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THE PLANE PROBLEM OF MICROPOLAR THERMOELASTICITY

W. NOWACKI (WARSZAWA)

1. Introduction

In this paper we shall be concerned with the plane states of strain and stress produced
in an elastic micropolar (Cosserat) medium by the action of temperature.

We confine ourselves to the problem of stationary flow of heat.

However, prior to discussing the plane problem, we shall dwell briefly on the general
state of stress in a micropolar body.

The action of temperature gives rise in the body to displacements u(x, 7) and rotations
¢(x, 7). The state of strain of the body is described by two asymmetric tensors: the strain
tensor y;; and the curvature-twist tensor #;;. Both tensors are connected with the quanti-
ties u and ¢ by the relations [1-3]

(1.1) Vit =W j—CjiPr %= Py hik=123.

The state of stress is characterized by two asymmetric tensors. The tensor of force stresses
a;; and of couple-stresses y;;. They are connected with the tensors y;, »; and @y, wy
by the constitutive equations [4]

o5 = (u+0) Y5+ (— ) yiy+ Ay —10) 5y
i = Y+ & ty+ (y— &)y + by, 4,j,k=1,2,3.

The above equations should be regarded as Duhamel-Neumann equations extended to
a micropolar body. In the relations (1.2) the symbols ¢ and 4 are Lamé’s costants, while
o, fi, v, ¢ denote other material constants. We have » = (32--2u)e, where «, stands for
the coeflicient of thermal expansion. Substituting Eqgs. (1.2) and (1.1) into the equations
of equilibrium

(1.2)

(1.3) 0‘1le=0, El'jkdjk_|_ﬂﬂ.}:=0' f.,j, k= ]; 2;3;
we obtain a system of equations in displacements and rotations, namely

(1.4 (u+o) V2 (A4 pu—o)graddiva4-2xrotep = pgrad(,
; | o
(r+6) Vet (B-+y —e)grad divep—dagp+2arotu =0,  V? = a‘—xi

The term 6 representing the increase of temperature (the increase with respect to the tem-
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perature of the body in its natural state) may be determined from the equation of heat

conduction
W

2 — —
(1.5) Vi = "
Here the symbol W denotes the quantity of heat produced per unit time and volume while
Ao is the coefficient of heat conduction. Equations (1.4) and (1.5) should be supplemented
by boundary conditions. We write them in the form

pi=oum =0, m=pum=0,

a0
ADE le(ﬁﬂ‘—a), xeA.

(1.6)

The first two conditions refer to the absence of loading (forces and moments) on the sur-
face 4 bounding the body. The symbol 0, denotes here the temperature of the medium sur-
rouding the considered body. 4, and 4, denote, respectively, the coefficients of internal
and external heat conduction.

2. The Plane State of Strain

In the plane state of strain all causes and effects depend on two variables only. Assuming
that the displacements and rotations do not depend on the variable x;, we have

2.1) u= (U, uy0), @=(0,0, ¢,

where u,, u,, @3 are functions of the variables x,, x,.
In accordance with the definition (1.1) we obtain for the plane state of strain the follow-
ing components of the tensors y;; and 2;;:

2.2) Yu=0i, Yu=20, Y= 0U—qs,
Yo =0+ @3, %3 = 0103, %3 =0,03.
The remaining values y;; and #;; are equal to zero. From the relations (1.2) we get
o5 = () Yyt (p—0) yi+ Ay —0) )1,
O =Yur—10. py3=@+e)uns, pyy=@—exs j=1,2.

Here yg = yn+4-y22. The state of stress oy; and the state of couple-stress u;; are character-
ized by the matrices

2.3)

0y, O 0 0 0 Ha
(2.4) O = |0y Op 0 s n= 0 0 Haz| .
0 0 oy JZTR R

The equations of equilibrium (1.3) for the plane state of strain are reduced to three equa-
tions, namely
01011-+0,02, =0,

(2.5) 0101540505, =0,
01— 021+ 0y g3+ 02123 = 0.
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Eliminating the stresses from Eqgs. (2.5) and taking into consideration Egs. (2.2) and (2.3)
we arrive at the following set of three equations:

(u+a) Vi + (u+2A—0)d, e+ 20d, 3 = 9,0,
(2.6) (,u—|—ot)V u3+(y+2 0’-)323 2&'3[(]73 = 1'326

[(y+&)Vi—4a] @3+ 20,1, —dr14) = 0.
We have
Oty +duy =e, 01495 =V;.

In the polar coordinate system we deal with the following vectors of displacements and
rotations:

2.7 u=(u,u5,0), @=(00,¢.).

In this system we have

u, 2 du 20: dp. a0
L (Vz“’*??”'ri' 31;)“”“ VT =g
2 du de op a0
b 2 — - L AT T O Y AP OG-l - vl
(2:8) (pt0) (V up——7+z r? 3?9) thaki—a) réi) 2 ar Y78

20 & du
: 2_. e [ el
[(}’ 1—£)V 4“]%"‘ r (3!’ (J’Hs) 30) 0'
where

3 1 @ 1 32 l d l@us

V= 2_]_?5_1._;_,_2 e 5% c')r( )Ty r or "

In the one-dimensional problem, for space, semi-space and an elastic layer, i.e. u; =
= u(x,), u = 0, only one equation remains from the set (2.6)
(2.9 A42w)duy = v2,0, u, =0, ¢3=0.

In the case of axi-symmetric deformations, the system of Eqgs. (2.8) reduces to the following
one:

#? 19 1 a0
(2.10) (A+2p) F—E_?E_?)u' =

Evidently, Egs. (2.9) and (2.10) coincide with the equations of classical thermoelasticity
for the case of one-dimensional problems. The stress tensor oj; is symmetric, the couple-
stress tensor uy; is equal to zero.

