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GREEN'S FUNCTIONS FOR AN THERMOELASTIC MEDIUM
(QUASI-STATIC PROBLEM)

IiY

W. NOWACKI

1, In our previous papers [1] and [2] the Green functions for the
dynamic thermoelastic problem were derived. In this Note we are concerned
with the determination of displacements and temperature accompanying the
deformations in an unbounded thermoelastic space for the case of a con-
centrated force and heat source. We assume that this force as well as the
heat source are slowly changing in time. In the quasi-static problem the
inertia! members in equations of motion can be disregarded and, conseq-
uently, the fundamental equations of thermoelasticity may be formulated
as follows:

m ? „ 1 59 ,. du Q
U) V29 i]div— = — — ,

v, dt dt v.
. . -+ •+ •+

W (.iV2 u -\- (A + n) graddiv u + X = y grad 0 .
Eq. (1) is an expanded equation of heat conduction, whereas Eq. (2) re-

presents the displacement equation of the theory of elasticity. These equations
- > •

are mutually coupled. The notations adopted in this paper are: u staads for
-+

the displacement vector; X — for the vector of body forces; Q — T — TQ
denotes the difference between the absolute temperature T and the tempe-
rature characterizing the natural thermic state of the body, T0;Q is the
function describing the intensity of heat sources; ^ and X are Lame's
coefficients with reference to the isothermic state; x = {k/Qce) denotes a
coefficient, wherein k is the heat conductivity constant, Q — density and
c, — specific heat of the body, the deformation being assumed constant.
Further, r\ = yT0/k, where y — {31 + 2\n) at, at being the coefficient of linear
heat dilatation; Q = W/{qct), where W represents the quantity of heat gener-
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ated in a volume unit of the body in a time unit. Functions u,Q,X,Q
are the functions of position and time.

Decomposition of the displacement and the body forces vectors into
the potential and the solenoidal vectors respectively leads t o :

*3) u = grad <p + curl O|J,

(4) X = y (grad {} + c u r l x) .

We reduce the system of Eqs. (1) and (2) to the system of the foll-
owing three equations:

(5) ( y 2 _ I 5 ( | e _ T ] â / V î C p = _ 2 j

6) V2fP —mQ — ~x\\,

b|! Q Q dt

Let the concentrated force, varying in time and acting along the X\
axis be applied at rhe origin of the coordinate system. It means that

* / - » ( * » ) 8 (J%) 8 (*8) »»//(«)•

Now, let us assume that this force starts its action at the moment
t — 0+ . We perform the Laplace integral transform on Eqs. (5)... (7).
Introducing the transformation of the function

CO

- f i \ g W \ " g(p) = [ g { t ) e - * « d t , p > o ,

and assuming homogeneous initial conditions, we reduce Eqs. (5)... (7) to
the forms:

(8) [V2_£]e-T)>V2cp = 05 (9)

(10) A ? % ' - . - i J , (*-1,2,3).
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The quantities fl and y will be determined from the formulae:

(11) %&p)~--l-{x(*,p).gr*d\ } 4-
4^i \R(xsx')

(12) x (*»*) = — •~-[x(x')p)Xgi&d\ - -~—

whence

(13) 1-0, i ^ )

" \*i ' "Y2 + X 3) •x3 7

4jt g3x2

After eliminating the function cp from Eqs. (8) and (9), we obtain

(14)

The function expressed by Eq. (15) is the particular integral of Eq. (14)

(15) e = *• A ~ (~P R - M/(p), ^ = -. JL
5* li? /?] 4nocjlm(

^ = -. J L ţ.

On performing the inverse Laplace's transformation, we arrive at

(16) 9 ( ^ î ) =

a*, 1 ̂  I 4 j i K

0

4u(r-t)
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Inserting Eq. (15) into (9), we get the following differential equation:

Taking into account that

we obtain the particular integral of Eq. (17) in the form

;,îr t | JL R
2

After carrying out the inverse Laplace transformation on function cp3
we have

(19) CP (*, t) = - — lRf[t) + - 2 m C/(T) erfc f—"\/ 1 + e ] dt],
2 to, I (1 + F ) / ? J 12 Vy.(t- T)J I

o
where

erfc(*)=-^

The solution of Eqs. (10) is well-known:

^ o , ^2 /(t)(R)i ya f(t)
ojt|i dx3 8rt[x dx2

Since

curl I - ! f1 *<*> f12-^ i ! i ^ - l
we may represent the components of displacement, by the formula (3)

(20)

+ ^^-Q Q.yy-^erfc\-\f-l-LJL- dt, a. = — .
[,_T)J ' ^ to/

0
If we now transfer the point of application of the concentrated force

from the origin of the coordinate system to the point (g), and direct this
force along the £&-axis, we will obtain formulae for displacements and the
corresponding temperature
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(21)

+
+ 8 ' k) R \2 \ x(t —

0

w U 6 ( / ( r T ) e x p f
(22) 1 R V 4xt* r L 4u(r-T)

Let us remark that displacement u(V consists of two terms, the first
varying with time similary as the function f(t), and the other in the form
of convolution, characterizing the conjugation of the field of deformation
with that of temperature. The same holds true for the function e w .

