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The object of this note*) is to find the deflection surface of a rectan-
gular plate arbitrarily loaded, the boundary being divided into sections of
different boundary conditions.

Liet us consider the simple case of a rectangular plate (Fig.1) arbi-
trarily loaded and simply supported at the edges x=0, #=a, and x=20.

Let us now assume two pairs of different boundary conditions existing
at ¢, and c,. For ¢, let us put

1. lyw(z, 0) =0, lyw(x, 0) =0
and for ¢
2) gy w(x,0) =0 gow (2, 0) = 0,

where 1, ly,g,,9, denote linear differential operators, and w(z,y), any
ordinate of the deflection surface of the plate.
B e e The problem is to solve the differential

8 l E equations of the deflection surface
t_ Y ls o 14 94 (2, y)
& | dw ctw dw __ pa,y)
T ‘l ax4+26’x333ﬂ+3y‘_ N
“ b : %
' with boundary conditions (1) and (2) at the edges
¥ig. 1 y==0), the conditions for other edges being V}, =0,

w=>0,

Let us note that for ¢ the operators g,w(x, 0) and gw(x, 0) are unknown
functions of x; the same may be said of the operators 2,w(x, 0) and
lyw(z, 0) at c,.

*) This note will be published in extenso in “Archiwum Mechaniki Stosowanej*
5 (1953), 2.
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The Problem of Rectangular Plates with Mixed Boundary Conditions 11

Let us assume as basic — a system with g, w(x,0)=0 and g,w(z, 0)=0
as boundary conditions at the edge y=0 (for the portions ¢, and ¢, res-
pectively), the conditions for the other edges being Vi, =0, w = 0.

Let us denote by wg(x, y) the deflection surface corresponding to the
load p(x,y) and Gy(x,¥;§,0), Gu(x,y;§0), the functions of Green for the
conditions g,w(f) =1 and g,w(f) =1 in the basic system defined above.
The deflection surface w(x,y) of the plate may be expressed as the sum of
the two components u(z,y) and w,(x,7), the latter taking into account the
unknown boundary functions g,w(&) and g,w(E) at ¢;:

(3) w(x,y) = wyla,y) ~++ w, (2, 1)
where

@ w@0)=[g,0)-G:(%,5;£0) A+ [g10(8)- Ga(@,y; £ 0)dE; 0SE=cy.

€

The unknown functions g w(§) and gyw(f) are obtained from the boundary
conditions (1):

Liw(x,0) =0, lyw(x,0) = 0.

Thus we arrive at a system of two Fredholm integral equations of the
first type:

(6) twy(®,0) + [0,0(8) - 1,G:(,0; £,0) & + [0a20(E) - W Ga(e,0; & 0) =0
Lywo(@,0) + [ 120(8) - LG (2,0; §,0)2€ + [ g210(€) - 1, Go(, 0;,0) 2 = 0

where, according to Befti's reciprocal theorem,
(6) LG, (=, 0;. f: 0) = LGy (2, 0; E: 0).

From the system of equations (5) we find the unknown functions
a1w(E), g,w(€) and from the equation (3,4) the deflection surface of the
plate. Of course, a system with /w(x,0) and lyw(z,0)=0 as boundary
conditions for the edge y=0 (¢, and ¢, respectively) may also be assumed
as basic.

Then

(M) w@,y) = To(,9) + [L0(E) L@, ¥; § 0) 8 + [ hw() Ly(@,v: £ 0)dé
L] Cy

where y(xz,y) denotes the deflection surface corresponding to the load
p(x,y) in the basic system assumed. Z,(x,y;§,0) and L,(z,y; £ 0) are the
functions of Green for 7, =1, lyw =1 in the basic system. The unknown
functions 7,w(£) and Zw(E) can be obtained from the system of equations
resulting from the operation (2) performed on the equation (7).

Let us consider the particular case of the edge built in at ¢, and free
at ¢y,
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We have for ¢;
Lw(@, 0) = w(x,0) =0, Lw(x,0) = ——F"1—=0.
and for ¢, .

2w . % =
50,0 = — N33 + @ — )] =0 =0

9w %2
gaw(2,0) = —N(w +”§E?)y=n= my (2, 0) = 0.
Here the basic system can be the plate under consideration, free at the
edge y=0 and simply supported at the remaining edges. The unknown
functions for ¢, are: the reaction at the support g¢,w(§)=g,(&) and the
bending moment at the built-in portion of the edge ¢,w(§) = m,(§)

" a) b)
" pat N o L
j 7 ) f
“ T 11‘
k2 I i ~0125 1 I’ __________
-0t Yl MR- =~ < __ N
il

2Fig.