Let us introduce in Eqs. (2.6) the vector

(2.11) ;:%rotu—cp.

or

1
{1 =0, =0, &= 5(31”2—321*!1)“‘?’3-
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Equations (2.6) now take the form
uViu QA -+p)de—200,0 = 0,0,
(2.12) UVt 4+ (A+ ) By e+ 200, & = 8,0,

[+ Vi —4e)ts— 5 -+ V@1 2ate) = 0.

The solution of this system of equations will be composed of two parts

u = utuwy,  uy=wtu,

L=0+0" G=0.
The primed functions are particular solutions of non-homogeneous Eqs. (2.12) while the
functions with a double prime stand for the general solutions of homogeneous Eqs. (2.12).
Introducing (2.13) into (2.12) we obtain

PV A ) re = 92,0,

(2.14) V24 () dse’ = v2,0,

Vi@ —du) =0, =0,

(2.13)

and
WV (1) e — 200,83 = 0,
2.15) EVius + (A 1), +200, 23 =0,

1
[(y +6)Vi—4o] s — 5 (y+e)Vi@ u) —du)") =0.

Thus we arrived at Eqs. (2.14) identical with equations of classical thermoelasticity [5].
The condition &5 = 0 leads to the relation @3 = é- (01, —0d,uy) which holds in the classi-

cal theory of thermoelasticity. The condition (2.14); will be satisfied if we assume the
displacements uy, uy in the form

(2.16) W= 0,0, u,=d.

Substituting (2.16) into Eqgs. (2.14),, we obtain after integration the Poisson equation
for the function @:

(2.17) 2 — N

Vid=ml, m T2
The function @ is the particular integral of the system of Eqs. (2.14), and by the same,
is the particular integral of differential Egs. (2.12)

The primed stresses and strains can be expressed with the help of function @ in the
following way:

Yiu=®Py, =0,

(2.18)
0';5 = ZF(Q,EJ_(SJ[V%@), H_;i =1,
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In the case of an infinite region the function @ is given by the formula [5]

m ) —0 K,\'_] s :\'2} M£2

(2.19) PEE) = 40 | Rvp xn & &)’
£ 3bls

where
R= [(x‘__[’:lJl_i_(xz_&]Z]l!z.
For a bounded region we have to solve Eq. (2.17) with the boundary condition @ = 0.
Thus we have to solve only the system of Egs. (2.15) which refers to the isother-
mal problem (6 = 0). This is a typical boundary problem of the theory of elasticity of

micropolar medium. If we assume the boundary to be free of loading, we may write the
boundary conditions for the system of equations in the form

(2.20) @h+am =0, uim=0, ij=1,2.

Thus, the displacements ", u;’ and the rotation ¢3' being known, we can determine the
stresses o; and u;" from Egs. (2.3) (obviously we have to set there 0 = 0).

Let us return to Egs. (2.15). Differentiating the second with respect to x,, the first with
respect to x, and subtracting the results we obtain

(2.21)° uVE(0 uy —dyuy") = —2uV3i&y.

With the‘he]_p of this relation we reduce the system of Egs. (2.15) to the form
UV (A4 p) d1e” — 208,85 =0

(2.22) uViuy +(A4-p)dse’’ 4200, & =0,

292y w0 2 e (}"l's)(f‘f+_9‘l
O-PYR =0, P=-Tt it

or, in the operator form
- Lt/ + Ly’ + Lyl =0,
(2.23) Lyyuy'+ Lysus + Ly &y = 0,
Lyyui'+Lyuy' + Ly =0,

where _
Ly = wVit+@-+mdt, Ly = A+wud o, L3 = —2ud,,
Ly = (A+w) dr0y, Ly = pVi+@A+wds, Ly =200y,
L; =0, Ly =0, Ly = (FVf—l) s

We now introduce the functions Q,, 2,, 2, connected with the displacements u;", u3

[y

and the rotation {3’ by the relations

d -Ql' LIZ ‘LIB 1 ‘.LH Q] LISl L1l LIZ Qii
(2.24) ﬂi! = QZ ng ng y H’Z, = Lzl Qz L23| s (:’3, = L?.'i LZZ = 3_!‘ 2
_QJ Ly Las ’Ln 2, L Ly Lsy Qa’

Performing the operations in (2.24) and introducing the new notation
w =PV, v, =0V=1)Q,, ;=ViQ;,
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we arrive at the relations

A
uy' = (A+2p) I:VlTPL 1:2":‘ 01 (019142 ya) -+ 20{32?'{' 3

(2.25) “5.'=(1+2#)|: %% 2_:_2 2(01 1+ Oap2) — 20531',01:[,

— (A+2W) Vs
Introducing (2.25) into Egs. (2.23), we obtain the following differential equations for
the functions y, ¥,, ¥;:

(2.26) ViVip, =0, ViVig.=o0, Vi(PVi—1)p;=

The derived representation (2.25) for the displacements i, ;" and the rotation {3 in
terms of the stress functions ¥,, ¥, 93, can be regarded as a generalization of the Galer-
kin functions to the two-dimensional micropolar elasticity.

