is soughl.
The Eq. (1.8) reduces {o the form

o 1 2—1'

() oat T 1—y

a1,
_From (1.14) it is seen thal

O =0, =20, 05=0, o,=0

and

Ao 1-4»
(1.33) U'J-y=Uz::_zGa‘ETiz—"'lzG‘l'__‘llﬂfT.
Thus,

GW,ar (142 2K\ ' /@
(1.34) s_.ry-:u":v-z—-(-—{——}’—(w) exp —(m—-§) 2(k

cul""i-—'{.l &) l/ZJc

In Figure 2 the function ¢,, is represented for various values of the para-
melers 7== wt—e. '

Lul w posilive plane heab source act in the plane x = ¢ and a negalive
plane source in the planc x = —¢§. ' In this case we have T =0 and
oyy==0, o ==0 in the plane xz =0,

We are concerned with the case of an elaslic semi-space (x>>0) in
which a plane heal source acls in the plane x == £,

The slresses oyy, 0z Will be obtained from the equations

. 12 5
(1.35)  oyy== :=G$"(iﬂi'—fyi)”—](%f) {exp[—(x—&]]/%]x
'wt—s-—(x—f)]/ ,—ﬁ;‘i—expl x-§) ]/—--]
ﬁt—e—(m*l*f)l/ia;z]} for x>&.

For x <<¢ we should replace (x—-¢) by (& — x),

1—1
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K cos
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Fig. 3.
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In Figure 3 the function ey, is represenied [or various values ol the
parameler .

The solutions obtained for a heat source varving in a harmonic manner
can be used for construeting solulions changing in a periodic manner.

Expanding the funclion W ({) in a Fourier series

(1.36) W(t) = ,\ n oS (N L=—¢y,),

n -l'i

we obtain the temperature and stress field as a result of superposition
ol harmonic elements,

Thus, in the case of a source of jinlensity W (t) acting in an infinite
elastic space and varying with time in a periodic manner, we obtain for
the temperature field the following expression:

oo

[-1-37) T*'— > Ay Exp( ’/;i:)uﬁ nwl — R.’/mn)

aAR =

=0
Moreover, the solutions obtained can be used tn defermine ihe tem-
perature and stress fields in the case of heat sources distributed over any
region I' of the elastic space. If in the region /' there acts a heat source,
constituting a harmeonic function of time and any function of the co-
ordinate, the temperature field will be expressed as

s Wo & n8) (ﬁ : _’wj)
T(m,y,z,t]_fixﬁfiff ) exp|—R l-‘/?’lc 2
()
Xcds(wl.——-e——R]/gk) dédndd,

=[(x— &7 + (y — o) + (2~=CF].

This investigation was communicated at the meeling of the Department
of Mechanics of Continuous Media of the Institule of Basic Technical
Problems, on January 28, 1957,
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