The basic system may also consist of the same plate built-in at the edge
y=0.

The unknown functions for e, will be: the deflection 7,w(&) = w(f)
duw|
E.g Ir.*:ﬂ: P ().

The method described above of solving the problem of the bending
of a rectangular plate with different boundary conditions for each of the
two sections ¢; and ¢, of one edge can be generalised for any number of
sections of one edge as well as for the case where all four edges are
divided into any number of sections of different boundary conditions.

This method of solving problems concerning rectangular plates with
mixed boundary conditions will be illustrated by several examples.

. A narrow plate whose breadth is & is bnilt-in at section ¢; of the
short edge, ¢, and the remaining edges being simply supported. The
plate is loaded by a uniform load p. Let us assume the system consisting
of the plate simply supported at the edges =0, x =«, and y=0 as

and the angle of the tangent to the deflection surface Z,w(§) =

. _ . _ 9w (a2, 0)
basic. The unknown function is the bending moment M(z) = — N 5y
at the built-in section ¢; =1 of the edge. From the second equation of the

2



The Problem of Rectangular Plates with Mixed Boundary Conditions 13

system (p) taking

Lw(z,0) = w(x,0) =0, Lyw(x, 0) = é‘_wé_-’;@=0 | for ¢
and
2
g (2, 0) = w(x,0) = 0, gat0(x,0) = —N—:;——a;—{:“—i)—)= 0 for ¢y

we obtain the following integral equation:
aj2

(8) ly204(, 0) +fﬂz(§)‘ LGy(2,0; §,0)dE = 0
0

or

bue,0) +fM G060, g,

The function of Green G, should be satisfied by the differential
equation V2V*®G,=0 and the boundary conditions G,=0, V*G,=0, at the
edges =0, x=ua, y=o0 and

% Gy(x, 0; &, nnf . maT
Gg(&.’.‘,{]; E, 0) = 0, = N—Z(a‘?ﬁ, E 28111 E

n—! 31
Thus we obtain
(- L
nnE . nnax

N ;
Gy(z,y; £0) = Nn 2’ —— sin —=sin —

n=1,2,...

or

TY T
cosh = =i008)= (x— £

i
Gy(2,9; §0) = — In
4 Nm Y T
osh — —cos E(x—|— 3]

For the given load we have in the basic system:
4pat 0l niY ) . nwnx
Wy (%) y) = Nt 2/ o [ (1 + ) @ [sin——
n=1,8,...

Equation (8) thus appears as:

af2 sin o= (x — ) ;
©) fM(g) In _—2: aE =4—§' V' ﬂi‘ i
0 Billga (.T, + g) n=1,3,...

Fig. 2 represents a diagram of the function (&) obtained as a result of
an approximate solution of the integral equation (9).
For ¢;=a, ¢,=0 we obtain the solution of equation (9) in the form of

M(m)=——2—(a-m).
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2. A narrow plate infinitely long with a slot coinciding with the
x-axis, uniformly loaded over the whole area (Fig. 3). The shearing for-
ces at the z-axis are equal to zero.

a Assuming the bending moment
\ o7 C. (e, 0)
LA | my = — N ———'— = M(x) as un-

S 9?/2

g b

known we obtain the function M(x)
as a solution of the integral equation

a
,___[‘\\ NN
l._

o

Fig. 8

(»-being the inverse of Poisson’s ratio).
For ¢, =a we obtain

M(x) = “’%f’(a — )

3. A rectangular plate is shown in Fig. 4. In order to find the unknown
moment M(z) at the built-in sections AC and AD of the edges we obtain
a single integral equation

3 < |1 e AL
‘/ﬂ[(z) Z = (ctgh On— ;iﬁi_za) sin @,7

0 =12

Slna T 3
+ 2 ———" " |sin@,xldr=

2
m—l 2.0 (m + -‘.‘;)
— 2pa® o 1 ' ;
= ng“ 'n_“ tgh%‘-———QL—— sin @, &.
n=1.8,... 2 {’}OS]:l2 %ﬂ
nm mi
On="nmn, ;= R Gy = i

the system being symmetrical with respect to one diagonal.
. Numerous examples of this type can be given. The main difficulty of
the method described above is that of solving a system of integral equa-

tions. The method can be applied to plates of areas composed of rectangles
as well as to continuous plates.