The procedure leading to the solution of the thermoelastic problem by means of the
stress functions v;, ¥,, ¥; is the following. We assume the particular solution in the form
(2.16), determine the thermoelastic displacement potential @ and then the stresses oj;,
j; from the formulae (2.18). In general this soluticm satisfies only a part of the boundary
conditions. The additional solutions uy’, u;’, 3’ are taken in the form (2.25). Then we solve
the system of Egs. (2.26) taking into account the boundary conditions. Finally the stresses
are obtained by superposition

(2.27) O = O5+0%i, = Bt -

3. The Stress Functions for the Thermoelastic Problem

Let us return to the formulae (2.2). It is readily observed that the quantities appearing
in these formulae are connected by means of the relations

a _-_a —¥X13 = 0; 3 —a _ —— 0’
(3.1) 1Y21 2%11 13 1¥22 2Y12—#23

01 #y3— a3 = 0
which can also be written in the form
Ryntoiyn = 910,(yiatya),
(3.2 Byi—tyn = 419, (Y—y1n)— @13+ 0r23)
dynaa—dany3 =0,

These are the compatibility equations for the two-dimensional problem of micropolar
medium.

Solving Egs. (2.3) for the strains y;; and »; (i, j = 1, 2, 3), we have

A A »0
”““ﬂ["“ 2(1+)("“+°’”)] 20+4)
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1 A 0
3!22:2—};[022_-2_(3_‘1']*_).(%—' 2)] 20048 °

Viz = (0'12+Uz|)+ (0'12 aa1),

1 1
Y21 = -‘E (021+012) + g o (021—0712) .

Introducing the above relations into the compatibility equations we arrive at the follow-
ing three equations in stresses:

301 +030— m—Vi(01+02)+ - -"—VZB = 0,0,(012+02),

A
2Q(+m) Au

4
(3.3) @8 Outon)+ 4 Vion—om) = 20,8:0n—01)— L - st o),

Oy phaa—Ooty3 =0,

In the case of the isothermal problem (0 = 0) the above equations are reduced to those
deduced by H. ScHAEFER [6].
We now introduce the stress functions F and ¥ and connect them with the stresses by
the relations [7]
0“=5§F—-—-3132':F, 022=3§F-1-3152gj,
(34) O‘n == —-alazF—a%W. G‘Zl _ —3132F~i—3ftp
pis=0,%, Pay = 0, .
Substituting relations (3.4) into Egs. (2.5) we find that they are identically satisfied. Sub-
stituting, in turn, (3.4) into the compatibility equations (3.3),,, we obtain
V2ViF4-2umVi0 =0,
(3.5) 1v1 Il 1 .
Vil—-PVH¥W =0,

where
o= ('J"+3) (p+o) = (32A+2u) o, ]

4o . A2u

The functions ¥ and ¥ are not independent. They are connected by the relations (3.2),, 2.
Consequently, we obtain

— 0, (1—PVY)Y = AD,V2F+Bd,0,

LG4+ g vG+e)
4u@A+p 7 2+m

We have still to give the boundary conditions for Eqgs. (3.5). We assume the boundary
s to be free of loading. This condition in expressed by the equations

3.7) oy =0, pam=0, j=1,2, xes,
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which, if expressed in % and F, lead to the following ones:

d oV

Y e SN s

s (0, F+0,7)=0, g 0.

The quantities d/ds and d/dn are the derivatives along the boundary s and along the normal
to this boundary.

The boundary equations may be written in the form
(e of Lo e .y

9’ dn "ds ' on
We take the solutions of Eqgs. (3.5) in the form

1
(3.8) -;S @, F—8,¥) =0,

(3.8")

(3.9) F=F+F' ¥ =919,

Here F' is the particular solution of the equation

(3.10) ViVEF' +2umVi0 =0, ¥' =0.

It may easily be verified that the functions F’ and ¥’ lead to the symmetric stress tensor
(3.11) oy =0l = —0;0F'+0;ViF', pu=0.

The stress function F’ is the particular solution for Hooke’s medium and, at the same
time, the particular solution of the equations of classical thermoelasticity.

The particular integral F’ can also be assumed in such a way that the Poisson equation
is satisfied, with an arbitrary boundary condition, e.g. F' = 0.

(3.10") V2F +2umb = 0
Assuming V' = 0 we satisfy relations (3.6), for
J . 0,(AVAF'-BO) =0,
i (AViF' +B) =0,

It is further readily observed that there exists a relation between the function F' and

the thermoelastic displacement potential ®, namely F' = —2u®.
The functions F*', %"’ should satisly the equations

(3.12) VIVIF" =0,

(3.13) ' V(1 PV =0

with the boundary conditions

(3.14) (eitoj)m =0, uin;=0, i,j=12. '

Furthermore, the following relations should hold:
—0,(1=PVHWP" = A,ViF",
H(1—=PVHY" = 40,V2F".
Thus we succeeded in proving, in general, that for the plane state of strain the solution
of the thermoelastic problem consists of two parts

a) the particular solution of non-homogeneous equations of classical thermoelasticity
and

(3.15)
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b) the general solution of homogeneous differential equations of micropolar elasticity
(with 0 = 0)

In the particular case of one-dimensional problem (u; # 0, u, = 0) or the two-dimen-
sional axisymmetric problem (i, # 0, ug = 0) it is sufficient to have only the solution a).

Let us return once more to the system (3.5) with the homogeneous boundary conditions
(3.8""). Consider the state of stress in an infinitely long cylinder heated on the side surface.
Assuming the absence of sources, the temperature satisfies the Laplace equation. In this
case Eqgs. (3.5) and the boundary conditions are homogeneouq The solution of the system
is trivial, i.e.

F=0, ¥=0

only when the temperature 0 is constant. Only under this assumption the additional rela-
tions (3.6) are satisfied.

