
BULLETIN DE L'ACADEMIE
POLONAISE DES SCIENCES
Cl. IV — Vol. II, No. 1, 1954

APPLIED MECHANICS

The Stress Function in Three-Dimeusionai Problems
Concerning an Elastic Body Characterized

by Transverse Isotropy
by

W. NOWACKI
Communicated at the meeting of June 2, 1953

In the theory of elasticity of anisotropic bodies for three-dimensional
problems there is but one stress function as yet known.

It is the function given by S. G.' Lechnicki [1] for axially symme-
trical problems concerning bodies characterized by the transverse isotropy
and is a generalization of A. E. H. Love's [2] stress function for axially
symmetrical problems in the case of isotropy.

In this paper we present a new stress function for elastic bodies
characterized by the transverse isotropy. This function is not limited to
the circularly symmetrical problems. In the particular case of an iso-
tropic body it is identical with the stress function derived by B. G. Gal-
lerkin |3j.

1. Let us consider an elastic, semi-infinite, transversely isotropic
body. The system of coordinates is chosen in such a way, that its origin
and x, y axes may lie in the plane limiting the semi-infinite body.

The components of stress are related to those of displacement as
follows |4 | :
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where

The equations of displacement in the theory of elasticity of trans-
versely anisotropic bodies will take the form:
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The displacements u, v, w, expressed by equations (1.3) in terms of <p,
transform the first two equations of the system (1.2) into identities; sub-
stituted into the last equation of the system (1.2) they result in the
following differential equation for f(f):
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We obtain

•5) [••%?* <p(x,y,z) =
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and

1 = e K e ± l7e2—1 for Q > 1
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The parameter Q is most important for solving equation (1.5). Depend-
ing on whether Q > 1 or Q = 1 or o • C 1 we obtain different types of
solutions of eq. (1.5).

In the particular case of o = 1; e > 0 , equation (1.5) can be reduced
to the biharmonic equation

> (*
where

The function <p is chosen to satisfy the equation (1.5) and the boun-
dary conditions. The knowledge of that function allows us to determine
the components of the stress tensor from eqs. (1.1) and the displacements
from eqs. (1.3).

2. The application of the stress function <p will be explained on
two examples.

a. Let us consider a plane limiting a semi-infinite body loaded by
a vertical load p (x, y), symmetrical with respect to the axes x and y.

The stress function is assumed in the form of a symmetrical Fourier
integral

(2.1) (p~ J J Z (z) cos az cos j3y dad/3.
o «

In the case of z —> oo the stresses vanish, and we assume for Q >• 1

where

For z — 0 we should have

cr* (x, y, o) — — p (cc, y), rx2 {x, y, o) = T^ (X, y, o) = 0.

The first condition leads to the relation

(2.2) A (A,, a — AV]) ,4 + -zrX\ + A33 b-^-v = — p (x, y).

The other two conditions can be reduced to a single one

(2.3.

We express the external load by means of Fourier's integral
CO Oil

(2.4) p(z (y) = -2 I j p (a,(3) cos ax cos|3y dad/5',
0 0

which is possible if the value of integral / / p (a, §)dad/3 is finite.
o o
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Substituting (2.1) and (2.4) into the boundary condition \ve obtain
the constants A, B. Then

4 1 / A A
V -"-11 -"83

\ Zi • OI (j< ' O / A A A 9 \ /v ' ' TT" ( JX A\ JA" 1 I / / —— isn \±\UJ\^ -"-is' \/*i. n
0 0

— (1 + fif ?/) e~'"l'z | cos ax cos /iy da dfi,

where ?; = AiS/An.
The knowledge of the function cp allows us to determine the compo-

nents of stress and displacement and the problem can be regarded as solved.
For example, we have

1/1 t-r ii ?)— ' Li___v8

LU I IA* , U, <C} VIA A A 0 \ \

0 0

— (jj\ i] -\- 1) (bf/%, —• a) e~'"1'z | cos a x cos fiyda dfi.

b. Let us consider a thin isotropic infinite plate resting on an
elastic semi-infinite body of transverse isotropy. We assume that there
exists no friction between the plate and the foundation.

The differential equation of deflection will take the form

(2.6) NV> w(x,y) = q(x, y)—p(x, y),

where w(x,y) denotes the deflection of the plate, N — its flexural rigi-
dity, q (x, y) — the load, and p {x, y) — the reaction of the elastic foun-
dation. We assume that the plate cannot be separated from the base.
Then we have

w{x,y) = w{x, z/,0),

where w {x, y, 0) is a vertical displacement of the plane limiting the
semi-infinite elastic body.

Substituting cp from equation (2.5) in the expression for w (1.3), we have

(2.7) w(x, y, 0)=C I I P j ^ 1 cos ax cos fiydadp,
0 0

where

C =
n (An A33 A-Vi)

Expressing the right side of equation (2.6) in terms of the double
Fouriers's integral we have
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Hence the deflection of the plate, resting on elastic semi-infinite
body, will take the form

_ ? ? q (a, 0)
(2.8) w(x,y) = C I j^Q-i^T cos ax cos jiy da dfi.

oo H 4

Knowing the deflection surface of the plate, we can determine any
statical quantity (bending and twisting moments, shearing forces etc.) of
the plate.

The applications of the function in question are somewhat limited,
however, and it cannot be applied in the case of problems with three
boundary conditions instead of two.

Institute of Mechanics of Continuous Media. Polish Academy of Sciences. Warsaw.

REFERENCES

[1] L e c h n i c k i S. G., Simmetricnaya deformacya i krucenie tiela vrascenya
z anizotropii castnego vida, P. M. M. 1940.

[2] L o v e A. E. H., Mathematical Theory of Elasticity, 1939.
[3] G a l e r k i n B. G, K voprosu ob issledovanii napriajenia i dejormacii v upru-

gom izotropnom tiele. Doklady Akademii Nauk SSSR, 1930.
[4] L e c h n i c k i S. G., Teoria uprugosti anizotropnogo tiela, 1950.