Assuming f(t) = 8 (t) we obtain in virtue of Eqs. (21) and (22) Green's
functions for our problem i. e. the action of the concentrated and instan-

•+
taneous force acting at the point (£) directed along the axis xk.

If the concentrated force varies harmonically with time, i. e. for

X] (x, t) = 8 (x — I) bjk e-i0", we obtain the equations of amplitudes, provid-
ed we replace in the Laplace transforms the parameter p by the para-
meter —no, wherein m stands for vibration frequency. Thus, function

ip(x,t), for instance, will take the form:

(25) cp(V)=-e- | a"_!
The displacements and the temperature pertinent to harmonic vibrations
are given by the formulae
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(26)

(27)

where

c =

e«) = _ eA d

1
8 JTfl

1 mt — - exp
R

4- e j

R

' j h —
1/2

2. Let us now examine the non coupled problem. We apply the
approximate classical equation of heat conductivity:

(28) V 2 9 _ l ^ i a = 0 5

instead of Eq. (1).

Passing from Eq. (1) to Eq. (28), we introduce into the results obtained
the quantities r\ = 0 or e — 0 respectively. In this way Eqs. (21) and (22)
can be expressed as:

( 2 9 )

It is to be noted that Eq. (29) can be written in this way:

(30)

wherein M(.*>(*) is the Green function for the static problem, given by the
known Kelvin's formula.

Basing on Green's functions as expressed by Eqs. (29) and (24) we
may formulate further singularities. If we apply at point (gj + Agj/2, ^ |3)
the concentrated force (P/A|,)/(£), acting along the. xraxis, and, on" the
other hand, at point (Si — A^/2 , | 2 , |3) the force (P/A^)/(r), acting along
the negative axis xu then after passing A^-fr-O we obtain the following
displacements, v., and temperature 6 :

(31) 0 = — P
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For P •• 1 we get Green functions for the double force without a
->

moment. Assume at the point (|) a compression centre is acting, that is three
dual forces, the first of them acting along the xx, the second — along the
x2, and the third - along the x3 axis. Denoting the displacement by the
symbol Uf and the temperature by 0, both due to the action of the com-
pression centre we have

/%

)3'2 ' | 4y.(r — T)2 J 1 / . i n n : ^ / < l

(33)
: , r?., =l

4x(t — t)J
o

If the compression centre varies harmonically with time variable, we obtain

(34) )-4
M - 2 n ) J

Assume now that a concentrated, varying with time a heat source^ is
acting at the origin of the coordinate system: Q{R,t) =b[R)f(t). Elimin-
ation of function cp from Eqs. (5) and (6) and performance of Laplace
transform yields

For the non-coupled problem (« = 0) there is :

(35) U.=
1 J 8

Particular integral of this equation constitues the function

(37) e = — — t-pRf(p), R = (x\ + x2 + x2yu.
4K RV,



90 W. NOWACKI

After performation of inverse Laplace transform the temperature will be
expressed by the formula

(38) e(K,f) = —•
o

Function cp will be determined from the equation:

(39) y2cp = mQ.

The following function is the particular integral of (39):

"\ R R '

When the inverse Laplace transformation is performed, we get

The displacement, being the effect of the action of the heat source, may
be obtained from the equation

(42) «,~0,<P/'

If now the heat source is transferred from the origin of the coor-
dinate system to the point (1), we have to put Ri^(x.~ I ) {x. — ţ.) in
Eqs. (38), (41) and (42). ' ; '

Returning to the non-coupled problem, we insert * ~ 0 in formulae
(36)...(42). Thus, for the static problem there is

(43) 0 ( / ? ) ^

The equation

( 4 4 ) v2tp
yields the particular integral

(45) q > - — a + contt.
8

Thus

(46) u #.--2L.b,-
1 8 ^ J

r
"
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Let us apply the concentrated force varying with time at point (g)
->

directed along the xk. The formula for the temperature at the point (£')
induced by the action of this force is given by the relation (15)

(47) e* & ÎP) - u 8,[Y - - y /(/>), *2 - u; - y (s; - 5 , ) .
->

Let us now apply the heat source at point (§') and determine the
-+

displacements «^ at point (g). Eq. (42) yields:

1481 :t{ihp)

Comparing Eqs. (47) and (48) we arrive at

(49) dx(ţ',ţ,P)=—u?(l,%,P)-
Y

This relation may be derived from the theorem on the reciprocity [3].
In the transformed form, the theorem on the reciprocity, for an unbounded
region, takes the following form:

(50) f|Np[ (X.Z1. — X'.ui) dv+ Y \ (Qe' - Q' e)dV = o .

If we assume that

then from Eq. (50) we obtain whence

8{î — 5)

(51) - Y U ( J — ţ ' ) 7 ( p ) 9x(^£p)iK(*) - 0,

in conformity with (49).
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If the concentrated force and the heat source vary harmonically
with time, then

(52) Q*x ( ţ , I, CD) = ^
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FUNCŢIILE LUI GREEN PENTRU UN MEDIU TERMOELASTIC
(PROBLEMA CVAZI-STATICĂ)

(Rezumat)

în lucrările anterioare ale autorului [1], [2] s-au dedus funcţiile lui Green pentru
problema termoelastică dinamica. în această lucrare se rezolvă pr-oblema propusă
pentru cazul cvazi-static.