Thus, we find that for @ = const the stress functions £ and ¥ in a simply-connected
cylinder vanish, which leads to the zero values of @y, 052, 012, Oa1; fhi3s 315 fha3s 3. The
only non-vanishing stress is o33, given by the formula

B(3A4-2p) &,
Iy

All other temperature fields satisfying the Laplace equation lead to non-vanishing stresses.

(3.16) 0y = A})“‘-—-’pa ———

4, Elastic Semi-space under the Action of Temperature Distributed over the Boundary

Consider the elastic semi-space x; = 0 heated in the plane x, = 0 to the temperature
f(x,). We assume that this plane is free of stress and hence, for x; = 0 we have

(4.1) oy =0, 0,=0, p3=0.

To determine the stresses we apply the exponential Fourier transform

_ il
g(x, §) = —F= f g(x), x;) ¥y, ,
. '/ n_Y
4.2) N
1 I i o s
X X)) = —— X1y C)e"*"nd’f; .
g(x1, x2) |/2“ N g(x
First we determine the temperature 0(x;, x,) solving the Laplace equation
(4.3) Vio =0
with the boundary condition
(4.4) - 0(0, x3) = f(x2)

and the regularity condition at infinity. Making use ‘of the Fourler transform we express
the temperature in the form of the integral

I [z
(4.5) 0(xy, x5) = V.z___n J (&) e tx—ixtqr,



12 W. Nowacki

where
Fo = 7;:” ] i FOa)etnds, .

To determine the state of stress we introduce the functions F, ¥ considered in the preceding
section. Set

(4.6) F=F4+F", Y=Y p"

where F', ¥’ are particular solutions of the system of Egs. (3.5).
Let us assume that ¥' = 0 and that the function F' satisfies the differential equation

.7 ViF' +2umb = 0
with the boundary condition
(4.8) F'=0 for x =0,

and the regularity condition for |x?-x,| = oo.
Applying the exponential Fourier transform we have

4.9) F (%, %) = #mxl fff-f) e

From the formulae (3.11) we determine the stresses connected with the function F”:

o s #‘m X1 f Cffﬁ)e"“‘ gl |
L m I
Oy = “—1‘%—_— ff(cj‘) (2—x;0) e~tn—ltxgy
T
(4.10) -
Ty = 04y = ‘“”‘ f f© @ —xgetntnat,
#ia = Fi: =0.
The functions F*, ¥’ should satisfy the equations
(4.11) ViViF'=0, Vi(1-PVHY"=0,
with the boundary conditions
(4.12) ou+0i1 =0, opta,=0, u=0 for x,=0.

Applying the exponential Fourier transform to Egs. (4.11) and taking into account the
regularity conditions at infinity we arrive at the integrals

(2]

(4.12) P 2) = —— f (M+-Ngxy) e~ba=itnd,

]/2:: B
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4]

(4.13) P, x) = = [ (Cetnh-Detnyeten,

]/27:: i

1\
9=(CZ“?) ]

The quantities M, N, C and D are to be determined by means of the boundary conditions
(4.12) and the relations (3.6). The boundary conditions (4.12) in terms of the functions
F'', ¥'" take the form

4.14) o+ F" =0,V 1m0 =0, |01,—0,0:F"—3¥" |x,m0=0,
|91 2" =0 = 0.
The first boundary condition leads to the result M = 0. The last yields the relation
{C+pDb=0.
Finally the condition (4.11) for the Fourier transform has the form
|512+513 =0 = |ipm f(1 —Lxy) et il F' 402" |y = 0
and leads to the relation

(4.15) ,uimf—!—iNCz—l—CC"(l——g-) =0.

We still have to satisfy Eqgs. (3.15). In the transformed form they are
P9, (B2 — ) P" = —itdR—)F",
— P2 — )W = A0, (- F".

Introducing W', F'' into these equations we obtain the relation

(4.16)

C =2IiNPA.
Thus, we determine the quantities C, D, M and N:
__umf _ 2Aipmf _ % B
N —ar C=—"j D= = M=0.

Here

Ao 1+2A£2(1—-%).

"o

Hence, we obtain the stress functions F*/, ¥ in terms of the Fourier integrals

(4.17) Pl ”];’?2_: J; (2 e

(4.18) P = — meA j f ) g—Cx;__g_e—exl) e—ixtdr
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We still have to find the total stresses by means of the formulae (3.4). We have here

0'“ R ,_'HE_ J j(c)[\l g"(l — _1__) i Lx _l_ ‘?’;:C (e Cxy e"l‘-"l}] e -‘C.\.‘Jdc ~

022

/2 ff( 5)[(2'— \||..) (] — _5-11;) =X EAE._ (e” xi__p u.r:):| r(xzdg :
I

im ra LY s
Oy = E_iﬂo[(l—“l) (1_ Td:)e :

(4.19} —_ zjgi (t.’_‘:"" —_ g e"(‘*’l):l e "-.'-\':d"f_:.- s

0

az.—-f-‘-’" j f(f:[(l—c:cn( J)e—c"+
ZACz

(é’e'-fv\l gg"('-\'l-)} e—u-\':di' !

M3 = ._ZJAIU’E _f_:é_@"_ ':-(e—f,\'i — g—exr) e—.‘ixzdc’
0

V2n %

ﬂ"} . ﬁf)_ (g—txl — _C; e---axx) e~ kagr
e

S i . ®

Consider now the normal stresses

A 0
033 = Yuh—90 = 20F) (ﬂ'n“l-ﬂ'zz) ;ir#
We have
pma s ( 1 ) oy yul
4.20 = 1— ——|e~tu-itug
62 e _lf(r:) il i S

In the particular case of the Hookean body we set in the stresses & = 0 (whence /2 — 0,
0 — &, dg— 1). It is readily observed that in this case the stresses G115 012, 021, 022, M3y
a3y Mars 3o vanish, Only the stress o3; remains different from zero. These results agree
with the well known. I. N. Muskhelishvili theorem [8].

For the stress o33 we have

(4'21) 033 = ;"'I',u‘ 9(x13 xZ)

In the case of the mlcropolar bady the stresses are in principle different from zero, except ;
for the case of constant temperature.
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Let us now calculate the stress o;, on the boundary of the semi-space. We have

2um [z e
(4.22) 622(0, x3) = — -‘:u__ J f{._f)(l— N ) e g
V2n L paps

Assuming that the quantity 1//* is very small as compared with unity we expand p into
an infinite series. Taking only two terms of this expansion we obtain

Thus, we have

where .
A+2p)a 5 2uet (A )

Py I Al ey oy B b

Assume that the distribution of temperature on the boundary x, = 0 is given by the
expression

(4.23) 0(0, x2) = Uo[H(x2—¢)—H(x2+0)],

where H(z) is the Heaviside function. Over the infinite strip [x;| << ¢, —oc0 < x; < 00
there acts the temperature 0y, while for |x;| > ¢, —oo << x; << co we have 00 = 0. The
formula (4.22) takes the form

_f}y._mo‘()u 3 {sinle

= yoawE cosixodl .
0

022(0, x;) = —

This integral can be solved, namely we obtain

—e~kech (kx,), Xy <€,

(4.24) 22(0, x3) = mecrﬂo{ cHlsh (k) >,

5. Action of Heat Sources in the Elastic Semi-space

Suppose that at the point (x7, 0) of the elastic semi-space x; = 0 there acts a stationary
heat source with intensity W(x,, x;) = Wyd(x;,—x})d(x,). We assume that on the plane
x, = 0 bounding the semispace, the temperature is zero and the stresses vanish. The
boundary conditions of our problem are the following:

(5.1) GZO, 0'“:0, G'|2=0, l.(,I|3=0.
The solution of the heat-conduction equation

4

== b
(5.2) Vio= -7
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with the boundary condition (5.1) and the regularity condition at |x}+x3| = oo, yields
the expression
Wa
(5.3) 0 = 2—?!2—! -=
where
ry2 = [ Fx)?+x3"2.

The particular solution F' is taken to be the solution of the equation
(5.9 VIVIF'+-2umVi0 =0
with the boundary conditions

F'=0, ViF'=0
and the regularity condition for |x}+-x3| — co. It can be represented in the form of a double
Fourier integral [5]

(5.5) ’=i’§-fj Smnlezsinnx,cosszdCdﬂ
n J J (@)
where
pmW,
K= T

Knowing the function F’ we determine the stresses from the formula (3.11). Thus we
obtain

oy = %HF = ?KJ J Slm} ; siny x,cost x,dndf =

- _X ni_xz 1 1
T 2a o 9 s

] ' y] K —ix7)? g 2
O1p =0y = —0,0,F' = — 2—nx2|:(x1 rle) _ {xl'i-xl) ]
1 2

' ' K 1 1
(5.6) “22=3?F=—2—'[1 te f-JCz( '—;i'):l'

ry "1 2

On the boundary x; = 0 we have o}, = 0, = 0 but ¢}, # 0. The tangential stress o}, on
the boundary x;, = 0 can be represented in the form of the integral

o]

, Kx| el
(5.7) (0, x;) = —;-Cl e Msintx,de.
0

To remove the stresses on the plane x, = 0 we have to add to the state o};, u; the state
of stress oj;, uj; determined by the functions F”/, ¥, Thus we have to solve the system
of homogeneous equations

(5.8) ViViF" =0, Vi(1-PV)P" =0



The plune problem of micropolar thermoelasticity 17

with the boundary conditions
(5.9) ou+oiy =0, ohto; =0, ui=0 for x =0,

and the regularity conditions at infinity.
We take the solution of the differential Eqgs. (5.8) in the form of Fourier integrals

(5.10) F" = [ (M+NCx)e-taicostx,dt,
0
(5.11) w = [ (Ce~tn4 De~em)singx,dc,
0
where
1 1/2
2= (Ca'l' 7

It is evident that the boundary condition ui3 = 0 for x, = 0 leads to the relation

(5.12) tC+oD =0.
The condition (5.9); is satisfied when M = 0. The second boundary condition in terms
of the functions F", ¥",
|012— 8,0, F"— 03 %¥" |x,0 =0,
yields the relation
B Kx, e
==

(5.13) PN+X(C+D) =

We now make use of the conditions (3.15). Substituting into them the functions F"', ¥"
we arrive at only one relation, namely

(5.14) C =2024N.

Thus, we obtain

(5.15) = AR

= e——— '_x;c = ——
s , N @=ds D c,

where

A 1+2AC"'(1—%).

We have therefore determined all quantities required for the calculation of the stresses
a5i, uji. From the formulae (3.4) we find

5 4
i le e—xn‘.’

oty = 10 [ E i, emnt 2 AL (et —emem)]costxyde
o 0

e !

' —xit

ap =22t [ @ m et 24p et —emeeostndl,
0

2 Arch. Mech. Stos. nr 1/70



18 W. Nowacki

i —xiL
o)y = — ik f £ l:(l —{x))e 2482 (e- &1 — -g— E_"'“)] sin{x,d¢,
0

T Au
(5.16) :
o = — 5 [ (1 petn 4 240 Getn—geensing xad,
7T § Ac

o0 ’
. _24Kx; (et
Hi13 = 7 ; AD

(e~t —e~e)sin{x,dC

;o —x1t
#,2; S 2AKx]- [ e g(e_caq____ _g__e-—pxl) COSszdg 3
0

7T Ag

Observe that the singularities appear only in the stresses oj;. The stresses oj;, uj; are regu-
Jar functions in the considered semi-space. The singularities of the stresses of; are identi-
cal with those in the Hookean body.

We obtain the latter by setting « = 0 and p = £, 4, = 1. Introducing these values into
the integrals (5.16) we can represent the stresses oj; for the Hookean body in the closed
form

‘r Kx, x

oy =
Ty

[(er+x1)2—x3],

7 K .
022 = Dt [(xi+2xl)r§+2x,x§],
(5.17)

Kxix

1t it 142 2 2 2:

013 = 031 = -—T(xz‘i‘xl —X7)'s
2

His = piyy = 0.
For the micropolar body the asymmetry of the stress tensor appears in the additional

solution needed to remove the stresses in the plane x; = 0. Observe finally that the stresses
Ha3s M2, far s i are regular functions.

6. Plane State of Stress

Consider a cylinder with generators parallel to the x;-axis and the bases in the planes
X3 = -h. This cylinder will be called plate if its height 24 is small as compared with
the linear dimensions of the cross-section. Assume that the side surface of the cylinder
is loaded by the forces p and maments m, where

(6.1) P=(pupn0), m=(0,0,ms).

We further asssume that the loadings p,, p, and the moment m; are distributed symmetri-
cally with respect to the middle plane x, = 0.
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Suppose that the plate is also acted on by the body forces X and the moments body Y, i.e.
(6.2) X=(X,X,0), Y=(007Y,,

also symmetric with respect to the middle plane. Furthermore, we assume that there acts
in the plate the temperature 0(x,, x,, x;) distributed symmetrically with respect to the
plane x; = 0.

Under the action of these loadings there exists in the plate a state of stress, in general
spatial. There occur all components of the state of stress ay;, ;; as functions of Xy, x,, x3.
We assume that the planes x3 = -|-/r are free of stress, i.e.

(6.3) Oy3 =03 =033 =0, f=py=p=0 for x3=-h.
Consider the first three equations of equilibrium
0,011+ 0500+ 0305, +X; =0,
(6.4) 01012+ 02020505, +X, =0,
0,03 02033403033 =0,

In view of the symmetric distribution of the body forces X;, X, and the forces p;, p, with
respect to the middle plane, the stresses oy, 02y, 0y and oy are symmetric and o, 03,
antisymmetric with respect to this plane. The stress o33 is a symmetric function of x; and
therefore ¢,3 and o,; are antisymmetric with respect to the variable x;. On the basis of
the remaining equilibrium equations

02— 03+ 0y Oty + 03tz = 0,
(6.5) 03— 01340, ﬂ12+32#22+ O3pz; =0,
02— 02+ 01 i3+ Cafta+ s pl33+Y3 = 0

we find that in view of the antisymmetry of the stresses 0,3, 032, 03, 013 With respect to
the plane x; = 0 the stresses gy, t21, p12 and iy, are antisymmetric and the stresses py, faz
symmetric with respect to this plane. In view of the symmetry of the stresses o,,, 02, and
the symmetry of the body moment ¥5 with respect to the middle plane x; = 0, it follows
from the last equation (6.5) that 3, poy are symmetric and the stress us; antisymmetric
with respect to the plane x; = 0.
Let us integrate over the thickness of the plate the first two equations of the group (6.4)
and the last Eq. (6.5)
!I
I 01011+0,02,+0303+ X,)dx; =0,
—h
h
(6.6) f (010124020524 03023+ X3)dxy = 0.
—i
h

f (012— 0210y a0z oy + 3 pry+ Y3)dxs = 0.

—h

il
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Observe that
h

f 330'3\,dx3 = d3v(xl; x21:]:h) = 0! = -l: 2 L]
i

h

_I. d3 sz dxy = paz(xy, X2,4h) = 0.

!
The above integrals vanish in view of the boundary conditions (6.3). Equation (6.6) can
be represented in the form

ot +dohi+X¥ =0,
6.7 A oh+o,0h+XF =0,

0?2-0':1“1'31.1‘?:34‘52#;34"1"3* =0.
Here, the quantities
I

h

1 1

U:u (215 X2) = K f O‘u*,;(xn X, X3)dxs, XY (%1, X3) = Ok f Xy (X1, X2, X3)dX3,
—h —h

h h
1 1
pi’;=ﬁ f#vadxa, Y:f=ﬁ fystJ, P,#=1;2
% —h

are mean values of the stresses o, f,,, ¥, 4 = 1, 2, the body forces X, and the body mo-
ments ¥; along the thickness of the plate. We arrived at a system of three equilibrium
equations, in which the mean values of the stresses depend on the variables x; and x, only.

Let us integrate the third Eq. (6.4) and the first Eqgs. (6.5) along the thickness of the
plate. We obtain

91015+ 0,0% = 0,
(6.8) 0% — a0, uti+0u8 =0,
oY1 —ofHh 0 uth oy = 0.

We have used here the boundary conditions (6.3), for

h

f O3 phay (X1, Xay X3)dXs = pay(X1. X2y h) =0,
—h

h

f d3033dx; = 033(x1, X2,+h) = 0.
—h

Equations (6.8) are identically satisfied in view of the antisymmetry of the functions
T13; 0315 023, O3, My fhars Mazs fl1g. Thus
oty = ofy = oty = ¥, = ub = = Uiy = U3, =0.
We do not make an appreciable error by assuming that the stresses o3, 031, 0355 Op3, 033
and gy, flys f13, Koy are very small as compared with oy, 0p;, 015, a1, Hi3s H32s M3y Ha3-
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This assumption is the better, the smaller the height of the plate as compared with the
other linear dimensions of the plate.
Thus, in the thin plate the state of stress is approximately described by the tensors

ofi ofy 0 0 0 uf
(6.9) o* = |0}y of O, pr=|0 0 w3
0 0 0 pihopdh O

This state of stress will be called the generalized plane state of stress of the Cosserat
medium. The state of displacements and rotations in the plate can be described by the
mean values of the vectors

(6.10) uwt = wf, 43, 0), ¢*=(0,0,¢)).
where
h
1
uf(xy, x2) = h r (X, X2, X3)dx3,

—h
h

1 i :
off (%1, %) = - J @i (X1, X2 X3)dxs,  j=1,2,3.
—h

Assuming the symmetry of the functions p,, p,, m; and the functions X, X,, Y, with respect
to the middle plane x; = 0 the displacement u; and the rotations ¢;, @, vanish on this

plane and are antisymmetric with respect to it. Hence u¥ = ¢f = ¢¥ = 0. Observe, how-
ever, that the quantity d;u; is symmetric with respect to this plane and the quantity

h
i
Yh= oh ! d3uydx;
is different from zero.
Thus, we obtain a state of strain of the plate, described by the tensors

yh oyh O 0 0 =%
(6.11) Yi=Ph vh 0, w*=[0 0 =%,
0 0 9% 0O 0 O

We now proceed to the constitutive relations (1.2). Averaging the stresses over the thick-
ness 2/ yields

(6.12) ofi = () yii+ (p—a) pf -+ Ayig —v0%) oy,
(613) P'}‘i = (?—l-ﬁ)%ﬁ"l"()’—a)?f?}—i‘ﬁ?‘rk 6}:‘; i’j:k L ]-s 2’33
where

i
(6.14) 0%(xy, x2)=% f 0(xy, X5 X3)dx3.
—h
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Let us first determine the quantity y#, from the condition ¢%; = 0,

6.15 * _i_(*_|, *)-I—ﬂ*
(6.15) yapsie 1 2u YTV Ao

Taking into account (6.15) and the matrices (6.9) and (6.11) we obtain the constitutive
relations

ot = 2u ‘y* T 'LO*_] '
11 11 2_*_2# 11 2 2"['2#_

(6.16) 0% =2 [?';z‘f‘ "z'jT#(ﬁrf—ﬂz}— ";1:?;;:':
oy = (ut+a)ylat+ (k—e)ysi,  ofi = (uta)yii+ (p—a)rh,
#ls = (r+e)xts, s = (y-+€)x3s
M3 = (y—e)xls, M3z = (y—&)u .

Let us introduce the relations (6.16) into the equilibrium equations (6.7), making use
of the formulae

Yh=ouf, yh=20du, yh=7aduf—ql,

(6.17)
vh = duf+ef, =xl= qpy, ufh= 32??: .

Then we arrive at the system of differential equations in displacements and rotations
(u+a) Viut + Podie* + 200,p% + XF = 2umd,0

(6.18) (1) ViuF -+ Bodse* —200,% + X ¥ = 2umd 0 ,

[(y+2) Vi—4da] ¥ +20(0, uf —puf)+-Y* =0,

where

R P R - P(3A+-2p) — o (A+4-2p) SU e
(6.19) e* = diuf+duf, fo 3 " m ———»A_]_z# 3
Here, also, the particular solution of the system of equations can be taken in the form
(6.20) u* =09, wr*=2P, ¢*=0.

We obtain a solution identical with that of classical thermoelasticity.

In the plane state of stress there exists also a representation of stresses by the functions
F, ¥. As in Sec. 3 of this paper we have to introduce the stresses (6.16) into the compati-
bility Egs. (3.2).

Below we shall present a different procedure for deriving the differential equations for
the functions F and ¥, analogous to Egs. (3.5) of the plane state of strain.

Let us contract the first two Eqgs. (6.18). We obtain

e
(6.21) %‘Q Vie* 40X {0, XF = 2umV30.
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In the relation (6.16) we have
» A4-2u

€ = Ao T o)+ 2 0%

Introducing this expression into (6.21) and making use of the representation by the functions
F and ¥,

0',1“1 = 5§F-—5131‘F. D'gg — afF-{-E).E';_’P 5
(6.22} 0',1.‘2 = —«3132{"——3%'.{’, 0';1 = —3332F—i—3§‘fj )
uty=0,¥, ufy = ¥,
we reduce Eq. (6.21) to the form
3442 p(3A--2u)
1y2 el s o * Y L o el B A 20 — 0.
(6.23) ViViF+ 2041 (01 X T -0, XF)+ R Y 0

Let us now differentiate Eq. (6.18), with respect to x; and Eq. (6.18), with respect to x,
and subtract the results; then

20 1
(6.24) V3(01uf —drut) = e Vigs — s (0, XF —0,XT) .
Applying the operator VZ to Eq. (6.18); and making use of Eq. (6.24), we obtain
1 1
(6.25) ViQ—-PV) ¥ = — “5;(311'?—32?(1")-% mFVfI’i“,
where

B ’_(Hqi_a) (?’+3)
dpo. '

The functions F and ¥ are not independent. The equations
(6.26) Wyt —dyhi—us =0, &yh—dyh—ux5h=0,

following from the relations (6.17) yield after having expressed strains by stresses, the
following relations connecting the functions F and ¥:
6.27) —0,(1—=PV) W = Ad,ViF- Bo,0%,
' 8,(1—PVA) W = A8, V2F+ Bd,0* .
Here
A=Yt @+s) 5 rO+e
n(B3A+2p) 3A+2u

The differential equations for the function F and relations of the type (6.27) differ in the
two states, the plane state of strain and the plane state of stress, only in the values of the
coefficients. It can also easily be proved that in the case of the plane state of stress we obtain
the boundary conditions analogous to (3.8). Namely we have

JF oY IF v o
(628) —-h=fintfin, g ShhmAn. g =mi
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where
L3

fi=— [pt@ads, fE= [pt@as,

A

h

p: Zh f p&(xll X2, xl)dx:h o= 1 2

In the particular case of the action of the temperature field only 0*(x,, x,), we have to
solve the system of equations

(6.29) VAVIF4 ‘”(3’1:;@- 0 Vi0* =0,

(6.30) Vi1—-PVH¥ =0
with the homogeneous boundary conditions

v OF _, ¥

T W B

(6.31)
Further, the relations (6.27) have to be satisfied.

The temperature 0* appearing in the constitutive equations and in Eq. (6.29) is deter-
mined from the heat conduction equation
W(x 1s X25 x3)

6.32) B 0oty 30, 1) = — T

Let us now integrate the above equation over the thickness of the plate. We obtain

14
2y 1 a0 P ) f
(633) (31 ) 2! f Odx 3-| aX3 L == 2-h v dea,
Introducing the fi u}xctlons
I
ﬂ*(xl, x:) = _5}; f ﬂd.'ﬁ, W* = — f Wd)C3 s

—h

and bearing in mind the conditions of heat exchange on the planes x; = --A,

.
3x3

a0

A T

= 21 ('ﬂ-—a(xl; X2, h)) 3 }'D

xy=h

. =3 -—-;.1 (ﬂ'-@(xl, xz,—'h)) 3
Xy=—.
where 4, is the external heat conduction coefficient and +} the temperature of the surround-
ings, we reduce Eq. (6.33) to the form
W*

(6.34) (93403)0* + o[ —0 (1, X2, )] = pesi

0
where

22

Sn—vm.
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If the planes x; = A are thermally insulated, 4, = 0, ¢, =0 and for 6* we obtain the
Poisson equation

W*
T A

Consider the particular case of the simply-connected plate, free of external loadings
(pr=p,=m=0, X, =X, =Y,=0) but heated symmetrically with respect to the
plane x; = 0. Further, assume that there are no heat sources in the plate and the planes
X3 = --h are thermally insulated.

The trivial solution of Egs. (6.29), (6.30), the boundary conditions (6.31) and the rela-
tions (6.27)

(6.36) F=0 ¥=0

is possible only when 0* = const. The solution (6.36) implies zero values of all stresses.
In the case of other solutions of the homogeneous Eq. (6.34) than 6* = const, the values
of stresses are different from zero.

(6.35) V2% —
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Streszczenie

PLASKI PROBLEM W MIKROPOLARNEJ TERMOSPREZYSTOSCI

W niniejszej pracy podano podstawowe zwiazki i réwnania rozniczkowe dla plaskiego zagadnienia
termosprezysto§ci w ofrodku mikropolarnym. Podano réwnania rézniczkowe tak w przemieszczeniach
i obrotach jak i w funkcjach naprezen.

Z réwnaf wynika, ze kazde rozwigzanie moze byé zlozone z rozwiazania szczeg6lnego, identycznego
w swej postaci z rozwiazaniem w ofrodku Hooke'a, oraz z rozwiazania ogblnego jednorodnego uktadu
réwnan rézniczkowych, wpisanych dla oérodka mikropolarnego, rozpatrywanego w stanie izotermicznym.

Podano wreszcie dwa przyklady szczegblne, obrazujace naprezenia termiczne, wystepujace w polprze-
strzeni sprezystej wskutek ogrzania jej brzegu i dziatania Zrédla ciepla w jej obszarze.
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Pesome

TUIOCKAST 3ATAUA B MUKPOTIONSAPHON TEPMOVIIPYTOCTH

B nacroameit paGore AaioTca OCHOBHLIE cooTHOMEHMS ¥ mudbepenipianpibie YPaRHeHus I II10C-
KOt safaun TepMOYIPYIoOCTil B MHKpononspHoit cpeje. Jaroren aupepenipansibe YPaBHCHI, TaK
B IepeMelleHsax | BPAIeHnax, Kak 1 B (GYVHKIIISX HAOPSKeHnil,

M3 paccymgennii cliefiyer, uTo BCAKOE PEIIEHHE MOYKCT OBITH COCTABJICHO W3 UACTHOTO PELICIIHS
HIEHTHYHOIO BHAA, KAK uacTHOe pemeHue B cpexe Iyxa, i u3 obiiero peiuenst oJiH0POJIHOI CICTEMBI
muadhepeHIManbHBIX YPaBHEHHIT, 3aIMCAHHBIX JUIA MHKPONOIAPHOI Ccpejikl pacCMaTpHBacmoll B H3o0-
TEPMHUYECKOM COCTOSHITH.

Jarorea HakoHEN JBA UACTHBIX TIPHMEPa, MPEACTABIAIONINC TEPMHYCCKIE HAIPMKCHIN, BLICTYa-
IOIHE B YIIPYrOM TIOJNYIPOCTPAHCTRE BCJEACTBHE HATPEBA €ro TPAINILL I ACHCTBH TEIUIOMCTOUHIKOR
B ero obmacru.
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